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PREFACE 


Progress in the theory of nonlinear oscillations during the last 
decades was based chiefly on classical methods developed in the late 
19th and early 20th centuries. This is illustrated by developments 
in the method of small parameter in monographs by Andronov, 
Vitt, and Khaikin [5], as well as Bulgakov [31], and Malkin [141a, bl, 
developments in the method of averaging based on the Van der Pol 
method (Bogolyubov and Mitropolskii [22, 127d], Volosov and 
Morgunov [204]), by a new perturbation theory (Arnold [215]) based 
on classical perturbation methods, and by the Kamenkov V-function 
method [83, vol. II] based on fundamental results obtained by 
Lyapunov and Chetaev. 

At the same time, new methods penetrated the theory of nonlinear 
oscillations: asymptotic methods developed by Bogolyubov, Krylov, 
and Mitropolskii [22, 102, 24, 127cl, analytic functions methods 
introduced by Krasnoselskii [97a, b, 297a-d] and his school [98, 99], 
the method of point transformations developed by Andronov and 
Vitt [4, 5], and Neimark [137a, b], the stroboscopic method (Minor- 
sky [125a, b, cl), the Gantmacher-Krein oscillation method [62], 
and the method of determining conditionally periodic motions 
introduced by Kolmogorov and Arnold [215, 286]. The idea of 
a new method is relative, of course, if we recall that Euler, Lag- 
range, and Laplace used averaging long before Van der Pol. This 
remark, however, is meant for future investigators. 

Part One of the book is devoted to the combination of the Lyapu- 
nov, Poincaré, and averaging methods as applied to the analysis 
of oscillations in Lyapunov and nearly Lyapunov systems. A topic 
of interest is the investigation of oscillatory systems represented by 
analytic autonomous differential equations having no small param- 
eters. The Lyapunov method of finding periodic solutions is known 
for the case of a conservative system (Lyapunov systems). The 
Periodic solution obtained by means of the Lyapunov method de- 
pends, however, only on two constants of integration. Therefore it 
Cannot in principle be a general solution for systems with more 
than two degrees of freedom; moreover, cases are known when the 
Lyapunov method fails. Chapter I, Section 1 discusses a transfor- 
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mation, outlined by Lyapunov, of an initial system whereby the 
system’s order is lowered by two, a parameter equal to the square 
root of reduced energy is introduced, and the system becomes nonau- 
tonomous. If this parameter is sufficiently small, the methods of 
small parameter can be applied to the transformed quasilinear 
nonautonomous system. 

This modification of the method proved effective in a number of 
problems, in particular, the problem of energy transfer. The first 
step is to determine the initial periodic mode and find its instability 
regions in the space of the system’s parameters using the theory of 
parametric resonance [111b, 80]. The second step consists in deter- 
mining the periodic modes that appear at critical values of the param- 
eters and are, of course, distinct from the initial mode. This step 
uses the above-mentioned transformations and the Poincaré method 
of finding periodic solutions for nonautonomous systems. Other 
methods of small parameter can also be used with the transformed 
system, for instance, the method of averaging; in this case it becomes 
possible to carry out the third step of analysis, namely, investigation 
of the transient process, often referred to as energy transfer. All 
three steps are illustrated in Chapler III for the spring-loaded 
pendulum, pendulum subject to elastic suspension, and betatron 
oscillations of particles in cyclic accelerators with weak focusing. 
Note that the energy transfer problem is based on the general theory 
of oscillatory chains presented in Chapter II. 

The next point is the application of perturbation theory (Chap- 
ter IV. Section 1). We assume that an unperturbed Lyapunov-type 
nonlinear autonomous system of order 2k + 2 is perturbed by an 
analytic, and sufficiently small in norm, damping. A transformation 
of the perturbed system is carried out in which the unperturbed 
system is converted into a quasilinear nonautonomous system of 
order 2k. Its solution is assumed known for a sufficiently small 
(compared to unity) square root of the initial value of the reduced 
energy of the system. In order to find the first- and higher-order 
correclions of the corresponding solution (i.e. with the same initial 
conditions) of the perturbed system, we must write a complete 
set of variational equations. that is, a sequence of nonhomogeneous 
systems of linear differential equations of order 2k + 1 with variable 
coefficients. The complete system is given in operator form for the 
general finite-dimensional case of analytic perturbation theory. 
According to Poincaré, the integration of the complete system is 
reduced to quadratures provided a general integral of the unperturbed 
system is known. 

The last section of the first part of the book treats oscillations in 
Lyapunov-type systems. We present here some of the results obtained 
by Nustrov [336a, b]; the table of contents gives a fair idea of the 
subjects discussed. 
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The second part of the book is also based on the results achieved 
in one of the classical methods developed in the years spanning the 
late 19th and early 20th centuries, the theory of normal forms (Poin- 
caré, Lyapunov, Dulac, Siegel, Moser, Arnold, Pliss, and 
others). 

Brjuno [238a-v] obtained general results in the theory of normal 
forms of nonlinear analytic autonomous systems of ordinary differ- 
ential equations. The method was first introduced by Poincaré 
[149a]. The theory is applied in the second part of the book to analyze 
oscillations described by such equations. 

Chapter V gives the elements of the theory of normal forms required 
to understand the material. 

In Chapter VI we single out the class of problems in which the 
normal form has the simplest form as given by the Poincaré theorem 
and in which the general solution of the Cauchy problem can be 
obtained at each step of the approximation efficiently. This class 
covers damped oscillatory systems (asymptotically stable in linear 
approximation) with analytic nonlinearities of the general type. 
The results are illustrated by two examples of mechanical systems 
with one and two degrees of freedom. 

In the next chapter we consider third-order systems with two pure 
imaginary and one negative (Chapter VII, Section 1) or vanishing 
(Chapter VII, Section 2) eigenvalues of the linear part. Chapter ΝΠ], 
Section 1 concludes with an investigation of oscillations in 
electromechanical systems with “one and ἃ half” degrees of 
freedom. 

Finally, normal forms and resonances are studied in analytic 
fourth-order (Chapter VIII, Section 1) and sixth-order (Chapter VIII, 
Section 4) autonomous systems with two and three pairs, respectively, 
of various pure imaginary (in general, nonconservative) eigenvalues 
of the matrix of the linear part. The Cauchy problem is solved in 
the general case with quadratic terms included. The results derived 
from the Molchanoy and Bibikov-Pliss stability criteria are discussed 
for third-power normal forms. Two methods are suggested for con- 
structing the Lyapunov function for the case of conservative systems: 
a direct method, and one based on Chetaev’s linear combination of 
integrals obtained by means of third-power normal forms. The 
results are applied to the Ishlinskii problem concerning the motion 
of the gyroscopic frame of a sensor element of a gyroscopic compass 
(Chapter VIII, Section 2). 

In the first approximation, the two parts of the book are inde- 
pendent. 

The book is aimed at engineers with a strong mathematica! back- 
ground, scientists working in mechanics and applied mathematics, 
and undergraduate and postgraduate students of Applied Physics 
and Physics and Mathematics departments. 
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The book is based on a course of lectures presented by the author 
to engineering students at the Mechanics and Mathematics Depart- 
ment of Moscow University in 1956-1976. 

If the author has been successful in giving the reader an insight 
into the theory of oscillations and stability, he owes this primarily 
to the late Boris V. Bulgakov and Nikolai G. Chetaev. 

The formulas within each subsection of the text are numbered 
without citing the section number. If a formula of another section 
is cited, the number of this section is added to the formula number; 
if the formula cited belongs to a different chapter, the number of 
this chapter is written in front of the section number and is sepa- 
rated by a comma. The same rule holds when sections and subsections 
are cited. 


V. Starzhinskii 
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PART ONE 


OSCILLATIONS 
IN LYAPUNOV SYSTEMS 


CHAPTER I 


INTRODUCTION 


§ 1. Transformation of Lyapunov Systems 


The order of Lyapunov systems ([108a], §§ 33-45; [141a], Ch. IV; 
[111b], Ch. VII) can be reduced by two by using the energy integral 
and choosing, following Lyapunov, the polar angle in the plane of 
critical variables as the independent variable. The transformed 
system [371e-g, j, ἢ, 5, Ὁ] is nonautonomous and includes a parameter 
equal to the square root of the reduced constant energy. If this 
parameter is sufficiently small compared to unity, the Poincaré 
method ([188a], vol. I, Ch. III) of determining periodic solutions 
of nonautonomous systems (see Section 2 and Chapter IIT of this 
book) can be applied to the transformed system. The application 
of the Poincaré method is of special interest when the Lyapunov 
method ([1084], §§ 34-45; [1{14], δὲ 26-29; [111b], Ch. VII, §§ 4-4) 
cannot be applied to finding periodic solutions of the initial system. 

In general, however, other methods of small parameter, for exam- 
ple, the method of averaging [150, 22, 127d, 204, 66a], can be applied 
to a transformed system. Since this allows us to not only determine 
periodic solutions but examine a broader range of problems, such 
as transient processes and so on, the usefulness of transforming 
Lyapunov systems becomes apparent. This aspect of the problem 
is discussed in Chapter III. 

1.1. General case [371 e-g, j, 5]. We consider asystem of Lyapunov 
differential equations 


a= ThA KX (, Y, Ly, ..... Zn); 


d 
= dt+Y (2, Us Dies Sohn) 


drs 
= = pathos pete XG ey ψ, Sis bis 18) (4. 


(s=1,..., 7). 
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I{ere 4, ps, are real constants, and X, Y, X,, ..., X, are real 
analytic functions of z, y, %,,..., Z, whose expansions begin 
with terms of order not lower than two. Lyapunov proved the 
following theorem ({108a], ὃ 42): if 

(a) the equation det || ps, — &gr% || = Ο has no roots of the type 
mri (m = Ὁ, +1, +2, ...,0= VY —1), and 

(b) it is possible to find power series in an arbitrary constant ὁ satisfy- 
ing system (1.1) 


χ-- οί. e7 + .., 

y=cy? + c2y2) + ἜΜΜΕΝ 

ὡς τεοχν tert... (ssl, ...,n), (1.2) 
where x), y®, 2), ..., HO (k= 1, 2, ...) are periodic func- 


tions of t with the same period, and x) (ty) = y™ ({9) = Ο for k > 1, 
then the series found are absolutely convergent if c remains below a cer- 
tain limit and for these values of ὁ the series are a periodic solution 
of the initial system (4.1). 

Let us analyze the cases in which at least one of these conditions 
is violated and the Lyapunov theorem consequently does not hold. 
If condition (a) is violated, we have the “resonant” case discussed 
by Ryabov [355a]. Condition (b) is violated if the expansions of 
X, Y, X,, ..., X, do not contain the terms zY and yY (v= 
= 2, 3, ...). In the latter case each coefficient of each of series (1.2) 
will be identically zero at each step of the calculation. 

In Chapter III we demonstrate, however, that even in these cases 
it is possible to find periodic solutions of system (41.1) provided they 
exist. With a view to the remarks made in the introduction to this 
section, we shall consider a transformation of a Lyapunov system 
not bound, in general, by conditions (a) and (b). We assume in what 
follows that system (1.1) possesses a first integral,* which is inevi- 
tably an analytic function of z, y, 2, .. +, 2, ([108a], ὃ 38; [44 1al, 
§ 25; [141b], Ch. VII, § 4) of the type 


H=x+y+W (a, ..., tr) + 83 (ἃ, Y, Zr, ++ +) Zn) = μὲ 
(μ > 0), (1.3) 
where W is a quadratic form. The Lyapunov substitution 
z=pcost, 
y =esind, 
t,=p2, (s=1,..., ἢ) (1.4) 


* This is included in the definition of a Lyapunov system. 
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transforms system (1.1) and the first integral (4.3) to the form 


£P — p2R(, 8, 2), 
BP =A+ pO (0, ϑ, Z), 


dis ' 
HT Psi: + Penn t+ PZ (9, B, 2) (1.5) 


(s=1, ..., n), 
p> [1+ W (z)+pS(p, ὃ, 2)]} -- μ΄. (1.6) 

Ilere ἢ, O, Z,. ..., Z,, and S are analytic functions of the vari- 
ables 0, 2, .--, Ζῃ in some neighbourhood of zero values whose 
expansions in powers of p, in general, begin with zero-power terms; 
the coefficients of power series in 0, z,, ..., 2, are periodic functions 
of ὃ with period 2x that are polynomials with respect to cos 0 and 
sin ὃ 

R =p ΤᾺ (0 cos %, p sin ὃ, pz) cos ϑ 

+ Y (9 cos %, ρ sin 6, oz) sin 91], 
0 = 0? [—X sin? + Y cos 1], 
Z, = p7X, (ρ cos B, 9 sind, oz) — z,R (0, ὃ, 2) 
(S40 oa THY 

S = 03S, (9 cos ὃ, ρ sin 0, 92) (1.7) 
and z is a vector with the components 2, - . 

We assume now that 1 + W > 0 in (1.6). This holds true for all 
values of 21, ..., Z, if W is a positive-definite quadratic form (this 
is true for the energy integral) and for sufficiently small values of 
Z, +» +; Zn in the general case. We solve equation (1.6) with respect 


to ρ for one selected branch of the analytic function; specifically, we 
presume only the arithmetic value of the root: 


p=(14W) pn 1S tw)? 80, 8, 2) μ 
+[$(4+ W)-* 5200, 0, 2) --- (1+ WY? Sp (0, 9, 2) | wy 
τῳ. (1.8) 


Assuming wp to be sufficiently small, we introduce phase time ὃ, 
by dividing the last n equations (4. 5) by the second 


das _ Psian-ks+ -+Psn2n+PZs5(P, ὃ, 2) 
ad 4+ 9 (ρ, 3, 2) 


(s=1, ..., πη). 
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Substitution of expansion (1.8) into the above system yields 
dig 7 
=Patit-+-+Pantntll+ W (a *?(Z, (0, 9, 2) 


λ se 
- (Patt +++ Pant) (0, ὃ, 2)}μ-Ἐ + W ΩΓ! 


x {A 9. SEW HIS (0, 0, 2) Ζ, (0, ὃ, 2) 

- 5 90, ὃ, 2), (0, 8, 2) 

τ (Ρειξι-ἰ- week Psn2n) [x G2 (0, 8, Dae πο δι : 

ἘΦ 4: "1500, 9, 2)0(0, 9, 2)}} μ"- ὁ μὴ (1.9) 


(s= 1, ..., 7). 


System (1.9) was first derived by Malkin ([111al, ὃ 26), who gave 
an explicit expression only for its constant part. Malkin’s proof is 
restricted to the existence of a periodic solution in some neighbour- 
hood of a vanishing generating solution. In this book (Chapter III) 
we wish to find periodic solutions in some neighbourhood of non- 
vanishing generating solutions as well as to analyze transient pro- 
cesses. The order of system (1.9) is by two units lower than that of 
the initial system (1.1), and the coefficients of its nonlinear part 
are periodic functions of ὃ with period 2x analytically dependent 
on 2, ..., Z, and on the small parameter i. 

1.2. Systems of second-order equations [971], n, 5, 0]. We con- 
sider a class of Lyapunov systems represented by & + 1 second-order 
equations 


du : ᾿ : 
apt MussU (u, Uy, Vyy sees Uny Vay vers Ur)» 


dy . . . 
a Tae + ἀκ + - ἐν + Axper τε Κα (u, U, Vyy +++) Uny Vyy vers Ur) (2.1) 


(x=1, ..., A). 
Here A >0; aj, = ay; (x, 7 =1,..., ΚΑ) are real constants, 
and U, V,, ..., V, aie real analytic functions of u, wu, 14, ..-, Up, 


V;, .. +, U, Whose power expansions begin with terms of not lower 
than second order. We assume that system (2.1) allows a first integral, 


which inevitably is an analytic function of u, u, Dis, eo 8 vew URS 
vi, .. +, Up ([1084], § 38; [141a], ὃ 25) of the type 


H = u2+ λϑδμδ.} W (σι, ἐνῶ Ub, Vis nee Up) 
Sg (Uy Uy Vy, νοις Vay Vay τεὸν Va) =H? (WO), (2.2) 
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where W is a quadratic form and S, stands for all terms of not lower 
than third order. The Lyapunov substitution ([108a], ὃ 33) 


u=—psind, u=pcos 9, 
Vy = 02x, De pas (κ --ἰ, ..., ὃ (2.3) 


transforms system (2.1) and the first integral (2.2) to the form 


0 ρα (0, %, 2), 
ad} ‘ 
Fa = h + 9 (0, 6, Z), 
d 
t= taint ρΖκ(ρ, 9, 2), (K=4, «++ 1). 
ἃ 
Se -- — αχκιΖ. τ + + + —Axp2n + ρΖκεκ (0, ὃ, Ζ), (2.4) 
oe? [1+ W (2) +S (p, ὃ, 2)] Ξ- μῦ. (2.5) 
As in Subsection 1.1, here R, ©, Z,, ..., Zax, and S are analytic 
functions of p, 21, ..., Z., in some neighbourhood of zero values 
whose power expansions begin, in general, with zero-order terms; 
the coefficients of power series in the variables 9, z,, ..., Zo, are 


periodic functions of 6 with period 2x 

R=p7U (A 0 sin 8, 9 cos 0, 02) cos %, 

Θ = —oU (Ao sin 8, ρ cos ὃ, pz) sin ὃ, 

Z, = —2,R (0, ὃ, z), (n=1,..., 4), 

Zain = 7V, (Ap sin 3, 0 cos B, ρ2) — 2,4, (0, 8, 2), 

S = pS, (Ap sin 0, 9 cos 0, ez) (2.6) 
and z is a vector with components z,, ..., Z9,. Assuming 1 -—- 
+ W (z) >0 in equation (2.5) (see Subsection 1.1), we solve (2.5) 
with respect to p 

ay 1 - 3) : 
o=[1+W (2)] uy {t—sltt W (2) 35 (0, 0, 2) p} +0 ῳϑῦ. 
(2.7) 


We assume yp to be so small that the right-hand side of the second 
equation of system (2.4) is positive, that is, 


4+ (ὃ, τ; p) © (ρ (6, 2; μ), ϑ, 2) > 0, 
2~+0559 
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and introduce phase time @ by dividing the last two groups of 
equations (2.4) by the second equation 
dz = Zhan te (ὃ, 7, μ) Ly (p (ὃ, 2; μὴ, ὃ, 2) 


dd ~~ REPO, WOM mH, ὃ, 2) ’ 
Ahan Ay ++ Ayn7h +0 (8, τ; μὴ) Zrixn (9 (ὃ, 23 μ), BO 2) 
ay A+p (ὃ, 2; μ)Θ (ρ (ὃ, 2; μ), ὃν, z) 
(κΞΞΊ, ..., ἡ. 


The result of substituting expansion (2.7) into the above system is 
λ a =Zrtx ty [4 + WwW (1. “5 [Ζ, (0, ὃ, 2) --- A712, 4,0 (0, ὃ, z)| 
Ο (μϑ), (κ-ΕΊ, ..., Ay. (2.8) 


λ Athen, a -- Ayy2y— oe — Ay Zp tpl + W (1. "2 
Χ [Ζκεκ (0, ὃ, Z) + a (A442, + ae + AynZp) 0 (0, ὃ, 2)} = Olu?) ° 
seg: Zk+1. +++) Zor from this system, we arrive at 
RT ayy tof Oanty = pl EW (2)? 
x [ τὶ (Qyy21 +--+ + @yn2n) O 
00 : OZ. : OZ. 
ἢ ͵ i ; , κι} 
Nex ao +4 2 ἘΠ 23 — han a ae it Σ (3. O2n,j  O2n,; ]} 
I= I= I= 


ee oe (w=4,..., 1)... (2.9) 


All functions and partial derivatives in (2.9) are evaluated at 
0 = 0, and the components 2,41, ..., Zo, of the vector z are re- 
placed by Az, ..., Azp (primes denote derivatives with respect 
to 0). We ale ‘took into account that the derivative of W’ (z) is zero 


h 

ow, 1 ow 

> Oz; bj", > ΕΠ (α 421.- - - « + jn 2x) τεῦ, 
j=1 

because ner (2.2) implies that W (z) is the integral of the unper- 

turbed (for » = 0) system (2.8). 

Note that if U, V,,..., Vz are independent of v,, ..., Up 
(this is the case in a number of applications), the last sum in brackets 
in (2.9) is zero. 

The case of an initial Lyapunov system of second order, in partic- 
ular, a mechanical system with one degree of freedom, will not be 
considered here. The existence of the first integral makes it possible 
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to reduce the integration of the system to quadratures. The periodic 
solution for a conservative holonomic system with one degree of 
freedom depends on two constants of integration (for example, the 
initial value of the basic coordinate and that of its derivative) and 
therefore is the general solution. This was discussed extensively 
in the literature. We only note here that Lyapunov’s substitution 
(4.4) (or (2.3)), series (1.8), and the second equation of (4.5) can 
yield the most suitable form of the periodic solution. The reader 
is advised to refer to Malkin’s monograph ([1411b], Ch. VII, § 4). 


§ 2. On the Poincaré Method 
of Finding Periodic Solutions 
of Nonautonomous Quasilinear Systems 


The method of small parameter is widely used in the theory of 
nonlinear oscillations. Originating from the theory of small per- 
turbations in celestial mechanics, the method was first described 
in Poincaré’s classical treatise ([188a], vol. 1, Ch. III). Further devel- 
opments were connected for the most part with Russian schools of 
research. Foremost among Russian authors are Andronov and Vitt 
[4, 5], Bulgakov [31], and Malkin [{{{8, bl. 

2.1. Differential equations of the generating solution and first 
corrections. With no pretensions to giving new results, we wish 
to show that for systems with many degrees of freedom it is very 
helpful to use the apparatus of matrix theory and some elementary 
formulations of operator theory. We consider a nonlinear system 
of & second-order differential equations expressed as a vector equation 

d?yv 


MSY 4Q,% 4 Pv=f()+ug(t, ν, ¥, Bs (1.1) 


where M, Qo, and Py are constant real k Χ k matrices (M and Py 
are symmetric, and Q, is skew-symmetric), f (¢) is an integrable 


piecewise-continuous vector-function of period 7 = 2n/a, g (t, v, ν, μ) 
is an analytic vector-function οὗ p for p = 0, and T is periodic in ¢ 


and has sufficiently many derivatives with respect to v and v in 
the relevant range of variables. 

We wish to find T-periodic solutions of equation (1.1) that are 
analytic in w for p = 0 


v (ἐ, μ) = vO (ἢ + μνῷ (ἢ + p?v@ (ἢ +... . (4.2) 


Substituting this into (1.1), we see that the generating solution 

Vv‘ (ἢ) must satisfy the following system of linear differential equa- 

tions with constant coefficients 
d*y(0) _ dy) 


Μ-ππ- + Qa + Pov” -- (ἢ, ᾿ (1,3) 
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and the first and second corrections satisfy the systems 

2y(1 1 . 

τς +Q, ae + Pov) = g(t, νι, v, 0), 

d2y) dv) 2. (988 1 Og \ fa 0g 

M —a +Q) at + Pov! a ee ΣΝ ἘΠ Ξ ἢ 
ῖ (1.4) 

where the zero subscript indicates that the partial derivatives in 
question are to be evaluated for μ = 0, v = Vv, v = vi. The 
symbols dg/dv and dg/dv denote the matrices of the corresponding 


partial derivatives 
ΓΕ ag; |: ag -| k Ξ (} ᾿ Η 
ΞΞ- " Srp ee = ’ ΩΣ ᾿ . 
oy 1 ay 1 UR gr 


OVy, 
The homogeneous system corresponding to (4.3) is 
d?y(0) dy(°) 
M —a ce tae + Pov =90. (1.5) 
We let 441, ..-, Ag denote the roots of the characteristic equation 
(Ay = dy) 


M 


Ogi 


av, 


det (ΔΜ + AQy + Py) = 0 (1.6) 
and a, the corresponding eigenvectors 
(2M + A,Q, + Po) ay =O (v= 41, ..., HA). 
We shall consider two cases. 


2.2. Nonresonant case. System (1.5) has no 7-periodic solutions. 
A necessary and sufficient condition for this is that 


ly ipo (v= Hl,..., Hh; p=0, 41, +2, ...). (2.4) 


In this so-called nonresonant case system (1.3) (and similarly (1.4) 
and the following) has a unique 7-periodic solution (see below). 
According to the Poincaré theorem ([188a], vol. 1, Ch. III, see also 
[141a]l), series (1.2) converges for μα = 0, that is, the initial non- 
linear system of equations (1.1) has a unique 7-periodic solution 
that is analytic in p for wp = 0. 

We now derive an expression for a T-periodic solution of system 
(1.3). We assume for the sake of simplicity that Q, = 0 and, without 
losing generality, let My = I,. This yields the equation 


B® | peyote) (=P) (2.2) 


in the form of a first-order vector equation 


ἀκ _Ax+h(d), = τ} A=(_p,"b)) κα). 68) 


y(9) 
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A solution of system (2.3) with initial conditions is given by the 
formula (see, for example [80], II, 1.4) 
t 


x (t) = et [x (0) + j e- Ah (s) ds | ᾿ 
᾿ Ὁ 
which yields 
t4T 


t 
x (t+ 7) = eTAetA [ x 0) + j e~*Ah (s) ds + j e~*Ah (s) ds | 
: Ὁ t 


t+T 
— pTA| x ((-- 8) 
eA [χ (ἢ -Ὁ J et-94h (5) 49]. 


Replacing s in the last integral by τ = 7 + ἐ — s, we write the 
necessary and sufficient condition of periodicity, x (é+ Τὴ = 
=X (ἢ), 

T 


et [x () + | et-MAh (11) dt] =x (ἢ. 
0 


The matrix I,, — e?4 is nonsingular by virtue of (2.4), and hence 
the unique 7-periodic solution of system (2.3) is given by 
T 


X(t) = [aa — eT | eth (t—1) de, (2.4) 
0 
From (2.3) we obtain for the matrizant e!4 
pe ay VD) 
—V Py sin(¢ V Py) cos(t V Py ) 
where the above matrix-functions are given by expressions derived 


in [80], (2.3), and Chapter I, Subsection 2.1. For the first multiplier 
of formula (2.4) we find 


5} --- eA)? 


_ 1 
~ 2 


( i (V Pp)! cot “- 
—VP, cot (ΣΤ P,) Ih 


which can be verified by multiplying by I,, — exp (ΤΑ). If a mat- 
rix VP, has a sufficiently small norm, we obtain 


: 1 ΤΣ 2 ᾿Ξ 1 a 
(οἱ (- ΤΥ͂Ρ' )=+(VP,) ΤΥ 


\ 
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General trigonometric formulas hold true for the trigonometric 
matrix-functions just introduced (see [80], § 1, 2). Therefore, pro- 
vided (2.1) is satisfied, (2.4) yields the following formulas for the 
unique 7-periodic solution of system (2.2) and its derivative 


T 
vi? (1) = | (VPp)~ sin (τ V Pp) ἔ(6--- ἡ ἀν 
0 


T 


ἘΠῚ ῬΟ) cot (τ γΥΡὴ) Ϊ cos(t V Py) f (¢—1) dt, 


0 


yi) (ἐ) = —+cot (: 1 VP) sin (τ V P,) f (ἐ-- τ) dt 


ote 


T 
+> Ϊ cos (τ V P,) f(é—t) τ. (2.5) 
0 


2.3. Resonant case. We suppose that the homogeneous system 
(1.5) has 2d (4 < ἃ < k) linearly independent 7-periodic solutions. 
Then we have 2d equalities 


. - : 
λ; Ξε ipo 03:1, ἐνὸν τ; Ρ.}Ξ -ρ"- ὡ-- πὴ), 


and for the other roots of the characteristic equation (1.6) the in- 
equalities 
A, ipo (h= +(d+ 1), ..., +4), 


where p; and p are integers. We write the 2d T-periodic vector- 
solutions of system (1.5) in complex form 


v@ =e*? Ma, (J=1,...,d). (3.1) 


Let us establish the necessary and sufficient conditions for the 
existence of 7-periodic solutions of system (1.3) in the resonant case. 
Let u (¢) and νν (ἢ be vector-functions with integrable piecewise- 
continuous second derivatives on [0, 7], the end conditions of the 
vector-functions and their first derivatives being 


u(7)=u(0), u(7)=u(0), 
w(T)=w(0), w(T)=w(0). 
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T 
Ϊ (Mu--Q,u-+P,u, w) αἱ -- Ϊ (u, Mw+Q,.w+P,w)dt. (3.2) 
0 0 
Indeed, from (Ax, y) = (x, A*y) we obtain 


T 
Ϊ (Mu Q,u-+ P,u, w) dé 
0 


T 


T 
(u, Mw) dt— | (u, Qow) dt-+ Ϊ (u, P,w) dé. 
0 0 


I 
ota 


Integrating by parts, once in the second integral and twice in the 
first, we obtain formula (3.2). Suppose that system (1.1) has a 
periodic solution v (¢, μ). Substituting this solution and any one 
of the 2d functions of (3.1) into (3.2), we obtain the following equal- 
ity which holds identically in w 


T 
| Δ Ἐμα( ν, νν μ), VP) dt=0 G=4,....4), (8.3) 


since 
My (δ) Qov§s? + Povss” =0, (7 - 1, -.., 6). 


Setting u = 0 in (3.3), we obtain 
Τ 
ἡ αὦὉ, vP)dt=0 G=1,...,4). 
Ὁ 


Assuming that these equalities hold, let us subtract them from iden- 
tities (3.3). Dividing by μ, we obtain the identities 


T 
ἡ (αὐ, ν, ἦν μὴ), VP) d=0 (Ξε Ί,.....,4. (3.4) 
0 
OT 
δι [ ᾿" ᾿ 
Shee. 7.9 -Ξ]. ody 
“| En Mh 
then (x, y) = m+... + ἕξ, 1, (bars over scalars indicate conjugate complex 


ἐν  ἠ τος 
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Setting μ = 0 and substituting v‘~) from (3.1), we see that in the 


resonant case the generating solution v‘ (é) must satisfy the follow- 
ing 2d conditions 


T 
b= \ cP 5°! (g (t, vi, v, 0), ἃ) dt=0 (3.5) 
0 


(7-- -Ε1,..., +d). 


We shall look for a generating solution νίθ) (¢) in the form 
d 
γί)... wl (ἢ + Σ Bie ay 
j=-d 


CaS jy p-j= — Pj), 
where w‘ (¢) is a partial periodic solution of system (1.3). Condi- 
tions (3.5) now constitute a system of 2d equations* for the complex 
numbers €_g, ..., Sg; let us call them equations for “generating 
amplitudes”. Let €, ..., &) denote a solution of system (3.5). 
It can be shown that if the Jacobian of system (3.5) does not vanish, 
i.e. 

D (tha +--+, a) 
Tey σε, 


then solution (1.2) exists and is analytic in w for wp = 0. 
Equating terms in μ, μὴ, ... in identities (3.4), we get 
T 


ξι (Fe) SOE) ear lps a;)dt=0 (3.6) 
0 
(-- -ΕΊ, «ον, ΞΕ), 


where the zero subscript means that the partial derivatives are 


evaluated at uw = 0, v = v® (ἢ, v= v0) (ἢ. 

2.4. Variational equations for periodic unperturbed motion. Let- 
ting (1.2) denote unperturbed motion, we will write differential 
equations of perturbed motion in the form 


vevi(i, μ)  Υ. 


Dropping pas terms in y, we obtain the variational equation 


Fe τον B+ Poy =n (S)y+u a 


* These equations are derived from the general Fredholm theorem in opera- 
tor theory. 
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where unperturbed motion (1.2), v = v (é, μ), v= v(t, uw), is 
substituted into the partial derivatives after differentiation. We de- 
note matrix-functions by 


u (So) =—nP ee, MW), μ (=F) = —0Q¢ μ). 


We expand these as power series in p 
uP (2, μ) = μΡ (ἢ + μ᾿ (ἢ +... ., 
μ0 (é, μ) = μθ, (ἢ + p?Q, (ἢ +... 


where 
EOS (ie Sea) (4.1) 


and the zero subscript means that the derivatives are evaluated at 
uw = 0, v = vi (ἢ, v = v0) (ἢ. We write the vector equation 
corresponding to the variational equation as 
d? d 
ΜΈΣ +1Qot μοι (ἢ + μος (0) - ...1 
+ [Py HP, (Ὁ + WP, (i) + .. Jy =0. (4.2) 


We thus have a system of linear differential equations with T-periodic 


coefficients. 
2.9. Case of distinct multipliers of unperturbed system of varia- 
tional equations. We consider the variational equation (4.2) for 


p=0 


d? d 2 
ΜΈΣ ΕΟ. 4 Poy =0. (5.1) 


Under the conditions M*™=M>0, P? =P, >0, Q = —Q,, 
all roots of its characteristic equation (1.6) are pure imaginary 
λυ = ἰὼν (v= a1, ..., EK wo_y = —,). (5.2) 


Let us assume that all the multipliers of system (5.1) corresponding 
to period T 


are distinct, py py, that is, 


Oy, F Wy (mod o= =) (χ, v=tl, ..., 4A). 


In other words, each congruence class of the numbers ὧν modulo 
2x/T consists of a single number. The characteristic exponents of 
the system of variational equations are ([80], IV, 3.4) 


a; (μ) = to; — ἰσῃ signj-w+O(w?) G=+41,..., +h), 
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where* 
det [— o3M+ iw,Q,+ Py] =0, 
O53 τ — ([PY + 10 j,Q] aj, a5), 


T T 
¢ 1 (0) 1 
P= + ΓΡ ( ἀε, W= 7) awa (5.3) 
0 0 


and ἃ; are normalized eigenvectors 
(--οὐΜ + iwjQo + Po) ἃ; = 0, 
([2mj;M — iQo] aj, aj) = signj (jf = 41,..., +4). (5.4) 
In the case under consideration, for the real parts of the charac- 


teristic exponents of the system of variational equations (4.1) we 
obtain 


Re a; (u) = —sign j-Im ([P( + iwjQ(] aj, aj) w + O (μὴ 
Gf Shy beat SER)s 


Consequently, if 


sign j-Im ([Ρ 0) + io QMa;, a) >0 Gj =H41,..., +h), 
(5.5) 


that is, for all j, then unperturbed motion (1.2) is asymptotically stable 
[1084], [40a] for sufficiently small positive w; if, however, 


sign j’-Im ([P() + iwyQ(] ay, ay) <0 (5.6) 


for at least one scalar product (for some j’ in the sequence +1, ... 
+k), then unperturbed motion (1.2) is unstable [1084], [40a] 
for sufficiently small positive w. 
Remark. We assume that in the case of distinct multipliers under 
consideration 


(P(a;, aj) (fF = 1, ..., +4) 
are real. This is certainly true for the trivial condition P{® = 0 
as well as for Q, = 0. In the latter case a,, ..., a, are real as 


eigenvectors of the symmetric matrix ΜΡ, and a_; = ἃ; (7 = 
=1,..., k). Since ὦ; sign j> 0 (see (5.2)), 


Re a; (u) = —Re (Qa; aj) w+ Ο (μἾ GF = 1, -.-, A). 


* We remind the reader that (x, y) = >» EN, (see the footnote to Subsec- 
tion 2.3). 
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Hence, if for all j 
Oj = — Re (Q” Zn aj) 


Ov 


= 1. ne( ΤΣ aj)<0 (j=44,...,44), (5.5’) 
0 


then unperturbed motion (1.2) is asymptotically stable for sufficiently 
small positive y, and if for at least one of the scalar products, then it 
is unstable for sufficiently small positive p 


T 
Oy = 7 Re (| (=), dF-ay ay) >0. (5.6’) 


If Qo = 90, then it is sufficient to test conditions (5.5) and (5.6) only 
for positive subscripts; the sign Re is automatically dropped because 
(Qian a;) are real (j = 1, k). 

ase of multiple multipliers ([80], V, 3.4). We assume that 
ἘΠῚ ἘΝ 1) has an r-fold multiplier p, corresponding to period 7 


ρ0-Ξ gio Τὶ 


Let w;,, -..» ,, be the class of roots of equation (5.3) correspond- 
ing to this multiplier, 1.6. 


2 : ὦ Ε 
ὠ;ξΞεωῦ (mod o =>) (J=hy, -- +s Tr). 


System (4.2) thus has for » = 0 a multiple characteristic exponent 
iw), We define integers m; by 


2 ei , 
oj= Of my (F=f +s 7). 
We expand the matrix-functions (see (4.1)) 


τ." 


in complex Fourier series 


co 


Pi(t)~ > exp (im 55} pm, Qat)~ > exp (im =) Qe. 


M=— co M==—0o 
We define oj, by 
ἘΠ + io Qr Jay, an) (6.1) 


Vi; b= jis oe Ir) 
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where ἃ; are normalized by conditions (5.4), and 


ae 1 


T 
Pp Ϊ en °?"p (ἢ dt, 


0 

( ) 1 ᾧ -to,-opt 

m,—m —UOp,-O; 

‘one Magle 7 Qi (ἢ dt 
0 


We introduce the numbers 


0 j#h, 
Vjn= 1 j=h>O, (Ὁ, k=, -- +s tr) 
—1 j=h<O 
and build the equation 
det || Oj, — ixysalli, a Se ἢ, ΞΞ 0. (6.2) 
Tf the real parts of the roots of this equation, y;, ..., Xs, are negative 


and this is true for all the multipliers of system (5.1), then unperturbed 
motion (1.2) is asymptotically stable [1084], [40a] for sufficiently small 
positive μ. If the real part of at least one of the roots of equation (6.2) 
is positive in one of the classes, then unperturbed motion (1.2) is unstable 
[1084], [40a] for sufficiently small positive uw. 

The following formula holds for r characteristic exponents of the 
system of variational equations (4.2) transformed to im for » = 0 


Op (μ) -Ξ ἑω(ῦ) -Ἐ χημ se (prey (δ᾽ 550; 7-Ξ ay cea Fey 
where χ; are roots of equation (6.2). 
2.7. Examples. 
Example 1. We consider the scalar Van der Pol equation 
E+4+oE=Isint+p—B)E (6 >0,1>0), 


which was investigated in detail by Andronov and Vitt ([4], 
pp. 70-84). The roots of the characteristic equation (1.6) are 1 = 
= tio. We shall study the two possible cases. 

(a) Nonresonant case (o is not a natural number). Equation (1.3) 
is written in the form 


EO + G2E) = I sin ὁ 


and it has a unique 2m-periodic (J = 2m) generating solution 
1 


(0) _. j 
EO =; sint. 
Using the first equation of (1.4), which in this case is 
i 1? sin? ¢ 


EM4 GE -- [1 Sa τ -ῖτ cost, 
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we determine the first correction 
ED) — vere ee [1 | beg Peas OS Seg 3t 
(σξ-- ὩΣ ἀ{σξ-- ἢ 4 (62 —1)* (σ2-θ) : 


All subsequent terms in series (1.2) are also uniquely determined 
from the second equation of (1.4) and from subsequent equations. 
The required solution of (1. ἐς 15 


isint Ἢ 
E(t, μ)-Ξ ao + ar ait a {|1 ra cost 
ee 
aati} +0 (ὃ. 


To check for stability, we calculate 0 using formula (5.5) 


2π 


—a | {τια -ῷ gh ae 


. : 
ars aI [1-- oie sin?t | dt =1—s apr : 


and, according to formulas (5.5’) and (5.07), we conclude that for 
sufficiently small uw and 


2 > 2 (σ᾽ — 1) (7.4) 


the above 2z-periodic solution €& (t, u) is asymptotically stable; 
it is unstable if the sign of the inequality is reversed. 

(Ὁ) Resonant case (o = p. where p is a natural number). Equa- 
tion (1.3) takes the form 


EO) + p2£0) = I sin t 


and it has a 2n-periodic solution for any p > 2; we shall assume 
henceforth that p > 2. From Subsection 2.5, 


EO) 


After obvious operations, the left-hand sides of equations (3.5) 
are determined and the equations ἘΠ ΩΣ are written as 


y= — = ple ke +o oF 7—4]= 0, 
w= Pa [C+ 8+— pr Aes 0. (7.2) 


For any values of the parameters p τ ἰ, the equations have the 
trivial solution 


τ sint+ C, cos pt + ζ, sin pt. 
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and if 1< V2 (p? — 1) they also have the solution 
ξι Ξε Ὧν πῖον 4-- ταἰξες τῷ ae 


where ζί0) is any real number whose εν a is not greater 
than [4 — 2/?/(p? — 1)?]}*/*. For the nontrivial solution, the Jacobian 
of Subsection 2.3 vanishes 
D (Wr Pe) | = 
D brs be) ἰξι- τις come 


and so Subsection 2.3 does not tell us whether there exists a 2n-pe- 
riodic solution ae in μι for p = O whose generating solution is 
£0) - sin t+ €) cos pt-+ 5” sin pt. 


For further sles we refer the reader to [4]. 
We consider the first solution of equations (7.2), that is, €¢;=€,=0. 


The Jacobian does not vanish for 1 VY 2 (p? — 1) 


D (tba, *ps) πα Bg}? 
DLE ketene 2 P| Geog — 2] #0 


and, according to Subsection 2.3, there exists a solution analytic 
in pw for μ = 0. The first equation of (1.4) yields for the first cor- 
rection and even p 


Ec) — = apr [1-- Teor ar τὰ cost 
13 
+ “ὁ (ρ5--- ἢ (pea °° 3t + ἢ; cos ρὲ - ἢ. sin pt, 


where ἢ; and 7, are defined by equation (3.6). The stability condition 
is again (7.1). 

Example 2. We consider the system of two differential equations 
([71], p. 117) 


mtm =p — ηξ — η2) m + μα cost, 
Ne + ome = w (1 — ni — 13) ne, (7.3) 


where p >0,q <0, ὡς >Oand ὡς ~ + m (m is a natural number). 
The roots of the characteristic equation (1.6) are 


λει = Fi, Azo = ΞΕ ωφἷ, 


and since w = 2n/T = 1, we have the resonant case: p_, = —1, 
Ρι = 1, and Azo = pi (see the beginning of Subsection 2.3). The 
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generating 2n-periodic solution of system (7.3) will be sought in 
the form n° = 0 


no = Cre"! + Cet! = 2 Re (f,e%) = 2a, cost — QB, sin ἐ, 
where €¢, = a, + if,. The left-hand sides of system (3.5) are 


1 = 20 [- «-- (--ζ]} ’ 
i= 2n[ Fatih (1-4) J. 


Adding and subtracting equations (3.5), we obtain 
φι — 2B, (1 — αἱ — βὴ = 0, 2ia, (1 — αἱ — βὴ = 0. 


Hence we see that a, = 0, while B, must be a root of the cubic equa- 
tion 


f (Bx) =BS—Bi+4-9=0. (7.4) 


If q<—4V 3/9, this equation has only one real root β 5» 
>2 3/3; if —4V3/9<q<0, it has one positive root p® 


(1<p\?< 2V3/3) and two negative roots B* and p** τς < B7*). 
Thus the generating solution of system (7.3) is ἡ. = 


ae ag Ε Ce -it = = — 2B, sint (Oe iB), (7.5) 


where βι satisfies equation (7.4). We compute the Jacobian of sys- 
tem (3.5) 

D m= PAB) — dnt ((1— 2/78 )2—C" GP} = ἀπὸ (981483 +). 
The Jacobian D vanishes only for βι = + Y3/3 and βι = 1. Since 
β(0) >1, it follows that the Jacobian does not vanish at β = f(9. 
Further, the case 8B; = +1 is impossible, since f (1) < 0. Thus D 
vanishes if and only if B, = —V 3/3, ie. if gq = —4V3/9. This 
case requires further investigation and will not be considered here. 
In all other cases solution (1.3) exists and is analytic in μ for w = 0. 
The system of equations (1.4) for the first correction takes the form 


ἢ ie + Ὁ Beh οτος 2β3 cos 3t, Ho w* ny ΞΞ; 0, 
whence 
n? = yet yet = Bicos 3t, ni? =0. 
We can now determine the generating amplitude y, of the first 


Correction, which we shall not do here, but go on to consider the 
Stability of solution (1.2). 
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The variational equations (4.2) for system (7.3) and the generating 
solution (7.5) are 


X41 +...) 24 (PtP +...1y=0, 


where 
1 0 ag 4B? sin2t 0 
P= 2} Ρι()-- - (88) -| ᾿ oll? 
0 
Qu) = — (2), =(—1+ 2B? — 287 cos 24) Ip. 
ΟΝ 
Thus, 
-- —2ip? 0 
Pea? =| all 
(0) 2 @ ΓΕ Ε 1 Ol 
Qa =(—1+4 28) L, 1 =Q' = —pil,, I, = 0 4 


and all the other Fourier coefficients of matrix-functions P, (ἢ 
and Q, (t) vanish. 

The roots of equations (5.3) are w_, = —1, ὦ = 1, 0-2 = —z, 
and w,. The eigenvectors a, and ἃς of the matrix P, normalized by 
conditions (5.4) are 


There is a class of two roots {w.,, w,} that are congruent modulo 
2n/T = 1, and all the other roots are by assumption ( Wo ΖΞ > m) 


congruent neither to these two nor to one another, forming two 
classes each containing one root: {ws} and {0}. We begin with 
the class of two roots, defining the integers m_, and m, from the 
expressions 

ὦ... =0+ (-1)-1. ὦ, = 0+ 1-1, 


so that m_, = —1 and m, = 1. We compute o;, from (6.1) 
= i os 1 : 
σι τξεσῃ τ -- (2Bi—1), σι. -- σι. τ > Bri 
and set up equation (6.2) 


σχ + χ σι 


O14 σῃτοῖχ 
Its roots are 


=[x+5(—14 289 |’ Bi=0. 


1 1 
t= (1 --βῇ, X= (1 — SB). 
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Tf B, = BY >1, χι and x» are negative. If βὶ = βί «Ὁ or By = 
= Bi* <0 (this is possible only if g >—4) 3/9), χι is positive, 
since by (7.4) 
: 1 Bol 
1—pY=>>0, 1-pr=> aa >0. 

By virtue of the conclusion of Subsection 2.6, the periodic solu- 
tion (1.2) with the generating amplitudes —2p* and ---βε (see (7.5)) 
is unstable. To determine the stability of the periodic solution (4.2) 
with the generating amplitude 26(, we must refer to the other two 
classes {w_,} and {w,}. We evaluate 0, and ὃ... from (5.5’) 


1— 26? 
ὃ, Rate (0... ἃ;, ap) = 2, ᾿ ᾽ ὃ. = Dp. 


If B, = Pi 1, ὃς. is negative. Thus the periodic solution (1.2) 
with the generating amplitude 26(% is asymptotically stable. 
Another example is analyzed in the following section. 


§ 3. Forced Vibrations in Centrifuges 
Used for Spinning 


3.1. Statement of the problem and equations of motion. The ma- 
chinery used in manufacturing viscose rayon includes centrifuges 
for pot spinning. The machine is a combination of an electrically 
driven shaft and a centrifugal pot installed on the end of a vertical 
flexible cantilever spindle. The working rotation rate of spindles 
in modern centrifuges used for spinning reaches 9000 rpm. This 
angular velocity is substantially greater than the threshold at 
which the elastic properties of the spindle become significant. At 
a certain rotation rate, the inertial forces and moments of a rotating 
spindle are balanced by the elastic restoring forces and moments 
caused by deformation of the spindle carrying the centrifugal pot. 
In the accepted nomenclature, a shaft is called flexible if the fanda- 
mental frequency of transverse vibrations of the shaft is below its 
rotation rate. An important advantage of flexible-shaft centrifuges 
is their self-centring behaviour. Both the static and dynamic insta- 
bilities of the rotor tend to cancel out at the indicated rotation rates, 

Under certain conditions, however, unstable modes of operation 
may appear in machines with flexible shafts. In addition to pure 
forced vibrations caused by rotor imbalance, self-excited vibrations 
are also possible; the frequencies of these undamped oscillations 
are close to the natural frequencies of the linearized system of differ- 
ential equations describing the motion of the device in question. 

One of the reasons for the instability of pure forced vibrations 
at above-critical frequencies may be internal friction in the material 
from which the flexible shaft is made ([104], pp. 108-113). According 


38-0559 
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to a well-known theoretical principle, forces of external resistance 
shift the stability limit toward higher frequencies [50, 51]. Therefore, 
it is of interest to find the relationships between the parameters of 
internal friction and external resistance that result in asymptotic 
stability of forced vibrations of the centrifuge. 

To derive the differential equations describing the centrifuge’s 
motion we use the approach suggested by Koritysskii ([96], p. 383). 
The variables introduced for the calculations in the case of the 
3B-3M centrifuge are shown in Fig. 1. 


Ν 


\ 
NX 


| 
i pean 


Ν 


πρός τ 
--- 


The figure also shows the coordinates of the centrifugal pot with 
respect to the fixed reference frame xuv. In actual configurations 
the x axis is directed upward. According to the accepted dynamic 
model and with certain natural assumptions made by many authors 
[96, 104], the centrifuge vibrations can be described by a quasilinear 
nonautonomous system of differential equations with constant 
coefficients on the leading terms. In complex form, the system takes 
the form 


mit, “+ €41Uy — Cygllg — Cygllg = mev? exp (ἐν) 
— p. {mm [uy + dev exp (ive)] (mo κα [τῷ |?) 
+ hey (ὦ; — ivu,) — hey, (ὦ; τ ivllg) —heys (us —ivus)}, 
K εἰς —ivK olds — Cay + Coglle + Cogllg 


40 ip 
=U [ (sp ivKotte + caste τ Cog, — Coals | Us |? 
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— (ivK gu, — 2K tly) Re (UgUl2) + heyy (Uy — ἵνα) 
- hey (Ug — ivty) — hegg (Ug — ives) | ᾿ 


Αἰις-- Cgyty + Cyglly + (C3, + f) Us 


= p [hegy (uy — ivuy) — σα (ὦ; — tug) 


- he, (Ug— ivug) — Axl]. (1.4) 


The meaning of the complex coordinates wu; (j = 1, 2, 3) is easily 
seen in Fig. 1: uy = ἡ + i& where ἢ and & are the coordinates of 
the centroid of the rotor’s rigid element 5 and the centrifugal pot 3; 
μς = αὐ + if,, where a, and β, are the Résal angles characterizing 
the direction of the tangent to the elastic axis of the vertical flexible 
cantilever shaft 4 at the point where the rigid portion of the rotor 
is mounted; us = p -+ id, where p and ὃ. are the deviation angles 
of the axis of the spindle housing with respect to the fixed z 
axis. 

The constant coefficients cj, = c,; and cj, (j, k = 1, 2, 3) are 
functions of design parameters of the mechanical system. The stiff- 
ness of the vibration absorbers 2 relative to angular displacements 
of the spindle housing 7 is given by the coefficient f. The linear 
eccentricity e of the rotor is assumed small in comparison with the 
leading terms of the differential equations. The remaining quantities 
in equations (1.1) are: Ky and K, are, respectively, the polar and 
equatorial central moments of inertia of the rotor; A is the equatorial 
moment of inertia of the system with respect to its fixed point; 
m is the rotor mass; %9, %;, and x, are the coefficients of external 
dissipative forces; and h is the coefficient of internal friction for 
the material of the flexible shaft [50, 96]. 

Finally, we note that the parameter p is introduced in the differen- 
tial equations of motion (1.1) in order to single out the terms small 
in comparison with those in the left-hand sides of these equations. 

3.2. Determination of a periodic solution. Experimental data 
on the functioning of centrifuges have demonstrated that pure forced 
vibrations are caused by rotor imbalance. These vibrations corre- 
spond to a periodic solution of the initial differential equations (1.1), 
which we shall seek by the Poincaré method. The initial system of 
three second-order differential equations (1.1) in the complex- 
variable functions u; (j = 1, 2, 3) is first recast in the form of 
a single real-variable vector equation (2, 1.1): 


M Sy +Qo-Ge+ Pov =! (t)+u8 (t, v, ¥)- (2.1) 


8. 
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Here we introduce the following notation: the vectors 
{ 21 { cos vt) { 81) 


Lo sin vt 8. 
0 : 
v= = , (ἢ τε πον} 49 [: Hel, ν, ν)τεμ ᾿ : 
4 4 
᾿ 0 δ: 


ey Lo | iG 


where 2, = ἢ, ὅς = ἕξ, 25 = %, ἄς = B,, % =, t = ὃ, and the 
functions ug; (j = 1, ..., 6) are found as a result of splitting the 
corresponding complex equations of system (1.1); and the matrices 


M = diag (m, n, Ky, Κι, A, A), Qo = Il aja Il, 


where qa, = Kov, φι5 = —Kov, and the remaining elements of the 
matrix Ου are zero. 

Splitting the initial system of complex equations (1.1) yields 
a matrix P,, which for the system in question is symmetric and 
positive-definite. The elements of this 6 x 6 matrix are the coeffi- 
cients cj, = ¢,; and ce, + f(j, k = 1, 2, 3). The vector v_ thus 
gives the coordinates of the mechanism, and the vector-functions 
ug (1, ν, Vv) are periodic in time ὁ with period 7 = 2πίν. 

Let us seck the 7-periodic solution of equation (2.1) in the form 
of a series (2, 1.2) in integer powers of the smal] parameter p, keeping 
only the ‘first correction to the generating solution 

v (ἐ. μ) = v® (ἢ + pv (ἢ +... (2.2) 
By using the standard procedure (see Subsection 2.1), we arrive at 
vector differential equations (2. 1.3) for the generating solution, 
and (2. 1.4) for the first correction. The characteristic equation 
(2, 1.6) for the homogencous system (2. 1.5) is 
[det (Py — Als )1? + {[(eay 4+ mad”) (cf, + f + Ad) 
— cj] Kov}? λὲ = 0. 

Obviously, this equation has the pure imaginary roots A; = ia; 
(j -- 1... ., 6). We assume that no one of these roots is of the 
form ipy (p =0, 1, =2,...; i = Κ —1). In this case both 
the equation for the generating solution and each subsequent equa- 
tion as well will have a unique 7-periodic solution. To find these 
solutions it is expedient to return to the complex notation of the 
initial equations. The generating solution then takes the form 


ro_, -+ ixSt = mev?D-! (v) Dy, (v) exp (ivt) (k = 1, 2, 3). 


We recall that “Ὁ (j =1, ..., 6) are the components of the vector 
v® of the generating solution, and Dj, (v) are algebraic comple- 
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ments of the corresponding elements in the fundamental determinant 
Ὁ (v) = det (— vM + ivQ, +P,). 
Here 
M= diag (m, Κι, A), 
Q.=diag (0, —ivK,, 0), 


Cu πτπὸρ τ 8 
Py =|] -- ᾧ» (59 Cos 
0 
τ C43 (98 33+ 7 


First corrections are found from 
3 
u(x) ,+ ic) =D (v) dS τ ἡ) (k=41, 2, 3). 
7 j=l 


The following symbols were introduced in the last expression: a) 
(j = 1, ..., 6) are the components of the vector v‘), 
lr = Sorn-1 (t, vO), v.) ab ἰδ ({, v0), v0) (k ἘΞ 1, ae 3). 


Therefore, 
ry=ivme [ 0+ % (555: "| ( 1 ae ) exp (ivt), 


Dv) 
2D 3 K : 
rem — (ZERO at (1 Fone, 
r3== —ivAn, προ Ὁ. exp (ivi). 


The higher-order approximations are found in the same manner. 

3.3. Stability analysis. Physically, as we know, only stable mo- 
tions are realized. Therefore, the periodic solution found in the 
preceding subsection must be analyzed for stability, which should 
at the same time establish the domains of existence of the periodic 
motions of the centrifuge. For this analysis, we need variational 
equations. assuming the periodic motion already obtained to be 
the unperturbed motion. 

We denote by the vector y a small deviation from the unperturbed 
motion; the perturbed motion is then 


v=yv(, μ) ἘΣ. 


By substituting the perturbed motion into system (2.1), we recast 
the variational equations in vector form (2, 4.2) and drop the terms 
containing « to the second and higher powers 


M2 + [Q5+nQ ({)+ J + Pot uP, (+ ...Jy=0. (3.1) 
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As was noted above, all the roots of the characteristic equation in 
the case under investigation are pure imaginary, and all the mul- 
tipliers of system (3.1) for » = 0 corresponding to period 7 = 2n/v 
are distinct. The characteristic exponents of system (3.1) are found 
from (2, 5.3) 


a; (μ) = io; — ios; sign ju + O(w) Gj = +1, ..., +6), 


where oj; = —([P§ + ioj;QQ] a;, aj) and a; are normalized 
eigenvectors 


(-- ΟὐΜ + i0jQ) + Po) a; = 9, 
([2m;M — 109] aj, aj) = signj ( = £1, ..., £6). 


The following quantities can be taken as components of the eigen- 
vectors 


a? = Dax (@}) c a? = Dy (0j) a? --ς, 
7 “Dog (@j) 7” Ἵ Dog (@j) ’ 2 ΞΟ 
πες «Ὁ = 45 (@;) a @ Doz (Wj) 
: "ὦ : Deg (aj) 7? 7 Doz (05) 


j=+1, ony +6), 


where 
Day (5)? Kyv Dog (05)? 4-1. 24 
οἷ -- - 7 | mn ες Daa toqye + Κι (4 aR ΑΞ πε] sign 1. 


Normalization becomes unimportant if stability is being analyzed 
for the case of distinct multipliers. 

The products (P(%a,;, a;) being real (j = F1, ..., +6), con- 
ditions (2.2) for asymptotic stability of the motion take the form 
of (2, 5.5’) 


Re (QWa;, aj) >O (Gf =1,..., 6). 
The matrix uQ( for system (2.1) is 


M+hey 0 —hey, 0 —heys 0 
0 M+he, 0 —hey 0 —heyg 
—he4s 0 hes, Κι —hegg 0 
0 —hey —Kywf he 0 heos 
—he4s 0 hos 0 hej, + Are 0 
0 —he4s 0 heog 0 he), + Ar, 


where 
M=m(%+fi), fp=mev?D-'(v) Dy, ( (k=1, 2). 
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In full form, the conditions for asymptotic stability of pure forced 
vibrations of the centrifuge used for spinning are 


m (κο + Xft) Day (Wj)? + AXeDo3 (w,;)? 
+ hm wD (ων) — ho; (Kov — Κι) Dos (@;)? 
—h(f — Aol) Das ζωὴ" >0 (= ἐξ νος, 6). 


Here D,., (w;) are algebraic complements of the corresponding 
elements of the fundamental determinant of system (2.1). 

An analysis of the conditions for asymptotic stability makes it 
possible to conclude that forces of internal friction in devices similar 
to the centrifuge used for spinning discussed above cannot disrupt 
the asymptotic stability of forced vibrations caused by rotor im- 
balance. 


CHAPTER II 


OSCILLATORY CHAINS 


In the next two sections we treat plane oscillatory chains. Sec- 
tion 1 [371d] deals with completely elastic free chains; if we consider 
a mechanical system, this is a system of point masses linked by 
weightless springs. Section 4 [371c] discusses a case when one of 
these conditions is violated, namely, some of the springs are replaced 
by weightless rods, and in one of the examples the motion of some 
of the point masses is constrained by guides; therefore, the oscillatory 
chain is no longer completely elastic and free. 

At first glance, these are special cases of mechanical vibrations. 
Such a view, however, is incorrect. Even in some problems of me- 
chanics a rod can be treated as an oscillatory chain, and it is not 
always easy to decide whether a continuous or a discrete model 
gives a better description of reality. Analogies become even more 
profound if one considers electrodynamic systems. We refer the 
reader to Mandelshtam’s monograph [112] (Part I, Lecture 29; 
Part II, Lecture 12). In Section 3 of Part II we discuss the relation- 
ship between oscillations of particles in cyclic accelerators and those 
of spring-loaded pendulums (mass-spring systems); this is only one 
of numerous possible examples. 


§ 1. Completely Elastic Free Oscillatory Chains 


1.1. Definition of an oscillatory chain. We consider a mechanical 
system with holonomic constraints that do not depend explicitly on 
time. Let q,, ..., qn be the Lagrangian coordinates of the system 


and 41. fe 86 4, be the corresponding generalized velocities. We 


assume that a generalized force corresponding to the coordinate q, 
can be given in the form 


Oy (αι: τὼ. Qn) — tis (αι: ἜΘΟΣ ΜῈ Qn) (v τι 1, ieee ec) n). 


Here Q, and A, are continuous and differentiable functions of their 
arguments in the respective domains of definition. We assume that 
for any virtual displacement (which in this particular case coincides 
with a real displacement) the work of resistance forces is negative 


ee) Ry (qs ἐστ Gn) vy <0. (1.1) 
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It follows from this inequality and from continuity that 
Hy (Oy teas OO Wey a4 ag η). 


In the simplest nonlinear case, when R, = f (q,) (v= 1,..., 7), 
condition (1.1) signifies that af (α) >0 (a =40), and the conti- 
nuity requirement implies, among other things, that f (0) = 0. In 
the linear case, (1.1) signifies complete dissipation. 

The constraints being explicitly independent of time, the kinetic 
energy K of the system is a quadratic form of generalized velocities 
with coefficients dependent only on the Lagrangian coordinates 

n 


1 ne τῆς τὰ 
Κε-ςῦι >, αι) (G1 ...5 And G93 (Aye = Gis; ἷ, FH, ---, nO). 
i, j=1 
The equations of motion of the second kind in the Lagrange form 
can be written as 


n n 
oe Oayi 1 δα ὁ ἃς 
D>) avigit >} Gores > ws “π 1:9; τε Qv— Ry (1.2) 
i=1 i, j=t 
(v=, , n) 


We wish to analyze] the stability of unperturbed motion in the 
sense of Lyapunov 


v = Avo (ἢ, I = Avo (ἢ (ν a 1: a) n) (1.3) 

with respect to the variables 41, ..., 4,9 G1 - ++) G (r< 7). 

Coordinates and velocities of the perturbed motion are denoted by 
v= Mol) - Ἀν, Ww = 4νο (ἢ te (V=1,..., n). 


Differential equations for the first approximation of the perturbed 
motion (variational equations) can be given as 


Σ [vido Gab + Ove (8) SE Ὁ ον ()m]=0 (W=4,-.50, (14) 
saad 
bv = 3 [ (2), + (2), 


— (Fro τ (FE). (5) 
Cy; (ἐ) --- >, { ee ᾿ w+ 3 [ ( at ὶ 
; = 


- (55. ΠΕ (2% Νὰ ἐξόν)» 08) 
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and the zero subscript on ἄν; and on the partial derivatives indicates 
evaluation at 


ιο (ἢ), «..» Ono (ἢ, ig Ors as ὅμο (ἢ). 


We say that the initial mechanical system is an “oscillatory chain” 
with respect to the unperturbed motion (1.3) if it is possible to choose 
Lagrangian coordinates in which the coefficients (a,;)9, ὃν; (2), 
and σὺ; (ἢ) are such that for some natural m <n 


(αν). = Ὁ (1.7) 
(V=1i,....m t=m4+i1,..., ἢ; 
ve=m+i1,...,n, t=1,..., m); 

_ ( ORy ἽΝ 
land Gore (ν, FESR cod 5), (1.8) 
oR 

—~)}) =0 1.9) 

(2%), 
(v= 4,...,mi=m+i1,..., πὶ 
v=m+i1i,...,n,i=1,..., m); 

Cy; (ἢ) = 0 (4.10) 
(v=41,....mi=mi,..., πὶ 


v=m+i,...,n,i=1,..., m) 


for any t > ty. Conditions (1.7)-(4.10) state that the matrix-functions 
of the coefficients of system (1.4) are of the form 


(' (αν). ll 0 4 ey; (t) 11’ 0 
0 II (vedo Im+1/ ” 0 I] vg (t) [Imai 
aRy \ {jm 
(=) Ir 9 
OF ἢ ἢ 


If conditions (1.7)-(4.10) are satisfied, the variational equations (1.4) 
form two groups of m and n — m equations 


m 
Qy 

Σ [Care Ret + ( 28 

. ὃ 2 

i=1 qi 


(v=1, ..., πὴ, 


n 


m+1 


d i 7 
) Gb τώ κι --ὸ (1.14) 


DS [ogee t+ (SY), Fete κι] τὸ (12) 


i=m+1 Ogi 
(v=m+1, ..., 7). 
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1.2. Determination of equilibrium positions. The simplest exam- 
ple of an “oscillatory chain” is a completely elastic free oscillatory chain 
with respect to vertical vibrations (this means that vertical vi- 
brations are taken for unperturbed motion). Figure 2 shows a system 
of N point masses im, ..., 
my connected in series by NV 
zero-mass springs with force 
constants c,, ..., ὃν and of 
unstressed lengths | erent er 
The first spring is fixed at point 
O, and each subsequent spring 
is attached to a weightless 
hinge whose axis is perpendic- 
ular to the vertical plane Oxy, 
which determines the motion 
in a plane. Thus, only Ν᾽ triv- 
ial constraints are imposed 
on the system: z; =0,..., 
zy = 0; the Cartesian coordi- 
nates of the point masses 
ἤν. ..., My are taken for 
the 2N Lagrangian coordi- 
nates. For this simplest case 
the kinetic energy is 


N 
1 : *, 
K= >) m (αἰ - ye), 
hat 


that is, αι; = m,6;; (δὴ is 

the Kronecker delta; i, j=1, 
.. Νὴ. Let us calculate 

the potential energy II (z,,..., FIG. 2 

Ly, Yi, » ++, Yn) of the linear 

elastic forces of the springs and of the forces of gravity 


N 
‘, 1 ᾿ ‘, 
I= > { τ 8MnYR + > Ch [(La— La-1)® + (Ye — YR-1)? 
k= 


~ 2, V Geta + Va—vi-$, (21) 


assuming zx) = y, = 0 and taking only the arithmetic value of 
the square root. We start by finding the equilibrium positions of 
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the system and for this consider the system of equations 
oll 


= — Cp Ly + (Ca + Crt) Cp — Cho iXnga 


OLR 

— aly ((@x—@n-1)? + (νὰ το να. 01 ἦα -- Tas) 

+ Creilner [(ἀκῃ — σα)δ τ (γέ ει-- ψΆ}}} “κα -- δι) = 9, 
ar = —MpG —CRYh—1 + (Ch-+ Crta) Yh — Cha Yao! 


— ply (Xp — Tr-1)? + (Ya — Y—1)21 "ΠΣ (Yh — Yr-1) 
+ Crtilnss [(@rt1— Ze)? + (YRoi— yn? (yhar— yh). 0 (2.2) 
(ha4,..., ¥) 


in which we assume ¢y+, = ly,, = 0. A solution of this system 
(for the lower equilibrium position) is 


Lp = 0, Yr Ξε ( | Ay) Sheteoae (1, Ar) (2.3) 
(A=1,..., N), 
where A; is the static elongation of the jth spring, 


Ay = (my + my, +... + my) gle; (1 =1,..., δ). 


᾽ 


Let us prove that this equilibrium position is isolated. Indeed, the 
Jacobian of system (2.2) evaluated at z, and y; from (2.3) is D = 
= D,D,, where D, and D, are the determinants of the Jacobian mat- 
rices of order NV 


ΟΝ ΟΝ zs Cody 0 
eee ΠΣ ile : 
Cake Cody Chg 65} 0 
Ὁ.-- Tt hy πε ; 
Me Sat hea ta ce posh tak aNd oe 
0 0 0 os 
and D, is obtained from D, when l, = 0,4, =1 (k=1,..., N). 


The formula for the determinant of a Jacobian matrix yields 


which was to be demonstrated. 

Let us introduce new variables y;, defined as the displacements of 
the kth point along the vertical axis from the lower equilibrium 
position 


Yn =a — (ἢ Ay) — +. (hth) (6 = 4,..., N). (2.4 
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In the lower equilibrium position, z4,=...=%y =y,=... 
= yn = 0. In order to find equilibrium positions not coin- 
ciding with wate lower one, we recast system (2.2) in the form 
—€y, (Ly — Lp-1) 
Χ {ὦ [(e_ — ya)? + (In + An τ Yn Peay ay 
+ Cn+1 (Get — En) {ly 41 U(en41 — 2x)? 
(ata + Anta + Yrti— Ya)? — 1} = 
—Cx (ly + An + Yk — Yr) 
* {dy (ey — tea)? + (ἰκ + An + oe — Yaa)? — 1) 
+ Cyta (eta + Anta + Yati — Yn) (ga (tet — 22)? 
+ (deta Anti + Ynta — yn? — 1) = me. (2.5) 
(k=1,..., N). 
The equations corresponding to k = WN are 
ex (ty — fy4) {1 — ly (ey — 2x4)? 
+ (ly + Ay νυν τ Yy-)?l*?} = 0, 
ἐκ (ly + ἀν + yx — Yn) (1 — Ly [ὧν — ἀν. ἡ 
t (ly thy + yy Yn-a) 7} = myg. 
The expression in braces is distinct from zero, otherwise the second 


equation would not be true. Therefore, the first equation yields 
ἂν = ὅν, and the second equation becomes 


ἐν (ly tay + γ7ὰΚ — Yn-s) 
x {1 —ly | ly + Ay + yx — yy | = mye. 


This last equation always has the solution yy = yy-,, and also 
Yn = Vx — 2ly if Ay <ly. Let us consider the frequent case 
when the static elongation of each of the springs is less than the 
initial unstressed lengths 


hee ely eS Ny we NY). (2.6) 
By treating equations (2.5) corresponding tok = N—1,N —2,.. 


..., 1 ina similar manner we determine 2% equilibrium positions 
of the free oscillatory chain 


bee ee, 


0 σι { Yn-1 
l = ’ ο ΞΞ “νιν Ne ΞΞΞ . 2.7 
a — 2h, ye | Yi — 2s , un Yn-1—2ly ea) 


Tt should be stipulated that the planes in which each of the N point 
masses moves are distinct and vertical. 
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1.3. Asymptotic stability in the large of the lower equilibrium 
position for distinct resistance forces. The equations of motion (1.2) 
for a completely elastic free oscillatory chain are very simple 


ee oll . . . . 
MpLl,p = --- ark —R, (x, λυ ἄν» Yr eee Yn), 
e oll . . . . 
MRYh = gy, finte (σι, +++) Ny Yrs +++) YN) (3.1) 
(k= 5 eens 


Let inf If denote the lowest potential energy of the completely 
elastic free oscillatory chain on the set of 2N — 1 equilibrium positions 
distinct from the lower one. Define a closed domain G in the phase 


space 21, .. +) yy Yas τ.) YNy By νυν) Buy Yay > srg by the 
inequality 
K +l < inf I. 


Theorem. Jf there exist resistance forces satisfying (1.1), the lower 
equilibrium position of a completely elastic free oscillatory chain is 
asymptotically stable for the initial displacements 


. . . 
(0) (0) (0) (0) (0) (0) (0) (0) 
Troy sey En, Yt yee +, YN, T1 ν τ νυν ν., V1, --- YN 


belonging to domain G. This means that K) -+- Il satisfies the in- 
equality 


KO) + ΠΩ) < inf Π, (3.2) 
where K\) and Il are evaluated at x, = x(%, ..., Yn = yo. 
Proof. We shall employ the total energy of the system 
v=kK+I—I1(0,..., 0) (3.38) 
as the function v of Krasovskii’s theorem 14.1 [100]. We calculate 
the potential energy II (0, . . ., 0) of the lower equilibrium position 
N 
M1 (0, ---,0)= —S) {mag (ata) +--+ a Had] 
h=t 


1 
Ἐπ οι (ἃ --λῇ}. 


We wish to prove that Π -- II (0, ..., 0) is ἃ positive-definite 
function, in the sense of Lyapunov, of 2, ..., 2yy Yiy «+ +) ἵν. 
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We transform II — II (0, ..., 0) to 


TI—IT (0, ...,O0) => >) οκ [(ὧκ --- Tr-1)? + (Yr — Yr-i)? 


Lo) ad 
iMaz 


+ 21}. (ln t+ An + Yr — Yr-1) 
—2ln V (αι — Cra)? + (la + a+ Ya — Yn)? 

and establish the validity of the inequalities 
(αι — Lp-1)?> + (Ya — Yr-1)® + 21 (Up + An + Yn — ψκ-) 

Sly V (tp— Fra)? + (nF An + Yn — Yaa)? (9.4) 
(k= 1, ..., M3 χρ = yo = 0). The left-hand side of these inequali- 
ties can be written as 

(tp — Xp—1)® + (Yr — Yrea + Ue)? + ἰκ (ly + 2A4). 


Obviously, it is positive. Raising inequalities (3.4) to the second 
power and transforming them, we arrive at 


U(x, τον a a + (Yn — Yr-1)® + 21, (Yr — Yr)? 


+ AbjAn (te — Se)? + Yr — Vaal SO (= 1,..., Δ). 
These inequalities are true, and equality holds only when ἃ) = . 
Seat τὸ ψι τ. Ξε yy -ῦ. Hence, the total energy (3. 3) 


of the system is a positive- definite function, in the sense of Lyapu- 
nov, of all the Lagrangian coordinates and velocities. According 
to equations (3.1), its derivative is 
N 
ἃ κι π-- Πρ, -..,0)]=—S) (Rate + Rysntn) <0 
het 
By definition of the resistance forces, the equality sign in the last 
inequality is only possible in the equilibrium position. A motion 
initiated within G cannot leave it, while the equilibrium position 
in G is unique. The conditions of Krasovskii’s theorem 14.1 are 
thus satisfied [100], proving the theorem in question. 
Remark. Formulas can be found for the radius of a sphere or edge 
of a cube inscribed into the 4N-dimensional domain G. 
1.4. Variational equations for vertical oscillations of the system. 
In full form, equations (3.1) are 


myZp = — Cp (Lp— Lp) + Casa (Lat1— Zn) + Crlp (Lp— Ter) 
Χ [(€p— e-1)?+ (ὦ + An + Yn — να. )2} MP ysilyay Opes) 
ΧΊ(ακ --- Fn)? + (Unga + Ansa + ψ καὶ — Ya)? ue 


—R, (2, sera ny Yi, ἐν 6yYN)s 
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man = —Cply + Crtilnti— Cr (Yr— Yr-1) 
Ἔκ (Yrt1— Yr) + rly (Up + he + Yr — Κκ-α) 
X [(tx— Spa)? + (Unb An + Yn — Yaa)” 
—Criilnss Unta + Anti + ὕκει τ Yr) 
X Ι[(κει --- Lr)? + (Ursa + Anti t+ Yrta— Yr)?) ue 
— Ryn (ἄν, 020525 Yay 5.9.) (4.1) 
(a1, ...,N). 


We assume that the projections of resistance forces onto the z axis 
satisfy the conditions 


R, (0, .... 0) Yar νιν, Yy) BO (ἃ =1,..., N). 
System (4.1) has the solution (unperturbed motion (1.3)) 
Xp =, Yr = Yro (2) (k => 1, oy N); (4.2) 
at the same time yz, (¢) satisfies the system of equations 
ee 1 . . 
UL gear Ry-+r (0, «+ +,0, Yror ++ +1 Yo) — Pr¥h-1, 0 
+ (Pa+ Ma tiPr+1) Yro— MatiPriYar,o0=9 (4.9) 


(eS 1 Ξὰς Νὴ: 
Here 
Pa= ae (k=1,...,N; ΡΝ Ξε), 
Hth=ae (ἢ το2, ἐνὸν ΝῚ ver = 0). 


Now we test whether conditions (1.7)-(1.10) (n = 2Ν, m = N) 
are satisfied. Both (1.7) and (1.8) hold since 


m Oy; (ιν dV PHS eel); 
ee (V=N41,...,2N; i=1,...,2"). 
Condition (1.9) requires that 
(22) =0, (5333) =0 (@l=1,...,, 44) 
Oy, 0 Ox) 0 


where the zero subscripts mean that after differentiation the values 
in (4.2) are substituted for the arguments. Conditions (4.4) hold, 


in particular, if RA; are independent of Vis and Ry, are independent 


of x, (ky l=1,..., N). We assume that conditions (4.4) are 
satisfied. 
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For condition (1.10) to hold, it is necessary that 


821 : 
(ayaa ).Ξ9 (j,k=1,...,N) 
be satisfied, since the zero subscript indicates, among other things, 
that after differentiation we set 7; =... =2y = 0. Hence, the 
variational equations (1.11) and (1.12) hold for the perturbed motion 


(δι =O + ἕξ, Yr = Yro (ἢ) + Mas k= 1, 
N 
2 ξ; 2 
set Sf) Ba ie 0, 


at? mh , dt Ox; Oxp, 
i= 


N 

d?np 4 ORnsn \ ani ( att ) ae 

πω erm cree πε 
ἘΠ Oyi 70 


(k=1,...,N) 


or, in detailed form, 


aE AS (oh) a ἀξι stp 
a R 


at? mr 
i=1i 


x {1—[ 1+ re Ἐπί Uno (@)—Yra,o() | } 
Χ (En-1— Sh) + MrtiPati { ἐξ: [4 + Vat + (Yn+s, ο (ἢ) 
—yro(t)) |} Gx—Een)=0, (4.5) 


d2 4 ORn d 
eae ( oe “ 5} 0 τὰ πτΡκῆκ- «Ὁ (Ρκ + MatiPati) Ne 
i=1 ἡ αι 


-π-μκαρκιῆκα -- Ὁ (4.6) 
(k=1,...,N). 


Note that these equations are considered despite the fact that 
the stability in the large of the lower equilibrium position is already 
established by the theorem of Subsection 1.3, provided condition (1.1) 
is satisfied. The reasons are threefold: (1) there may be cases when 
(1.1) is violated (for example, in the case of partial dissipation); 
(2) equations (4.5)-(4.6) may be used to evaluate the stability of 
unperturbed motion (4.2); and (3) resistance forces may vanish. 
This conservative case is the subject of the next subsection. 

1.5. Conservative case. With no resistance forces, a completely 
elastic free oscillatory chain becomes a conservative system. Devia- 
tions Yn (ἢ) of its masses from the lower equilibrium position in 


4—0559 
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the course of vertical oscillations (unperturbed motion) satisfy sys- 
tem (4.3) when να =0 (k =1, ..., N) (this system describes 
small-amplitude oscillations of Sturm system [62]). The equation 
of frequencies ὦ of this system proves to be the secular equation of 
a Jacobian matrix 


wo” — (py + Hep) ΜΡ. θ.ϑ.... 0 
U2P2 @?—(Po+H3Ps) μ8ρ5. ++. 0 4()5 
0 0 0 0? — Py 
When Rj =0 (jf = 1, ..., 2N), the coefficients of equations (4.5) 
from the system of equations for the first approximation of perturbed 
motion will be either periodic if the frequencies @,, ..., ὧν are 


commensurable, or quasiperiodic if they are not. In both cases the 
investigation of the stability of unperturbed motion is a fairly com- 
plicated problem. 

The analysis is facilitated by the fact that for the conservative 
system all solutions of (4.6) are bounded. This follows from the 
positivity of the eigenvalues of the Jacobian matrix given above. 
The boundedness of the solutions can also be established in a straight- 
forward manner: for ἤν, = ἤν. =... = Roy =0 we recast 
system (4.6) in the form 


dyn 

ἀξ min, 

dn, 

ταὶ PaMn-1 — (Pa + MatiPata) ἣκ + Pat Prt ἤκ 

(ἐ Ξε ῖ,...., Δ). 

We consider ἃ positive-definite quadratic form of the variables 
Vis ee) Ἦν, Na +--+, ἣν With constant coefficients 

1 ᾿ : 

U= +>) Mrs ++ Me [Pe (ηκ --- Maa)? + nk] (Hr =1, Mo = 0). 
a= 


By virtue of the above equations, its derivative is zero, thus estab- 
lishing the boundedness of the solutions. 

1.6. Stability of vertical vibrations of a spring-loaded pendulum. 
A single-link completely elastic free oscillatory chain is a pendulum 
formed by mass m suspended by a spring of unstressed length 1 
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and with force constant c (Fig. 3). System (4.3) is reduced to a single 
equation 

MYo ΞΞ CYo τ᾿ 0, 
so that the unperturbed motion is 


z=0, y=y(t)=Y cosot (o= V =). 
The variational equations (4.5) and (4.6) become 


Cou (' erie E=0, yn+om=0. (6.4) 
1+v+7- Y cos wot 


Note that condition (1.8) is not satisfied as a result of internal 
properties of the mechanical system and the choice of unperturbed 


FIG. 3 


motion; it is also determined by the choice of the Lagrangian coor- 
dinates. If we change to polar coordinates, we obtain 


=F m (9g?+%), 
= > c (po —l)?— mgp cos g, 
which transforms the Lagrange equations with no resistance forces to 
p29 + 20p9 = —gp sin φ, 
ρ--ρφῆ-- - “ (p—l) +g cos @. 


In the notation used earlier, the vertical vibrations of mass m assumed 
to represent unperturbed motion are 

© = G =0, p =p, (4) =L+AY4+Y cos ot. 
ἀκ 
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Formula (1.5) now gives for the coefficient ὃ. (¢) the expression 


by; (ἢ) = 2MP Po #0, 


which states that condition (1.8) is violated. The variational equa- 
tions for perturbed motion (p = 0 + Φ, p = ρ (ἢ + P) become 
in polar coordinates 

aD psint y Zz 

dv 1+ y-+p cos t aT 1+y—-p cos t o=0, 


d?P Oo’ Y 
SatP=0 (γε, με τ, t=0t). 


We observe that conservative systems may be described by variation- 
al equations containing a term with the first-order derivative. 

By returning to Cartesian coordinates and introducing dimension- 
less time τ = wt, we can present differential equations for perturbed 
motion in the form 


dE Vp cos T 
Ge) faye 0) - 0, a! +++ (2)=0. 


Here, as before, y and p stand for dimensionless parameters that 
are the ratios of static elongation and amplitude of vertical vibrations 
o unstressed spring length 
λ Y 
Y=7T>: μ T? 

and the (2)’s stand for second-order infinitesimals in y and p. 
The stability (or instability) of the trivial solution of the first 
equation in (6.1) determines it for the whole system (6.1). In our 
case of a conservative system, however, the stability of the trivial 
solution of (6.1) does not determine the overall stability of unper- 


turbed motion with respect to the variables z, y, x, y, because one 
of the critical situations arises. On the other hand, the instability 
of the trivial solution of (6 1) entails the instability (with the pos- 
sible exception of boundary cases) of unperturbed motion ([40a], 


Sec. 70) with respect to z, y, 1, y. 
This is stipulated by the fact that the first variational equation has 
a periodic function for its coefficient, so that the lowest charac- 
teristic number, in the sense of Lyapunov, is negative when the triv- 
ial solution is unstable. 
In order to analyze the instability of the trivial solution of the 
equation 
dé 
at 


y+tp cost ΒΕ 
τ 1-+-y+p cos t eo (0:5) 
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we start with the Zhukovskii criterion [400], which guarantees 
stability if the inequalities 


ER <p(t)<f(k-+1) (περ, 1, 2,...) 


are satisfied. Under the condition that p <1-+ y, that is, when 
the amplitude of vertical vibrations is smaller than the length of 
a statically strained spring, we obtain 


infp (Ὁ) τ Εν, supp(y= zie. 


The Zhukovskii criterion requires that 


4 
w<y, μά τ τ--ὉἹἩ (for k=0), 
or 


μ« ae ge (for k= 1). 


For k > 1 the criterion fails. The hatched area in Fig. 4 shows the 
resultant region of the stability of the trivial solution of (6.2) 
according to the Zhukovskii criterion. This diagram will be useful 
for comparison with the instability region. 


ain 


FIG. 4 


In order to find the instability region by means of the method 
of small parameter, we choose p as the small parameter and write 
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equation (6.2) in the form 


ταὶ + (Po (Y) Ἔμρι (τ, + HPL (E,W) TE =O; 
where 
she eae 
Po (7) ξ- πππτ᾿ 


Ριίτ, γ) = 2ρ() (γ) cost 
1 
(P4? (y) = 2(t-+y2 ). 


In the scalar case, the instability regions in the wy plane may be 
contiguous on the axis μ = 0 to those points ym that are roots of 
equation 


2 το τυ κερί 2 
2 γρο (γηι) =m or γι τ χτττα (m=1, 2, ...) (6.3) 
([80], V, 2.5). For y > 0, a wide instability region (i.e. one with 
the angle between the tangents distinct from zero) is contiguous only 
to one point γι = + (this is the only such point on the half-axis 
y > 0). The slope of the tangent in the above example is found by 
means of a formula derived from ([80], V, 2.24) 


(1) τ 
- anf Pi) ΘΈΡΕΙ 6.4 
ρα Ὁ 
This yields in the first approximation the instability region for 


vertical vibrations of a spring-loaded pendulum 


t 4. 1,1 
ZO TU Te SVS QT Tete... 


The rays bounding this region are traced in Fig. 4 by dashed lines. 
The general theory ([80], V, 2.3) shows that since 


dpo 

dy we 
the functions describing the boundaries must be analytic in the 
parameter w; therefore, the terms omitted are of order not lower 
than pw’. The next expansion coefficients can be found by using the 
fact that an antiperiodic solution (since m is odd) exists at the bound- 
aries of this instability region. We give only the final result: in 
the second approximation the instability region is determined by 
the inequalities 


1 1 15 1 1 15 
gor Bor fog BP at es Pe Ἐπ a ΕΜ... ‘ (6.5) 


The boundaries of this region are given in Fig. 4 by dot-dash lines. 
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Experiments have demonstrated [394] that the perturbation of 
vertical vibrations of a spring-loaded pendulum with resistance 


forces occurs for A + al (1.9. for y w=) . In pendulums with dis- 


sipation, “conservative instability” regions result in the instability 
of vertical vibrations. Despite the asymptotic damping of vibrations, 
which proceeds slowly if dissipation is not too large, resonance in 
a chain may cause substantial changes in the vibrations and become 
essential in evaluating a system’s performance. 
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The theory of stability of vertical oscillations is an important 
part of the general theory of oscillatory chains. The analysis of sta- 
bility is carried out by means of the mathematical theory of para- 
metric resonance. It should be emphasized that the problems we wish 
to discuss sometimes involve canonical (Hamiltonian) systems of 
linear differential equations with periodic coefficients of a special 
type, namely, where the parameter y, which is equal to the inverse 
frequency of parametric excitation, appears nonlinearly. Expres- 
sions for the boundaries of the dynamic instability regions in such 
systems were obtained by Jakubovich and Pittel ([339]; [80], V, 2.3). 

2.1. Statement of the problem. We consider a mechanical system 
comprising NV point masses with mass m, and rectangular Cartesian 


coordinates x, Yn, 2, (kK = 1, ..., N) with respect to an inertial 
reference frame. Of 3N — πὶ holonomic constraints that do not 
depend on time explicitly, let Ν᾽ constraints be z, = 0, .» 2y = 0 


(this means that the motion takes place in a plane) and 2N—n 
constraints be 


᾿ς (Gis ths 2 aap nw YR SO (ἃ = My 2....... 2} --- ἢ). 


We denote the Lagrangian coordinates of the system by q, . . .» % 
and write the generalized force corresponding to a coordinate q, by 
οι (4; σῶς ae R, (4ι: ee) Qn) (v Ξε A. big 28 n), (1.1) 


where Q, and R, are continuous and differentiable functions of their 
respective arguments in the domains of their definition. 
The kinetic energy of the system is 


where 


Ory OLR , OYk OYR ΣΑΣ 
aj, Ξε ας; (4, Ἂ σα 44) -- Mp (Gran tan a) (i, j=1, wee, 2)» 


3 


i] 
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The equations of motion of the second kind in the Lagrange form 
become 


Σ ayigi + ΣΣ 


i, j=l ἐπεὶ 
δὲνᾳ ὃν 1 δἔνμ Oy 1{ d%y, Oy 
are . Ht) 919; =Qy—Ry (1-2) 


δαὶ 095 ϑῆν 2 09; Oqy 84] ΡῈ Oy OQ; Og: 


my, ( O*xp Oxy, 1 O%xp, Or, 1 Axp Oxy 


99: 09; δὴν Δ δηιθην δ) Δ Oqy dq; θαι; 


(ν-ΞΊ, wee, 7)» 
In order to analyze the stability of unperturbed motion 
Ww = ἄνο (ἢ), Ww = olf) (ν το 1, ....»ὄ 2) (1.3) 


with respect to the variables 
41: ep ae Gry 41. Lae | 4, (r « πη) 


we denote the coordinates and velocities of perturbed motion by 


Gv = ἄνο (t) + Ἀνν Iv = Qo ({) + Ἀν (v=1,..., n). 
The variational equations of perturbed motion can be given in the 
first approximation as 


Σ [edo Ge +o) FE +e Om ]=O (v=t, +50). (1.4) 
i=l 


at? 
Here 
. 83 OR. 
Lh ork 5 
γι ὩΣ m Di {τ ae ts) aol) + (—),, 
καὶ ; aq: 
8318 ΣΎΝ 83:μ OTR a 
ὄν! Ω-Σ mr Σ (seeder τὶ πε t+) 20 
+3[4 831 OR le. ὃϑιμρ 631 
2 Oqy9Gi9q; 84ι 2 ϑανδ4) 09; 09) 
Gis ΓΖ. xR Orn 1 8831 Orn 


Aq 04; 895 qr | 89409504, O4y 2 θῆνθδηι δι 84) 
1 Op θῆχμ ῚΞ (222) 
2 dy 091 Ogi 0; Ἔ-: .. 4 470 (ἢ qo (ἢ) ; 

(v = 1, Sean n). 


The zero subscript on ἀν; and on the partial derivatives denotes 


evaluation at 410 (4), . - -) Yno (4)3 Qo (εν ες no (ἢ. In the expres- 
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sions for b,; (ἢ) and cy; (¢), terms obtained by substituting y for x 
are ignored. 

In Subsection 1.1 we introduced the definition that a mechanical 
system is an “oscillatory chain” with respect to unperturbed motion 
(1.3) if it is possible to choose the Lagrangian coordinates for which 
the coefficients (a,;)9, ὃν; (t), and c,,; (t) are such that conditions 
(4, 1.7)-(1, 1.10) are satisfied for some m <n (mis anatural number) 
and ἐ > fp. 

Conditions (1, 1.7)-(1, 1.10) mean that the variational equations 
(1.4) fall into two groups (1, 1.11) and (1, 1.12) of m and n — m 
equations. 

The kinetic energy K is positive and therefore equations (1, 1.11) 
and (1, 1.42) are solvable with respect to the derivatives of higher 
order. 

2.2. Kinetic and potential energies. We consider a completely 
elastic free oscillatory chain consisting of N masses m,, ..., My 
connected in series by N weightless springs with force constants 
Cy, τ.) Cy and of unstressed lengths ὦ, ..., ly (see Fig. 2). 
The first spring is fixed at point O, and each subsequent spring is 
attached to a weightless hinge whose axis determines the motion 
in a plane. Let a group of h springs be replaced by rigid weightless 
rods; let these be the rods connecting the masses my, myij, .. - 

. +, Mz+n- In addition to N trivial constraints Ζ) = 0, ..., zy = 
= 0, h new constraints are imposed on the system: 


(μη -- 2,..η--4)2- Yian—Yi+n-1)? =l4an (N= 1, ..., 2), 


where x,, yy are the Cartesian coordinates of the vth mass m, (v = 
=1 ; ἄρ = y, = 0). In this situation the abscissas (or 


7 ee ey 


J 


ordinates) of the masses mj;+,, . . -, My, are no longer Lagrangian 
coordinates. Assume for 2N — h coordinates that 


Typ ey Ly Pptay oe +s Prtns Ἄλτιν +++ Ew 


o 6 6 0 6 ew ee ee we lt 


yy=u7—(T, +--+ Ly), 
Verner = Yieng1 — (La -.- + Lytnss)s 


ΟΕ ΞΕ" 


Yn τεῦν-- τὰ τ-Ὲ ...-Ὲ ΔΝ). 


Here L, is the length of the Ath spring in the strained state (k = 
=1,...,f, f+A+1,..., Νὴ, or that of a rigid rod (k = 
=ft+i1,...,ft+h), ie. Ly = l, + Ax, where i, is the static 
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elongation of the kth spring 
An = (my + Magy +... + my) glen 
(k = 1, bs tor ag f,ftAs+1, oe ὅτ N; λα = ιν = Agen = 0). 
The coordinates yy, . ~~, Yj, Ystntis +++» Yn are thus equal to 
the displacements of the corresponding masses along the vertical axis 
from the lower equilibrium position. The coordinates @;+41, .--, Py+n 
are polar angles measured clockwise from the y axis to the rods 


Uptay +s Utne 
The kinetic energy K of the system is 


N h 
K= > Σ ma (tht y+ Dd) man (+ γὴ 
=1 


Rk n=1 
n . . . . 
Be > LisaPpta [{παφρταὰ + 2 (ὦ; COS Φ τα — Yj SIN Pj+a)] 
a=1 
+2 > Li+ols+BPs+aPj+p COS (Pp+a— 0740) . (2.1) 
a, B=1 
a<p 


We express the potential energy IJ of the linear elastic forces of 
the springs and of the forces of gravity as 


f 
= —g> (Myay+ te + Myzn+ Mg) Yo 


a=1 
N h 
—g Dd) meyp—s δὶ πιρρηΐξεη 005 Pyan 
p=ftht+1 n=1 
1 ay 
Ἐπ, > Cn lee — ἀκ )5-Ὲ (n+ An + Ya — Yat)" 
h=1 
N 4 
= > Cala V (ἀκ --- na)? + (ln + han FY — ray? (2.2) 
h=1 


assuming that 24, = ἔξει in Pytns Ystn = ἔξει (005 Py+n — 1) 
and always taking the arithmetic value of the square root. The 
sum δ᾽ is primed to indicate that the addends corresponding to 
k=f+41,..., f+ ἃ must be dropped. It is readily demon- 
strated, by analogy with Subsection 1.2, that there exist 2% equi- 
librium positions in a partly elastic free oscillatory chain. The 
theorem of Subsection 1.3 also holds: the lower equilibrium position 
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(corresponding to zero values of the Lagrangian coordinates) is 
asymptotically stable in the large if the work of resistance forces 
is negative for any virtual displacement. 

Now we denote the Lagrangian coordinates in the order in which 
they were introduced by q, ..., Gen-n. This yields for Q, in equal- 
ities (4.4) 

Qv= ss (v=1l,...,n). 


We assume for the resistance forces that 


Ry= Ra (dy -«.» In) (k=1,...,.), 
Re Ry (ἄν ταν otto ([Ξ 14 «Ὁ, ND: 
Εν (0, ...,0)=0 (v=4, ...,2N—A). 


One possible solution of equations (1.2) (vertical oscillations 
of a partly elastic free oscillatory chain) is 


da = Jno (t) = 0 (k=1,...,%), 
Qn+j3 = Qnty, 0 (t) (j=1,...,N—h), 


where ΩΝ), (ἢ) is determined by the last equations of (1.2). We 
assume this solution to be the unperturbed motion (1.3). It is readily 
shown that conditions (1, 1.7)-(1, 1.10) are satisfied, and therefore 
the variational equations fall into two groups (1, 1.11) and (1, 1.12) 
of N and N — h equations. The instability of unperturbed motion is 
determined by the instability of the trivial solution of the first 
group (1, 1.11) because the characteristic numbers of the second 
group (1, 41.12) are nonnegative (see Subsection 1.6). 

2.3. Example. We consider a two-link oscillatory chain where the 
first link is absolutely rigid and the second is elastic with force 
constant c. The notation is clear from Fig. 5. The static elongation 
of the spring is A, = mog/c. Formulas (2.1) and (2.2) become 


K=tm,(a2+y)++ mo}, 
= —mMyzgl, 005 Py — MoZYs 
44 ἐ[(,--ῖ, sin y)?+ (n+ dot Yo th —ly 008 1)"] 
— cl, [(x,— 1, sin φ4)2-Ὲ (5 - Ay + Yo + 1, — 1, cos 1)?] τς 


With the natural assumption J, + A, + y, >0, the Lagrange 
equations (1.2) have a solution (taking the vertical oscillations of 
mass m, as the unperturbed motion) 


9, = 9, #220; ψς = Y cos Qt (.-- γ΄ +). 
2 
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FIG. 5 


The variational equations (1, 1.11) (for φι =0 + ®, 7, =0+ 
++ %.) can be presented in dimensionless form 


τς. ὅπ +[ (1+) By-+ ofp costa (4 —apstwz) | 


om 1 
—Va (1 Se errr, ξ--0, (3.1) 


ge V2 (1a wees) O+ (t-te) B= 


ἾΣ; Y 
(τ-- ον, ξ-- γα 5 α-- 3. p= pats. w=). 
4? 1 l ly ἶ 


Limiting the analysis to the case m,; = m,, l, = ἰς (a = β = 1), 
we rewrite system (3.1) in matrix form 


τὶ 2+ [Po (y) + EPs (τ, y) + μὴΡ, (τ, y) + «010 ΞΞ0, 


τῷ). ena ap 


eats “al 


where 


1 


Pr(t, γ) =2PP (γ) cost, Pi? (γ) = sq HF 
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The matrix 


Ft 1 


ae aid se 
~ (Fy 


is positive-definite, and the results of Jakubovich and Pittel are 
therefore applicable ([339]; [80], V, 2.3). Let us calculate ὦ; (y) 
and ὡς (y), that is, the natural frequencies of the unperturbed 


system 
a= fein a 


Oa Vi ΕΞ a = TH |. {8 


Wide instability regions (those where the angle between the tan- 
gents is distinct from zero) may be contiguous only to those points 
of the half-axis » = 0 (y > 0) for which 


ὦ) (Yo) + On (Yo) = 1 Gi, A= 4, 2). (3.3) 


Since in the example under discussion the functions 
20 (γ), 2@ (y) and a, (7) + ὡς (¥) 


increase with y, wide instability regions can exist for a single value 
of y in each of the following three cases: (1) 2, (y) = 1 and 
(2) 2m. (y) = 1 (principal resonances); and (3) ὠ, (y) + ὡς (y) = 1 
(combination resonance). Since (P,)ay = 0, we can use formula 
(V, 2.24) of [80] to calculate y* (the slopes of the tangents to the 
boundaries of the instability regions) 

i τς (3.4) 
ay OFF OM hay 


Here γὺ is the root of the corresponding equation 
oj (7) + ony) = 1 G2 = 1, 2), 
and a; and a, are the corresponding eigenvectors of the matrix P, 
that is, 
Po (Yo) ay = 03 (Yo) ἃ), Po (Yo) an = A (Yo) ans 
and 
ἴω; (Yo) + On (Yo)] (ay, an) = δ᾽ὴᾳ (7, ἢ = 1, 2). 
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The results of the calculations are given below. The regions of 
the first (7) and second (2) principal resonances (Fig. 6) are deter- 
mined to the accuracy of O (μῆ) from the inequalities 


0.076 — 0.864u +... << y <0.076 + 0.364p +..., 

0.549 — 0.385 +... <y < 0.549 + 0.385p +..., 
and the region of the combination resonance (3) is derived from 

0.157 — 0.088u +... <y < 0.157 + 0.088p +.... 


2.4. Pendulum subject to elastic free suspension. Let a simple 
pendulum of mass m, and rod length /, be suspended from a hinge 
of mass m, (Fig. 7). A spring of unstressed length ἢ and with force 


? 
06 
2 
a4 
02 
3 
7 
oar a2a 
FIG. 6 


constant ¢ connects the hinge to a fixed point O; the static elongation 
of the spring is A = (πῃ + m,) g/e. Formulas (2.1) and (2.2) yield 


K - (m, + mg) (22 + y?) + > Mala‘? + Molo (x cos @ Ἐν sin φ), 
Π -- —(m, + my) gy — mygl, cos p 

+ cle Ὲ (0 -Ε }.-Ὲ })}}-- οἱ, Vet (ht h+yy 
Equations (1.2) take the form 


(m,+m,) t+ msloip cos ¢ = Mal 9(p2 sin Φ 


= —cr+cl,e[x?+(1,+4+y)?]-', 
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(σις Ἔ παρ) ν᾽ --- πιρίγῳ sin ~— πιχίγῷϑ cos @ 


Ξε —e(ty) teh (ἢ, -Ἐ Δ. -} ψ) (e+(h+aty) 2, 
lo - x cos g—ysing = —gsing. (4.1) 


Let us introduce dimensionless coordinates § = 2/l, and ἡ = y/l, 


and dimensionless time t= Vc/(m,-+m,) t; this transforms the 
system of equations of motion to 


ξ΄ -Εαβφ' cos p= αβφ' 3 sin —E+§ (82+ ((-Ἐγ-Ἐ η)11- 1, 
η΄ — aBg" sin @ 
= αβφ΄ 2 cos p—(1—n) + (4+-7+0) (8+ (-Ἐγ ΕΠ). 2, 
&"cosp—y’sing+hg" = —ysing, 
where 


a= Mo <i, p=, pas, 
1 1 


my+ Mm, 


and the derivatives with respect to t are denoted by primes. Solving 
the last system for higher derivatives, we obtain 


gr ATA Fe 4 αβφ' sine +t. (14+ + 0) #sin pcos e, 


” 1—a cos? @ 


Y Ve Sage R (1 +y+n)+abo"* cos φ 


+ ΠΡ δ7ξ sin Pcos φ, 


1 


1 ! ὃ 
φ = Bana 75008 © -- τε τ 3 A sing, (4.2) 


where 


A=1-(P + (1+ y+0)7)-'?. 


The equations of motion (4.2) have a solution 
§=g=0, n=ucost (u>0) (4.3) 


These vertical oscillations of masses m, and m, are taken as unper- 
turbed motion. The first group of variational equations (1, 1.11) 
(E=O0+u,9=0+ 4, ἢ = pcos t + w) may be presented in the 
form 


γ΄ a Q (τ, γ, Hy α, β) δ Ξ 0, (4.4) 
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where 
Ἵν Soe ee Ze es 
tee Q= δ Ἰεοθει β ἀν ae ; 
τα ΤΈγΈμεοετ 
and the second group (1, 1.12) consists of the single equation 
τι" +w=0. 


The instability of unperturbed motion (4.2) is determined by the 
instability of the trivial solution of system (4.4), which, if we assume 
pp <1+y, can be presented in the form 

γ΄ + [Qo (vi α, B) + μθ, (τ, γ; α, B)+O(wW)ly =0, (4.5) 


where 


ΨΥ ΤῸΝ 
ΝΙΝ β β(-ΕΥ) 
Q 1—a ee 1 ’ 
1+y 


1 
ise 
Q=20% cosz, ἀν} 


Sa St 
(1+)? 
The eigenvalues w{ and ωὡ of the matrix Q, are positive and equal to 
gots Υ͂ 1. 2(2a—1) ~ 
oo agta [ξ Ὑπὴτ τ γ΄ Etat pa: 


Formulas V, 2.3 of [80] cannot be directly applied, however, to 
system (4.5), because the matrix Q in (4.4) (and consequently the 
matrices Q, and Q(!) in (4.5)) is not symmetric; systems (4.4) and 
(4.5) are “entangled” by the linear substitution. System (4.5) must 
be preliminarily “disentangled” by the linear transformation 

y = [So (ys α, B) + mS, (γ; α, B) +O (μἢ] v 
(det Sp 40, det S, 0). 


The matrices Py and P‘!) of the transformed system 


ν΄ + [Po (ys α, B) + w-2P( (y; a, B) cos t+ O (μὮ] v = 0 
(4.6) 


are real and symmetric, for example, 


ωξ 0 
Py = 5: 00850--} ἡ 


0 «3 
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Formulas V, 2.3 οἱ [80] are applicable to the transformed system 
to determine the boundaries of the dynamic instability regions in 
the first approximation with respect to μ. In the special case discussed 
in Subsection 4.3 (my = m,, 1, = ἰῳ, ie. a= 


= τε β-Ξ1) we arrive at the same expressions 


(3.2) for ὦ: (y) and ὡς (y), and hence the same 
critical values of the parameter y, which are 
contiguous to the two regions of fundamental 
and one region of combination resonance. The 
calculation of the slopes y* of the tangents 
to these regions will not be discussed 
here. 

2.5. Pendulum subject to elastic guided sus- 
pension. Let the motion of mass m, be con- 
strained by vertical guides (Fig. 8); the 
notation remains the same as in the preced- 
ing subsection. This oscillatory chain is not 
free (one degree of freedom corresponding to 
z is lost) and partly elastic. The kinetic and potential energies are now 
given by 


FIG. 8 


K=+ (m+ my) yp 
++ msl2p2 = moloyp sin φ, 
T=: + cy? + megl, (1—cos φ) (5.1) 
and the Lagrange equations of the second kind are 
(m,-+ mg) y — Ml, © sin ῳ -- Mola? cos P= —cy, 


-- y sin o+h@ =—gsing. 
Solving the last equations with respect to higher derivatives, we 
obtain 


yn” -η = (1 — @ sin® g)-! (αφ΄ cos φ --- ay sin? φ — ay sin? 9), 
go’ + yp = (1 — α sin® ~) 1 (--ἢ sin g + ag” sin @ cos φ 
— ay sin? g) + Υ (φ -- sing), (5.2) 


where the following dimensionless variables and parameters are 
used 


a= <i, pat. (5.3) 


5—0559 
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Let us analyze the stability of unperturbed motion, in this case, 
of vertical oscillations 


φ =0, n=pcost (u>0). (5.4) 
Assuming that for perturbed motion g = 0 + , n = pcost+ v, 


we obtain for the first group of variational equations (1, 1.11) the 
single equation 


p” + (yp + p cos τὴ p = 0, (5.5) 
and for the second group (1, 1.12) the single equation 
νυ" t+tv=0. 


The instability of unperturbed motion (5.4) is determined by the 
instability of the trivial solution of equation (5.5) (Mathieu’s equa- 
tion). The literature devoted to Mathieu's equation is quite extensive; 
for our purposes it is sufficient to apply equation (3.3) and formula 


(3.4) when the matrices P, and P{!) degenerate to the scalars y and = ; 
respectively. Equation (3.3) yields the critical values of the param- 
eter 
= 1 
20 (Yn) =2V γι =n, Y= πὲ (n=, 2, eee 


and (3.4) gives 


eo Pow 
(f= =F (5.6) 


dy γξξγι 


for the slopes of the tangents to the wide instability region in the 
uy plane. This region (i.e. the region with the angle between the 


tangents distinct from zero) is contiguous to a single point y = = 
and in the first approximation is determined by the inequalities 


1 1 1 1 he 
Zope. SVS Pt yet... : (5.7) 


CHAPTER III 


APPLICATION OF THE METHODS OF SMALL PARAMETER 
TO OSCILLATIONS IN LYAPUNOV SYSTEMS 


This chapter treats several problems in mechanics and physics. 
The methods of small parameter provide suitable mathematical tech- 
niques for determining periodic motions and describing transient 
processes if the periodic motion corresponds to the limit cycle (in 
phase space of dimension 2k >> 2). Computational aspects of the 
Poincaré method [188a] are presented in the first two sections; as 
for the method of averaging, only the simplest applications in the 
sense of Van der Pol [150] will be given. More complicated problems 
(some of them are pointed out in Section 4) are likely to require 
application, and possibly modification, of algorithms evolved in the 
fundamental investigations of Bogolyubov [22, 102], Mitropolskii 
[1214], and Samoilenko [24]. 

It is possible to outline a general approach to the problem of 
energy transfer (Sections 1-3). The first step of the solution is based 
on the mathematical theory of parametric resonance, which is used 
to find the initial (usually trivial) periodic mode and to determine 
its instability regions in the space of the system’s parameters. This 
approach has already been employed in Chapter II, Subsection 1.6, 
II, 2.3, IT, 2.4, and 11, 2.5. The second step of the solution consists 
in determining periodic modes that appear at critical values of the 
parameters and are different from the initial mode. This step is 
based on the transformations given in Chapter I, Subsection 1.2 
and consists in determining periodic solutions by means of the 
Poincaré method [188a] as applied to the transformed system. Other 
methods of small parameter can also be applied to the transformed 
system, for example, the method of averaging, which enables us to 
realize the third step of the solution, namely, an analysis of the 
transient process, which is often referred to as energy transfer. The 
three steps of the solution are illustrated for mechanical systems 
(Sections 1, 3) and for a physical system (Section 2) with two degrees 
of freedom. 


§ 1. Loss of Stability of Vertical Vibrations 
of a Spring-Loaded Pendulum 


For certain values of the parameters, vertical vibrations of a point 
mass suspended from a spring become unstable as the result of any 


AS 
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small transverse perturbations of motion (see, for instance [320a] 
and [394]). This section presents a mathematical treatment of this 
process. 

1.1. Step 1. We consider the motion of mass m suspended from 
a weightless spring of unstressed length / and with force constant c 
(see Fig. 3). Hook’s law is assumed valid. Let zandy’ =l1+iA+y 
be the Cartesian coordinates of mass m with respect to the suspension 
point O, where Δ = mg/c is the static elongation of the spring. We 
choose the arbitrary constant in the potential energy Π of the force 
of gravity and the elastic force of the spring such that II vanishes 
at the static equilibrium position 4 = y = 0, so that 


K=tm(2+y), 
soy πττῖις 4 
= —mgyt+cl[V® +44 + γ)8--- ἰ-- Sk, (1.4) 
We denote by ὦ = VY c/m the cyclic frequency of vertical vibra- 
tions of the spring-suspended mass and introduce dimensionless time 


τ = wt and coordinates € = z/l and y = y/l. The equations of 
motion then become 


ay = 1+yt+n = _* 
ὭΣ τ δ 


ἀξ οὔτω [ἰώ] ὁ οὐ 
me ἐτεγδ τι γατπστπτε τ ὃ (Ὸ 


where the expansions of the right-hand sides in some neighbourhood 
of € = n = Ο begin with second-order terms. System (1.2) has no 
small parameters; at the same time condition (b) of the Lyapunov 
theorem (I, 1.1) is violated, so that the Lyapunov method of de- 
termining periodic solutions is inapplicable. Since the system is 
conservative and the constraints do not depend explicitly on time, 
there exists the energy integral 


+ γι FM) ¢=p=const (1.3) 
By using this equation and the Lyapunov substitution (I, 1, 2.3) 


: ἃ ἀ 
n=osin 9, <1 =p cos 6, E=02,, Bp, (1.4) 


we can reduce the order of system (1.2) by two. General formulas 
for transforming systems of second-order equations were given in Chap- 
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ter I, Subsection 1.2. Formulas (I, 1, 2.6) reduce system (1.2) to 


cos 0 


W (2) = phat tah R=— Fara τι tO (0) 
in? 0 


in 0 6 
Ζ,-- -- Gar at gape 22+ 0 (ρ). (1.5) 


Equations (I, 1, 2.9) become (€ =z, 6’ = dC/dd) 
ἀϑξξ 


πὶ tga ety [ (t+ ete) sino 


+ (14 στ τ)" 


Χ(Σ ἘΞ esin -- δ ζ' cos) C]E+O(u%). (6) 


The trivial solution of equation (1.6), § = 0, corresponds to the 
vertical vibrations of mass m on a spring 


y = Y cos ὦ (¢ — fy) (1.7) 


with period Tyerp = 2Ζπήω. 
In positions of maximum elongation or contraction the potential 


energy II of the mass is equal, according to (1.1), to +r. Using 


the energy integral (1.3), we obtain for the amplitude of vertical 
vibrations the expression 


Y = lp. (1.8) 


The stability of (4.7) was analyzed in Chapter II, Subsection 1.6 
by the methods of the theory of parametric resonance. The only 
instability region in the uy plane is determined by inequality (II, 
1, 6.5). 

1.2. Step 2. We wish to determine the periodic solutions of equa- 
tion (1.6) (and also of system (1.2) by virtue of substitution (1.4)) 
distinct from the trivial solution. 

To achieve this, let us use the method of small parameter for 
nonautonomous systems with one degree of freedom in the form 
suggested by Poincaré ([188a], vol. I, Ch. III). We seek this solution 
in the form of the series (see I, 2.1) 


ζ (8) = Co (3) + wh, (8) + μὲξ, () +... 
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Substituting this series into equation (1.6), we obtain the equations 
for €, and G 


d*Co 
αἀϑ3 


+75 ho =0 (2.1) 


ee eee n\t? 
708 ΟΝ, cH pe 
πολ -4/2 
+(14+758+6') Ca fasind— 7G, cost) fo |b. (2.2) 


Equation (2.1) possesses a family of mae solutions 


y= Macos/ 720-4 Nosin | \/ —_ (2.3) 


(Ty) =2n γ΄ ἘΞ. 


Solution (2.3) can also be considered gT (y)-periodic, where g 
is any natural number. Equation (1.6) is an explicit function of 
independent variable 0, and this function can also be considered 
2pn-periodic (p is any natural number). Therefore, solution (2.3) 
is generating for a 2pn-periodic solution of (1.6) if and only if 


1 
qt (y)=2pn or YOTP\? 4? (2.4) 
ro 
where p/q is an arbitrary irreducible improper fraction. 

Therefore, equation (1.6) possesses periodic solutions with mini- 
mum period 2pn (p = 2, 3, ...) only for the values of relative 
elongation y = A/I given by formula (2.4). Any positive rational 
number is either expressed by (2.4) or can be given by this formula 
to any degree of accuracy. 


Taking into account equations (2.3) and (2.4), we recast equa- 
tion (2.2) in the form 


a, 43 2. 92)2 ' ᾿ 
ταῦ Ἐπ ξ, -- --ἰ 95 (M,cosL0+Nosint δ) 


ἐν ΡΠ ΘΙ ee (M+ 2) | 
x ae Mit Ni 4. Mi— NG et cos 1.) -+ MyNpsin = δ) 
τα ιν (2.5) 


41/2 


This is the equation determining the first correction in p of the 
2pn-periodic solution of equation (2.2) (p = 2, 3, ...). 
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The nonhomogeneous part of equation (2.5) contains trigonometric 
functions of @ with cyclic frequencies 


Ρ--4, Lp—3¢1, aa p+39 
(a) φ " () Dp ’ (c) ΠΕΣ 


Let us find out when one of these frequencies coincides with the 
cyclic frequency of the generating solution 


ρπα 4 = = ca gh 
6) ἔΞ"--ἰ p=2, g=1, y= 53 
p—3q_ 4 = wath. 
ὦ) PFS) pad, gat, yaa: 
ied aang! ee = endl 
» Cup} p=m2, Gol, V=3- 


In case (c), equality is impossible. In cases (a) and (b), equation 
(2.5) has 2pn-periodie solutions for the listed values of p, but only 
for those values of M, and N, for which the terms containing 
sin (q6/p) and cos (¢8/p) in equation (2.5) vanish. The equations 


for “generating amplitudes” for yp = τ (p = 2, ᾳ = 1) are 
N, (4—2M?2 + N2)=0, M, (4+ M? — 2N*%) =0 


and give nonzero solutions: M. = +2 and Ny = +2. Formula (2.3) 
then yields 


b= +2V 2eos(LOF ἐπ τ (2.6) 


that is, a unique generating amplitude equal to 2 γ΄ ὃ for four values 
of the generating initial phase. 


a equations for generating amplitudes become identities for 
ae . Therefore, for the remaining values of y in (2.4) with the 


ie of y Ξ ἘΠ formula (2.3) gives a family of generating 


solutions of equation (1.6) involving two parameters. 

Finally, we shall analyze case (a) in which equation (1.6) has 
a periodic solution with minimum period in 0 equal to άπ. Formu- 
las (I, 1, 2.4), (I, 4, 2.7), (4.5), and (2.6) yield 
δ, 3V3 44 + sin 8) sind +0 (u9), 


dt 


09-Ξ- Ξ- 75H μ-ΕἘ (μὴ), 


ϑ 
r= Ὁ | (1-308 3V3 κα sin 8) sin +0 (u2)]dd. (2.7) 


Bo 
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This gives the period of transverse vibrations of a mass suspended 
from a spring with the relative static elongation yp = 4 


iy 


r= (1+ + ove p+0 (μὴ |= 22 vert 


ἢ; 


and the mass coordinates 
2 = 4 os 
z= +5V6 cos (5 ot FT) +0(v), 


=5V3lusin wot +O (u?). (2.8) 


Note that the swing period ofa rigid pendulum of length sl (ν Ξε =) 
and with an amplitude given by the first formula of (2.8) is 


Pry = 2 VE 14.02) = vere [1+ 0 (W?)] 


It should also be noted that the second formula of (2.8) demonstrates 
that vertical vibrations of a swinging spring-loaded pendulum take 
up +. [1 + O (u*)] of the total energy of motion. 

1.3. Step 3. Next we study the loss of stability of vertical vibra- 
tions. Since y = + is the unique value of y for which vertical vi- 
brations are unstable for any small value of the dimensionless ampli- 


tude p = Y/land since y = ἑ corresponds’ to periodic motion (2.8), 


it is logical to substitute v= ἢ into equation (1.6) and investigate 


its solutions for sufficiently small initial values of € (0) and ζ΄ (0). 
We consider, therefore, the equation 


pet eb ays (SoG cos [1 σι ( }}} 
—[14+Z8+(gp) |" sind} 40M). (8) 


~1/2 


The Van der Pol substitution [450] 
4 d 1 ᾿ 4 
t=acos(+$+9), — — asin (+ 9+¢) (3.2) 


reduces equation (3.1) to an equivalent system with respect to the 
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slowly changing variables a and @ 


a = Spal y/1+tatsind 


—2a(1+fa)" τὴν in (0+ 29) cos. 0 | sin (0+ 29) +0 (2), 


τι. =fulV 14+ sind 
π΄ sin (9+ 2φ) cos 9 | [1 +cos (8+ 2)1-  (μῦ). 


Averaging over the independent variable 6 results in the truncated 
Van der Pol equations 

d 
=a uaV 4+ a2 cos 2+ O (2), 


2 = τξ eee sin 29+ Ο (p?). (3.3) 


Dividing the first equation of (3.3) by the second and integrating, 
we obtain 


1 t 2 

a : “eat da = j cot 2p dp+ O (μ). 
ao Po 

Completing the integration, we find the first integral of the truncated 

equations (3.3): 


asin? 29 = οἷ (4-4 a?)3+ O (μ) (ὁ =e sin? 29) 


Unfortunately, the substitution of this integral into the first equa- 
tion of (3.3) results in unmanageable quadratures. Of course, the 
truncated Van der Pol equations give only the first approximation 
of the solution to (3.1) (higher-order approximations are obtained 
by the Picard method of successive approximations, with the esti- 
mates of accuracy the method provides). Consequently, we limit our 
analysis to an approximate integration of system (3.3). The second 
equation of (3.3) shows that dg/dd} <0 for |a| < 2 V2 and 
loo 1>1e1 > 0. By (3.2), 161 <2V2 for [a] <2V2 (we 
recall that 2 γ΄ 2 is the amplitude of the generating solution (2.6)); 
therefore, we can assume cos 29 ~ 1 for sufficiently small @p) over 
the whole duration of the loss of stability process (transition from 
vertical vibrations to pendulum swinging). The first equation of (3.3) 
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then yields for ay = a (0) >0 


a 


᾿ da _ 9. 8 
avatar ah” 
a9 
which after integration gives 
γζΖ:α"- 2 ao a0) 
n ( a Vipa—2 =m pe. 


From this we derive an approximate expression for the amplitude 
as a function of 0 


9 
a idol ( b = se — 2}). (3.4) 
1—ogexp (> 16 μ8) ὯΝ 


Let us calculate the time of transition from vertical vibrations 
(ζ =30) to transverse vibrations (2.6). Setting a = 2/2 in (3.4), 
we obtain the ues value of ὃ 


7. VY 3--1 ao 
24 SS ee ae eee enema oct as 3.5 
ἰῷ τ n( V2 V4+aa—2 (5.) 


Note that the transient process covers a time interval of the order 

of O (u-1), which corresponds to the algorithm of asymptotic inte- 

gration in the method of averaging ([129], Ch. III, § 4, Subsec. 4). 
Since Φρ is small, a) ~ ζ (0) and for small a, (3.5) becomes 


a 2V2(V3—1) 
ὅ-- τ In τ ee (3.6) 


Formulas (1.4) enable us to express ζ (0) in terms of the initial values 
of the variables, namely, 


z (0) dyn \2 
(0) = ip (0) ? ρ- γί wt (4) 
ξ (0) = x (0) [y (0)? + w= 2y ὦ) ἢ 


Finally, the last formula of (2.7) gives the sought time of transition 
from vertical vibrations to transverse (swinging) vibrations (2.8) 


re 3V 3 
t=— [14+ 5 1) 3-+0 (y) | (3.7) 
We recall that uw can be determined by (4-3) 
1 _— . 
p= V 2K tly 
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or, if the transverse perturbation x (0) is assumed small, by (4.8). 
The two signs in (3.7) are related to the phase of the pendulum 
swings in (2.6). 


§ 2. On Coupling of Radial and Vertical Oscillations 
of Particles in Cyclic Accelerators 


In this section we define pure radial (side-to-side) oscillations and 
analyze their stability. Oscillation equations are then transformed 
and vertical radial (up-and-down) oscillations are found by means 
of the Poincaré method of small parameter. There exists a unique 
value of the principal physical parameter for which the reduced 
amplitude of up-and-down oscillations is unique, whereas pure 
side-to-side oscillations of any amplitude, no matter how small, 
are unstable at this value of the parameter. Then we describe the 
transient process and find the time of transition from pure side-to-side 
to up-and-down oscillations and point out an analogy with vibrations 
of a spring-loaded pendulum in transient processes. 

2.1. Step 1. The equations of betatron oscillations of particles 
in cyclic accelerators with weak focusing are given by ([246], (4.6)) 


ee 4 we 
E+ ΩΣ (1 --π)ξ - -- -πσκηξ, n+ o?nn= -ξη. (1.1) 
Here ἕ = (r — 1rp)/ro, Ἢ = 2/To; r and z are two of the cylirdrical 


coordinates of a particle; a dot above a symbol denotes differentiation 
with respect to time; and the constants w, n, and & are 


as eH (ro) 7 To 0H 
coe a ak Ta as Η (ro) ( or ), (0 «(" « 1), 
To OH 
oe H (ro) ( or? Ny (1.2) 


where m and 6 are the mass and charge of a particle; c is the speed 
of light; H, = H (r) is the vertical component of the magnetic 
field intensity vector; and partial derivatives are evaluated at 
r = Try, that is, at the path radius corresponding to the fixed energy 
of the particles. 

We introduce dimensionless time τ =o V 1 —nt and recast 
system (1.1) in the form 


fo += — hy, ΦῚ (αη-- --βξη, (1.3) 


where the positive parameters a and f are 


i (1.4) 


n 
ae (oa B= aca 
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Integral (I, 1, 2.2) for system (1.3) is the integral of particle energy 
corresponding to the oscillatory part of the motion 


H=84 (BZ) 4w4s,=p 
(W=ant+(3L)", S,=penP). 


Before transforming system (1.3), we note that it has a solution 
(pure side-to-side oscillations) 


ἢ =0, § = pcos (t — Tp). (1.6) 


As follows from integral (1.5), the constant uw? is equal to the 
squared amplitude of pure side-to-side oscillations. To analyze the 
stability of these oscillations, we set in (4.3) 


E=pcos(t—t) +2, n=O+y, 


which yields the variational equations 


dz 


#2 45-0, SY 4 [a-+Pycos(t—w)ly=0. 


Hence, the instability of side-to-side oscillations (1.6) is determined 
by the instability of the trivial solution of the second equation 
(Mathieu’s equation). The principal physical parameter is n (see 
(1.2)). The instability regions in the wn plane are contiguous to the 
critical points on the n axis given by the equalities (see [80], § VII, 1) 


(1.5) 


2Va(ny=l (l=1, 2,...), 
whence 
12 
BS as ({Ξε 1, 2, pee 


A wide instability range (that is, with the angle between the tangents 
distinct from zero) is contiguous only to point ny= τ, and the slope 
of the tangents is given by (II, 2, 5.6) 


1 
zB ody “ὦ 2k 
gz | =F ar tm FS ae 
dn 


=F 
in =n, 


Therefore, in the first approximation the only wide instability 
region (1.6) in the un plane is eas a the inequalities 


1 2 &k π᾿ 
35 5 @2 μῈ ---Ἐπ-ἡ -- τι Ὁ 5 «. Up ee (1.7) 


with the critical value n = n, = 7 
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2.2. Step 2. In order to transform system (1.3), from formulas 
(II, 1, 2.6) we find 


Πρ, 0, 24, 2) = — +B? cos ὃ, O(e, 8, 24, 29) => Ba? sin”, 
Ζ, (9, ὃ, Ζ1. zy) => Bak οοϑῦ, 


25(05 8, Ζ,, Ζ) = —a, sin 0 ++ Biz, cos 9. (2.1) 


Equation (I, 1, 2.9) now becomes (z, = ζ, ζ΄ Ξε ἀζι( 48) 


sar τ αζ-- —ubC[ VIF ae +e? sin ὃ 
+(1tatey cy? (SM ¢sin 8-27 cos) £]+0(u2). (2.2) 


For a = γι + y) and β = (4 + γ) 2, equation (2.2) becomes 
identical to (1, 1.6) and demonstrates an analogy with Section 1. 
By using this analogy, we can show that equation (2.2) has periodic 
solutions with minimum period 2px (p =1, 2, ...) only for 
values a = q?/p?, or, by virtue of (1.4), for 


2 


where g and p are any mutually prime numbers. The set of values 
of n given by (2.3) is dense in the interval (0, 1) of variation of n; 
in other words, each n € (0, 1) is either given by (2.3) or can be 
expressed by means of (2.3) to any desired degree of accuracy. 
Formula (1, 2.3) yields a family of generating solutions to equa- 
tion (2.2) in two parameters for all n in (2.3) with the exception 
4 

of π τα --- (q=1 and p = 2). 

Finally, let us analyze the case of n= 5, that is, of the unique 
value of m for which a generating solution of equation (2.2) has the 
form (1, 2.6) and for which pure side-to-side oscillations (1.0) 
are unstable for any amplitude p no matter how small (see (1.7)). 
Analogously to (1, 2.7), we obtain 


ρ--  γβμ-ο ἢ), 


“ἢ. 162 γϑβμα + sin 8) sin ϑ- 0 (μὴ). 
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This yields for the period of up-and-down oscillations for n = = 


ἀπ 
1 σός : " 
Ξε ee ae ΒΑ Πίος at 
oj} 1-- --- ἥ 
2V5 Bo eG an 
a2 [te δ γϑ μεσῳ}, 24) 
and for the expression of motion, analogously to (41, 2.8), 


=F V3psin (ZV 5 ot) +0 (n%), 


T= 


n=b=+4-V bpcos (V2 wt = 5) +02. (2.5) 


The value of μ is determined by the initial value of the reduced 


energy (4.5) of the oscillations. 
2.3. Step 3. We wish to describe the process of energy transfer 


forn = =+ , that is, the process of transition from unstable pure side- 


to-side ΕΝ (4.0) to up-and-down oscillations (2.5). The 
truncated Van der ἐς equations πὰ the ton of (4, 3.3), with 


multipliers x and τὸς a replaced by + 1 β and + x B, respectively. The 
expression for the Van der Pol amplitude is found in a manner 
similar to that of Subsection 1.3 

4bo exp (+ βμ9) 


4 Fa 
cape (ba VEE G21). (2.6) 


a= 


The duration ὦ of the process of transition from pure side-to-side 
oscillations (1.6) to up-and-down oscillations (2.5) for n = + is 
determined by the formulas 


7-4 [ (1 ὁ γπβμ) 340 w)], (2.7) 


where 


= 5 κα x 2 2V2(V3—1) 
b=, t= 7 In—=@ > 


€ (0) =n (0) Le (0) +2 ὦ 3ξ2 (0) ii εἷς 


and μ is determined by the initial value of the reduced energy (1.5) 
of the oscillations. 
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§ 3. Loss of Stability of Vertical Oscillations 
of a Pendulum Subject to Elastic Guided Suspension 


Step 1 of the solution was given in Chapter II, Subsection 2.5. 
The initial periodic mode is a vertical oscillation (II, 2, 5.4). 

3.1. Determination of nontrivial periodic modes (Step 2). By 
employing formulas (IJ, 2, 5.4) and (II, 2, 5.3), we transform the 
energy integral to the form 


(SL)? +1240 ( SL)" + 2a (1—cos g 


η dp 
—2a sin p 42 SP — μὲ, (1.1) 
Expanding the right-hand sides of the system of equations (II, 2, 5.2) 
and the left-hand side of the energy integral in power series, we 
obtain 


=a 


ἀφ \2 ray 
+q=a(2t)’—ayg?+(3), Sh +y9=—np +), 


[2 +ptayg? +a ()*+(3)=n2. 


Comparing this with (I, 1, 2.1) and (I, 1, 2.2), on the basis of 
formulas (I, 1, 2.6), we find 
R=a.(—yz? +22) cos 9-+0 (9), 
O=a (yz? —z?) sind+0 (0), 
Z, = ἃ (y2;— 2.23) cos B+ O(p), 
Z,= —2,sin 0+ @ (γΖξξς --- 22) cos 0+ O (p). 
In the case under discussion, system (I, 1, 2.9) is reduced to a 
pi equation (2, =6, ζ΄ = dt/dd) 
Se 1 γζ-- m—Csin ὃ VI Fa Geto) 


α-α (yl2+6/2)17'/? [26 sin 0 (y2C? + C'2— 3y'2) 
ζ΄ cos O(5yl2—C'2)}}+.0 (u2). (4.2) 


By calculations similar to those of Subsections 1.2, 2.2 and by using 
the Poincaré method [188a], we arrive at a generating periodic 


solution for the critical value y = 7 
t=+2)/ 2cos(Lozin). (1.3) 


Together with formulas (I, 1, 2.7), (1, 1, 2.3), and (II, 2, 5.3), 
the above equation yields a periodic solution distinct from vertical 
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vibrations, namely, for transverse “pendulum” vibrations 
1 : 
y= V3lpsin V weet ow, 
2 = 1 c π 
3.2. Transient process (Step 3). The Van der Pol substitution 
[150] 


bes dt 1 


cos (++), a πε (+ 9+y) (2.1) 


γε 
reduces equation (1.2) for y = os to an equivalent system with re- 
spect to slowly changing variables a and p 


ual \/ 14 αὐ εἴη dsin (9+ 2p) 
—(14 5a)" [asin 6 sin (9+ 2p) — Fa? cos ὃ 


a cos 0 cos (+ 29) +2 a? cos } cos? (0+ 2y) |-+0 (p), 


ma ἜΗΝ {γ{1-.- οὐεἴηϑ [1+ cos (0+ 2y)] 
— (14 «Γ΄ [-Ξ a? sin 8 (1 +008 (8 + 2y)) 
-- Ὁ a cos # sin (0 +2) — 4 a? cos sin (20-+ 4p) ]} +0 (u?). (2.2) 


The truncated Van der Pol equations obtained by averaging over 
the independent ae explicitly included in (2.2) are 


a =—ua V 4+ a? cos 2p+ O (2), 
ap 
πὸ > ἐμ ἘΞ sin 2p+ Ο (u?). (2.3) 


An attempt to solve equations (2.3) leads to unmanageable quad- 
ratures. Of course, the truncated Van der Pol equations (2.3) can 
give only the first approximation to the solution of system (2.2). 
Therefore we are satisfied with approximate integration of system 
(2.3). The second equation of (2.3) implies that dp/dd <Ofor|a|< 
<2 2, and hence |p) |>|p|>0. By (2.1), |6|<2V2/Va 
for |a| <2 2(we recall that 2//2/ γα is the amplitude of the 
generating solution (1.3)); therefore, we can assume that cos ~ 1 
for sufficiently small wp) over the whole duration of the transient 
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process (i.e. during the transition from vertical vibrations (II, 2, 5.4) 
to transverse vibrations (1.4)). The first equation of (2.3) then yields 
for ag = a (0) > 0 


After integration, we obtain 
4+a%—2 a 
in (V4te8=2 ὦ 
αἰ a V az) 


This gives an approximate expression for the amplitude of the vi- 
brations 


1 
=> wo. 


diyexp (+ 5 no) 
(= Te (0.-- - [V+ aj—2]). (2.4) 


We now calculate the time of transition from vertical vibrations 
after perturbation (a = a) > 0) to transverse vibrations (a = 2) 2). 
Assuming a = 2/2 in (2.4), we obtain for the corresponding value 
of ὃ 


ἐξ FO i a 
BON V2 γξα-.- 

Note that the transition time is of the order of O (u-'), which 
corresponds to the algorithm of asymptotic integration in the 
method of averaging. Since tp) is small, a) ~ € (0). For small a 
the preceding formula gives 


-ὀ 2, 2V2(¥3—41) 
= εἰσ Ἰ{ΦΣ ᾿ 


Now ζ (0) can be expressed in terms of the initial values of the 
initial variables by means of formulas (I, 1, 2.3) 


c= 2, p=V r+(S)J, 
£0) =9 (0) [y2) +o (BP. 


The transition time (time of energy transfer) for the critical value 


yoy (ie. for λ-- Ὁ 1) becomes 


i=V ™i™F+0 (1). 


6—0559 
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Formulas (II, 2, 5.1), (II, 2, 5.3), and (4.1) now yield 
=7V2(Ko+M)e, 
cl, 


or, if the transverse perturbation ῳ (0) is assumed to be sufficiently 
small, one can use formula (II, 2, 5.4). 


§ 4. Periodic Modes of a Pendulum Subject 
to Elastic Free Suspension 


4.1. Transformation of equations of motion. We expand the right- 
hand sides of system (II, 2, 4.2) into power series in the respective 
variables and recast (II, 2, 4.2) in the form 


η΄ +yn=Y (n, ἕξ, φ, φ΄), 


" γ ay 233 , 
S+a-papy bea PX ξ; φ, 9’), 


" ὉΠ ees es ee = ‘ 
? ~U—a) (TFB Etats P= Ῥίη, ξ, φ, @). (4.1) 


The primes denote the derivatives with respect to t, and the expan- 
sions of the functions Y, X, and M begin with terms of order not 
lower than two. The roots of the characteristic equation of the 
linear part are iw, and ΞΕ ἕως, where 


De hepa v 
ΟἽ ΣΤ Fo) CFV 
x [1+ y+BF V (t+ 7+ f)?—48 ( -- αὐ (1+ γ)}. 
Since Ὁ <a <1, and β 550, y>0, 
0 «(4 y -Ὁ β) -- 4( -- αὐ ( - ὴ «[ tp β) 


and, consequently, ωὐ and o> are positive. 
The energy integral (I, 1, 2.2) takes the form 


Wt y+ S2 +r B+ app’? + Ζαβφ’ξ' - 5, -- 2, (4.2) 


Substitution (I, 1, 2.3) now becomes 
η΄ =pcost, n=opsind, 
E= 0h, P= ρΖ), ξ΄ = P23, Φ' = pr, 
so that (1.2) yields 
pan (t+ εὖ 48 2+ Qos + oft) +O(u). (4.8) 
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System (I, 1, 2.9) is reduced, as a result, to 
dz y ay ὑπ, 
wee Ga) d+y δι Toa 22> Ο(), 


ἀ32ς 


Vv Vv ΝΙΝ 
τ ΞΕ At Raa ὉΠ: (1.4) 


4.2. Periodic solutions. The general solution of the generating 
system (1.4) (i.e. for u = 0) is 
219 = [Y— ὦ (1— αὐ) β] (M7, sin w,0 + M, cos w,9) 
+ [y— 3; (1—a@) B] (Mg sin 0+ M, cos o,9), 


Zo = Ἐπ εἰ (M, sin ὠ,ὃ-Ἐ Μ; cos ὦχϑ΄-Ἐ M;sin o,0-+ M, cos ὠς). 


Substituting these values into y = lo sin 6, z = loz, @ = ρΖῳ, 
and (1.3) and taking into account that 6 = τ + O (uw) by virtue 
of the second equation of (I, 1, 2.4), we obtain the following approxi- 
mation to a periodic solution of system (II, 2, 4.1) 


y= μὲ!" (t) sint+ 0 (p?), 
x= wl,F (t) {γγ.- βὼξ (( --- α)] (M, sin ot + Μς cos wT) 
+ [y— 038 (1—a)] (My sin wt + M, cos @9t)}-+ Ο (μῆ), 


φεεμ cae F (t) (M, sin t+ Με cos wt 
+ M;sin o,t-+ M, cos w,t) + O (μῆ), 


where 

F(c)= (14+ Sv (1+ wW?B(1—a) (1+ 9B) [08 (0+ Μὴ 
+ 03 (M3 +M))—y(1+y—B+ 208) (Mi+ Mz 
+ Mi+ M2) + apy (Mz sin o,t-+ M, cos ot 


-+ M;sin w.t+ M, cos ω,)}}} Poe 


Here τ = Vc/(m, + m,) (t — ty), and uw is determined from the 
initial value of the reduced energy (1.2). An analysis of the first 
equation in (I, 2, 1.4) (the equation for generating amplitudes) 
yields the critical values of the parameters a, B, and y for which the 
generating amplitudes M,, M,, M3, and M, are dependent (this 
corresponds to limit cycles). The periodic solution obtained, which 
contains six arbitrary constants M,, M,, M3, M,, t, and p, is a 
general solution for all the remaining values of the parameters: 


a, B, and y for sufficiently small u > 0. . 
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ς CHAPTER IV 


OSCILLATIONS IN MODIFIED LYAPUNOV SYSTEMS 


§ 1. Lyapunov Systems with Damping 


An unperturbed nonlinear autonomous Lyapunov system of order 
2k + 2 is perturbed by an analytic damping of sufficiently small 
norm. The perturbed system is transformed by a method that reduces 
the unperturbed system to a quasilinear nonautonomous system of 
order 2k. A solution of the latter system is assumed known for a 
sufficiently small square root (as compared with unity) of the initial 
reduced energy of the system. The first and all subsequent correc- 
tions of the corresponding solution of the perturbed system (i.e. with 
the same initial conditions) are found from a complete system of 
variational equations in the Poincaré parameter, that is, a non- 
homogeneous system of linear differential equations of order 2k + 1 
with variable coefficients. According to Poincaré’s results ([188a], 
vol. I, Ch. IT) the integration of a system of variational equations can 
be reduced to quadratures if the general integral of the unperturbed 
system is known. Subsections 1.3, 1.4, and 1.5 are devoted to exam- 
ples. 

1.1. Transformation of equations of motion. We consider a class of 
Lyapunov systems with damping where each system is represented 
by a second-order equation 


au . . . ee . 
πα tuo, Uy 15... ««ηην Vyy o 664. VR) τ — 28 1 (Uy Vyy « «7, ὕἈ}» 
dv, V . . A 
FE Oey oe + ἀκεῦὰ πον κ (Uy Uy Vey ++ +o UR» Vy ἘΝ 


at? 


= —2eF Mu, Vy, +. 69x), (ἐπε Ί, ..ν..). (ἡ 


The dots denote the derivatives with respect to τὶ aj, = ἄμ) 
{n,j =4,...,) are real constants; U, V,,...,Vn, Fo, Fy,.- +, Fr 
are real analytic functions of the respective variables; the expan- 
sions of Fy, F,, ..., F, do not contain terms of zeroth power; the 
expansions of U, V,,..., Κλ begin with terms of power not lower 
than two; and, finally, e>>0. We assume that the unperturbed sys- 
tem (1.1) (i.e. system (1.1) for ¢ = 0) possesses the first integral, 
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which is inevitably an analytic function of the variables u, u, Vines 


ἐμαὶ Dy, » «+> Vy ([1084], § 38; (411b], Ch. VIT, § 1) 
H=vV+uv+W(, oe ey Up, v1, ses Dp) 


+ ὅς (ὦ, ὧν Vy, 6 VR Uy, + ys Ue) = B®? (WO), (.2) 


where W is a quadratic form and S, denotes the sum of the terms 
of power greater than two. We assume for the specified resistance 
forces Fy, 11. ..., F, that their work is negative for any virtual 
displacement (which in the case under discussion coincides with one 
of the actual displacements), that is, 


. . ° k . Φ . e 
— Fy (U, Vyy « ++, VR) U— x Fy, (Uy Vy, +. © Vp) Vx <A. (1.3) 
x= 


Condition (1.3) signifies that aF (a) >0 (a 0) in the simplest 


nonlinear case of F; = F (v;) G = 0, 4, . k; Vo =u). In the 
linear case condition (1.3) signifies that dissipation is complete. 
The Lyapunov substitution 


u=osin 9, u =p cos (ρ > 0), 
Vy = 02x, Vy = PZr4+x (x =1,..., 4) (1.4) 


reduces system (1.1) and the first integral (1.2) of the unperturbed 
system to the following form 


& ΞΕΊ -- τυ (ρ sin 3, pcos %, ρ2) sin 0+ 2ὲ = Fy (p,cos,0, oz) sin 8, 


# =U (ρ sin 8, pcos 8, pz) cos — 28 + Fo (p cos ϑ, oz')'cos , 


ὌΝ ΜΕΝ 
Αναν θαι ght 

ἀπ, og ἷ. -- —AypZ aa U (osin ϑ ὮΝ : ὃ 

τα Aas Runt πο Ζκεκ (ρ , pcos ϑ,, ρ2) 605 


ἐξ V..(osin ϑ, ρ 605 ϑ, pz) 
+2¢ : Zn+ul’y (ρ 005 ὃ, pz) cos ὃ --- 2e ΣΡ κ(ρ cos, pz) (4.5) 
(R= 1, οὐ, ἢ, 
ρ5 [1 -ἘΤ7 (2)+pS (ρ, 9, 2)] = p2. {| 0] 
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Here z and z@) are vectors with the components z,, ..., Zo, and 
Zh+1 + + +> 29k, respectively, and S = o-3S,. We assume henceforth 
that a inequality 


1— = [Ὁ (psin 3, pcos b, pz) —2eF, (pcos 9, ρΖ(2)} sind >O0 (1.7) 


holds in a parallelepiped | z |< 6,0 <a@< ry, and for any § > ϑὺ 
for all δὲ € [0, e9]. Taking (1.7) into account, we divide the second 
and all the subsequent equations of system (1.5) by the first 

ap δὄδὄδ οοϑθϑ-΄-- 26} cos 3 

qo 1—p(U—2eF,)sind ’ 

δ, Zhan —P 12, (Ὁ —2eF 9) cos ὃ 

de pt—p-l(U—2eF,) sind ° 


Hho = [1p (U —2eFy) sin 811 (—ayqZ)— +. . — dente 
—o hee cos 0+ 97'V,, + 2eo7!Zp44F9 cos 0— Zep 11.) (1.8) 
(x=1,...,4). 


The unperturbed system (1.8) (for 8. = 0) was reduced in Chapter I, 
Section 1 to a quasilinear nonautonomous system of order 2k by 
using integral (I, 1, 1.6); it was solved in Chapter III for sufficiently 
small wu > 0 in (1.6) by the methods of small parameter. 

1.2. Complete system of variational equations in the Poincaré 
parameter and its solution. Let us represent system (1.8) as a vector 
equation 


ἃ 
wat, Χ; 8), (2.1) 


where x is a vector with the components ρ, 2,, - - ., Zon; f is a vector- 
function formed from the right-hand sides of system (1.8), that is, 
analytic with respect to x and 8 in the domain of definition of (1.7); 
and the coefficients of power series in 9, 21, . . ., Z9n* are 2m-periodic 
functions of @. 

Let us assume that we know a solution x, (@) of the unperturbed 
system (2.1) (i.e. for 8 = 0) 


d 
Fe =! (8, Xo; 0). (2.2) 


On the basis of the Poincaré theorem ([188a], vol. I, Ch. II), we seek 
solution of system (2.1) for sufficiently small positive ¢ in the 
form 


x= Σ εἶχ; (ὃ). (2.3) 


* We assume henceforth that 2k + 1 =n and n is any natural number. 
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Subtracting identity (2.2) from equation (2.1) and applying the 
Taylor formula for multivariable functions, we obtain 


Σ ΠΡῸΣ ὦ ΠΣ (ἀΣ 8 "xm tse)’ £8, χο; 0). 


m=1 


Equating eee on terms ΕΥ̓ ΤῊ identical powers of 8, 
we obtain a sequence of vector differential equations (a complete 
system of variational equations in the Poincaré parameter) 


2) Ἐ (2) 


re a 

fe (2) mw t5(te),% ux +(25), eee (=), ’ 

a =(#),%+ 4 ( =), (X1X2 + XpXx) + (sox =. ), Xe 

+5 (Fr) SOG Ἐξ (Grae) tT (Bar) Hts (Fry: 


a SS SS i «α΄ ὦ ᾧ ὡς ἀκ ον νι Φ ἢ «. ἀ 


A,+A,=m 
1 7 OF 1 831 . 
aan ( ox3 ). Σ Χα,Χα,Χας ΡῚ ( Ox? de ys > Xa, Χα, 
AQ, +%_.+A%s—m A, +A,=m—1 


+5 (ste) tat ta (Se), ΣΟ tae Kes 


1 asf 
Ὡ (s—1)! ἢ > pe ἄκ, Ἔ 


α4- .«..-Ἐας-ἀξξεηι--ἴ 


{ ost ral ᾿ 
ἀπ ΠΣ occ: ἜΝ, πὸ 
απ... «τὰς γξξηιτ-οὶ 
1 ast amg 
χε (s—1)! (+ dest ), Xmestib τ τ Ὁ τι (San ) a 


1 amg Wes amt ae 
( Ox™-1 δὲ - ἘῈ er = ΠῚ (aera ), Bah eae 


1 ome \ amt 
“TDi (et), halen (+r): (2.4) 


The zero subscript indicates evaluation of partial derivatives for 
Xo = Xp (G) and 8 = 0; a,, a, ... are natural numbers; and the 


matrix 
of of; if [-- h wa δι 
ox | OER (fa? = : » X= : . 
tn 


En 
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The remaining terms in equations (2.4) must also be understood 
as operators; for example, 


In general, these operators are noncommutative, so that, say, the 
terms with x,x, and x,x, are considered distinct. 
If ¢ is a linear element of (2.1), that is, if 


£ (ὃ, x; δ) = g (6, x) + ch (ὃ, x), 
then equations (2.4) become 


d a 
8. = (ae) 1 Ὁ B(s Xo) 


τη 
Fe = (55) ΧΡ ἘΣ [sr (28), Σ Xa, - -- Xa, 
v=2 


Cit. +%y=m 


1 o’—th 

ae CECT (aan) Σ Χα, ... Kay, | (m> t). (2.5) 
Qiteesta, j=m—1 

Successive integration of equations (2.4) and (2.5) is possible only 

in the scalar case. 

If, however, the general integral of the unperturbed system (2.1) 
(i.e. for ¢ = 0) is known, the integration of system (2.4) or (2.5) of 
any order was shown by Poincaré to be reducible to quadratures. 
Indeed, let 


Xo = Xp (8; a), 


where a is an n-dimensional vector, be the general integral of equation 
(2.1) for 8 = 0, that is, 


dx (0; 
oA) = £ (ὃ, Xp (ὃ; a); 0). 


Differentiating this identity with respect to a, we obtain 


a(t) τοὶ OXo 
eer mail (a ea 


Hence, 0x,/0a is the fundamental matrix of each of the homogeneous 
systems of differential equations (2.4) (or (2.5)). The solution of the 
first system of (2.4) (and likewise of (2.5)) with zero initial con- 
ditions x, (@)) = 0 (because xp, (ϑυ; a) = x, x, (0) = 0, v= 
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= 1,2,...) can then be written by the Lagrange method of varia- 
tion of constants in the form 


ϑ 
Ax Oxy \-1/ of 

m= \ (FB) (ze) 4% ve 
where Ox,/da is a nonsingular matrix by virtue of the fact that the 
solution x) = X, (0; a) is general. In the case of x», (m > 1) the 
formulas obtained are similar to (2.6), where (0f/0e), in the integrand 
is replaced by the inhomogeneous term of the corresponding system 
(2.4) or (2.5). 

In order to find a solution of the initial system (1.1) we need to 
integrate the first equation of (4.5) with the same accuracy, within 
O (s?), if we wish to determine the first corrections. 

1.3. Vibrations in mechanical systems with one degree of free- 
dom and different types of nonlinearity. We consider a mechanical 
system with one degree of freedom that is subject to restoring and 
resistance forces. Both of these functions are assumed to be analytic 
functions of the coordinates and velocity, respectively. We empha- 
size that only one of these forces, namely the resistance force, is 
assumed to be “e-small”, the upper bound for 8 > 0 being deter- 
mined by the majorant inequality of the Poincaré theorem ([188a], 
vol. I, Ch. II), which in general is ineffective. As for the restoring 
force, its nonlinear part determines the upper bound on the param- 
eter p, that is, the square root of the initial value of the reduced 
energy. The general solution suggested in the final paragraphs of 
Subsection 1.3 is thus valid for sufficiently small 8 > 0 and for effec- 
tively restricted values of the initial energy of the system. 

With a suitable time scale t, the equation of motion of the system 
in question can be written as 


U+2eF(u)+u U(u)=0 (e>0 =), (3.4) 


where F (ὦ) and U (uw) are analytic functions in the whole range of 
the variables; their expansions begin with terms of power not lower 
than one and two, respectively; furthermore, the work of the resist- 


ance force is assumed negative over any displacement: —F (u) u< 0, 


which holds, in particular, for the odd function F (ὦ). The unper- 
turbed equation (3.1) possesses, for e = 0, the energy integral 


Heaw+u2+2V (u) =p? (Υ ὦ - --ἰ σ (ἡ ἀμ μ:50). 0.2) 
0 
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The Lyapunov substitution (1.4) transforms equation (3.1) to 
system (1.5) in the form 


ce Ξε 1 -- Ξ [Ὁ (0 sin ὃ) — 2eF (ρ cos ὃ)] sin ϑ, 
we U (op sin 9)'cos 8 — 2eF (ρ cos 9) cos Oe (3.3) 


We assume henceforth that for all e and p in the rectangle0 - 8 < & 
and 0 <p <r, and for any @ the following inequality holds 


1- : [σἱ(ρ sin 9) — 2eF (ρ 6085;3)] sin 91.3.0 (3.4) 


Together with the first two formulas of (1.4), inequality (3.4) defines 


the allowed range of variation of u and u. Under condition (3.4), 
we divide the second equation of (3.3) by the first 


do κα U(psin %) cos 0—2eF (ρ cos 9) cos 3 
π- τ - ------------- (3.5) 
«1 ἘΞ π᾿ [Ὁ (ρ sin 8)---- 28} (p cos 8)] 51π8ὃ 
f 
The integral of equation (3.5) for ¢ = Ο is found by substituting 
(1.4) into the energy integral (3.2); this yields 


p? + 2V (ρ sin 6) = ps (3.6) 


note that the expansion of the second addend begins with terms of 
power not lower than three in p. Since p > 0, equation (3.6) has the 
unique solution 


ΠΕ ΠΥ," oe 
0 = 0 (0; μ)͵ =u ay (Hsin δ) + ( δ ), Υ (usin 0) sino 


—Z IV (usin )P+0(u) (8.7) 


for sufficiently small positive p (the radius of convergence of series 
(3.7) will be found later in the example discussed in Subsection 1.4). 

On the basis of the Poincaré theorem ([188a], vol. I, Ch. II), we 
seek a solution of (3.5) for sufficiently small positive 8 in the form 


Sad | 
P= ΣΙ Pm (95 μ) &™ (3.8) 
m=0; 
A sequence of the differential equations (2.4) for determining 
Om (ὃ; μ) (m = 1, 2, ...) (a complete set of variational equations 


in the Poincaré parameter) was derived in Subsection 1.2. We are 
now interested in the first correction 9, (6; μ); an appropriate differen- 
tial equation for this correction is a variational equation in the 
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Poincaré parameter (the first equation of (2.4)). Let us derive it 
directly. Recasting (3.5) into 


, μ d 
=f(,p:e) (=F) 
and subtracting from it the identity 


0% τ id (8, Po: 0), 
we obtain 


ΓΞ (3).γῈὶ ($4) σοῦ (r =p (ὃ; μ) -τρο (ὃ; μ))}, (8.9) 


where the zero subscript indicates that the partial derivatives are 
evaluated at © = ρ (0; μ) and 8 = 0. Dividing (3.9) by 8 and then 
setting 8 = 0, we arrive, by virtue of (3.8), at a variational equation 
in the Poincaré parameter 


pi = ($6), 1+ (3), (3.10) 


In the scalar case we are discussing now, this equation is readily 
integrated, although the resultant form is inconvenient to apply. 
Therefore it is preferable to resort to the Poincaré method ([188a], 
vol. I, Ch. II) presented at the end of Subsection 1.2. In our case 
equation (3.7) is the general integral of the unperturbed-motion 
equation (3.5) (i.e. for 8 = 0) 


Po = [ (ὃ, Po (ὃ; μ); 0). 


Differentiating this identity with respect to μ, we obtain” 


(3) (μὴ am 
dt dp 70 Op 5 


that is, 09)/du is a solution of a homogeneous equation corresponding 
to (3.10). Then a solution of (3.10) with the zero initial conditions 


ρι (Go; μ) = 0 (since Oo (So; μ) = 0° $ Om (Oo; μ) = 0,m = 1,2,...) 


can be written in the form of (2.6) 


ὃ 
π᾿ 


92 Oscillations in Modified Lyapunov Systems [Ch. IV 


Expressions (3.7) and (3.5) yield 


He =1—  [Ξ (usin 8) ] +0 (μὴ, (3.12) 


(#) = —2[1—<-U (ppsin 6) sin 6 | * F (p, cos 9) 


Oe 
1 ‘ ὃ 1 Ξ : - 
Χοο59{1-0- Ὁ (pp sin 8) sin 9.[1-- τ Ὁ (py sin 9) sin 6 | ). 
(3.13) 
Now we derive from expressions (1.4), (3.7), (3.8), and (3.41) 
u = [py (ὃ; w) + ep, (8; μ) + O (e?)] sin 8. (3.14) 


After determining 0 = ϑ (τ; 80) from the first equation of (3.3), 
we find the general solution of the initial equation (3.1) (with the 
arbitrary constants » and 0) for sufficiently small positive 8 deter- 
mined by condition (3.4) and the Poincaré theorem cited above. The 
upper bound for yp > 0 (square root from the initial value of the 
reduced energy (3.2)) is determined by the radius of convergence of 
series (3.7). 

1.4. The Duffing equation with linear damping. As an example, 
we consider the equation 


u + Jeu tuteav = (e >0, a> 0), (4.1) 


that is (see equations (3.4) and (3.2)), F (ὦ) =u, U (uv) = --αιϑ, 
and V (u) = + au*. Condition (3.4) defines the range of allowed 


values of variables 0 > 0, 6 > 80. and parameter 8 > 0 in a three- 
dimensional oct ant 


1 + ap? sint ὃ + ε sin 26> 0 (4.2) 


and is always satisfied for 0 < e < 1. The energy integral (3.2) 
of the unperturbed equation (4.1) τὲ = 0) becomes 


o? + + apt sint $= μ 
so that under the condition 2ap? sint ὃ <1, which is always satis- 
fied if 


μ---- (4.3) 


an 


this integral has the unique solution (3.7) 


po (9; μ) =p [1—J ap? εἰπε ὃ- 0 (μὉ}]. (4.4) 
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We now compute (3.12) and (3.13) 


3: =4 — Jap? sin $+ Ὁ (4), 


(5) 
de }0 
= — 2p, cos? ϑ (4 + ap; sin* 8)" [1 --- ap; 5ἰπ’ ϑ (1 + ap; sin* O)-*] 
= — 2p cos? 8[ 1— Zap? sin‘ +0 (4) |. 
We wish to find a solution that satisfies the initial conditions 
u (0) = 0, and wu (0) = Uy > 0; this entails, by virtue of (1. 4) and 


(4.4), O69 = 0 and μ = uy. We also assume (see (4.3)) that Ug < 
<|/0.5a-!. Formula (3.11) gives 


0, (9; p) = —u [ὅς sin cs ( — 88 sin‘ ὃ 
5 3 sin 29 siné 8--.59.. ὃ —~ sin 49-44 sin? 20 ) +0 (u) |. 
The first equation of (3.3) yields 
ϑ 


= | (1—o2siné ?—esin 20+...) 4 
0 


= t—esin? §— αμ (τς sin 48.-- 1 sin 2044 5.8)... τ 


where the terms of power 82 and ep? are ignored. Inverting the last 
formula, we ried 


dat+ a ($1—sin Qn + sin 41) +esin?t+. 
Let us rewrite the solution in the form of (3.14) 
u= [μ (1—Zap?sin‘ τ) — eu (t+ 4sin 21) +0 (ἢ 
Χ βίῃ [+p ou? (2+—sin 2τ-.. ὁ οἷα 4) +esin?t+0 (e?) | , (4.5) 
where the range of τ is assumed to be of the order of O (ε΄. ὃ). 
Remark. In the specific case analyzed above, namely that of 


linear damping, we can obtain a solution valid for any t > 0. The 
substitution 


u = exp (—et) v 
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transforms (4.1) to the form 


dx 
Ge = S(t, x; a), 


“) 4.6 
τῷ , ἐπί aye ae: π᾿ (4.6) 


We want the general solution of (4.6) in the form 
X = χῃ (τ) + ax, (τ) + ax, (τ) +... 
The general solution of the unperturbed equation (4.6) (i.e. for 
a=0) for 0 -:ε <1 is 
M cos Rt+N sin Rt es 
= R=Yy 1--- ε2). 
o (τ) Ciera. ey =) 


The first correction is obtained from formula (2.8) 


τ 
xy =e | (Be) (8) ax, (4.7) 
0 
where a is a vector with the components M and N, and 
ox, || 2” ON 
"δὰ |! ay δὺρ ||" 
ΘΜ ON 


The zero subscript indicates evaluation at a = 0, x = x)(t). The 
general solution of equation (4.1) for 0 <« <1 is 


u =[M cos Rt + N sin Rt + av, (τὴ + O (a*)] e-*, (4.8) 
where 
vy (τ) = eq (2 lem?" (—e sin 2Rt— R cos 2Rt) + ΕἸ 
x [M (M24 3N?) cos Rt— N (N2-+3M2) sin Rt] 
+ (4—38?)"! [e-2** (— e sin 4Rt— 2R cos4Rt)4+ 2R] 
ΧΙΜ (M2—3N?2) cos Rt+ Ν (N2— 3M?) sin Rt] 
+ (4— 38?) [e-2et (— cos 4Rt + 2} sin 4Rt) 4 €] 
Xx [LV (N2— 3M2) cos Rt— M (M?2—38N?2) sin Rt] 
—4[e-°e*(— ecos2Rt+ Rsin 2Rt)+ €] 
x (N38 cos oa sin Rt) +3 (M2-+ ΝᾺ (1 — e-*2) 
x (NV cos Rt— M sin Rt)} 
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(obvious computations in formula (4.7) are omitted). The solution 
for ¢ > 1 is readily obtained. Obviously, M =u (0) and VN = 


= (1 — εὐ τὰ (0). 

1.5. Spring- “leaded pendulum with linear damping. We consider 
a plane spring-loaded pendulum of mass m suspended from a weight- 
less spring of unstressed length / and with force constant c (Fig. 9). 
Hook’s law is assumed valid. Let zx 
and γ΄ =1+A-+y be the Cartesian 
coordinates of the point mass m relative 
to the suspension point O; where 4 = 
=meg/c is the static elongation of the 
spring. The additive constant of the 
potential energy II of the force of grav- 
ity and the elastic force of the spring is 
chosen so that it vanishes at the static 
equilibrium point x = y= 0; conse- 
quently, 

Il= —mgy 


+5 γ et UFA+ yl — yom, 
K=4m m| (= ey 4 ((}}]. FIG. 9 


We assume that a resistance force R proportional to velocity is 
also applied to the point mass: R = —bv. We denote the cyclic 
frequency of vertical vibrations of the spring-suspended mass by 
«© = Vc/m and introduce dimensionless time t = wt and coordinates 
ἕ = 2/l and n = y/l. The equations of motion then become 


ee 
atl yee ΕΓ)» seer ca 
as eee: een - ὁ, & 
τὰ τ yepape τὰ δ᾿ G0 
where 
λ ὃ 
ear ea a 


are dimensionless parameters and the expansions of the expressions 
in brackets in the neighbourhood of ἕξ = ἡ = 0 begin with terms 
of power two. For ¢ = 0 the energy integral is 


TV 2(KF Τὴ c= p= const. (5.2) 
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The Lyapunov substitution 


᾿ dy d 
n=psin 0, == pcos%, &=92,, ΖΞ =x, (5.3) 


transforms the perturbed system (5.1) and integral (5.2) of the 
unperturbed system to the form of (1.8) and (1.6) 


ἂρ ἘΣἝὔ cos $—2e9 cos? ϑ 
do 1--ροῖῦ sin 8+ 8 sin 26 ” 
dz, __ 2g—2p~1U cos 04-282, cos? ϑ 


a 1--ρῦ βίη 8:-.[ε 5ίη 28 ° 
ἀξς  —y(it+y)7!2,;—2,971U cos + ΟΟἹΨ — 2e2, sin? ὃ 5.4) 
τ π΄ ιρηηεησηρεη σ΄ 
p*[ 1+ Ἴς εἰ Ὁ 28+ pS (ὃ, ρ, 21, 20) [τ μὴ, (5.8) 
where 
ee cae p22, sind 2 
US Soa ge OO, VSS τ τυ HO) 


and condition (4.7) is assumed satisfied, that is, 
1tesin 20+ (1+ γ) pa? sin 0+ 0 (p%) >0. (5.6) 


The unperturbed system (5.4) (i.e. for ὃ = 0) has a generating 
solution (see III, 1, 2.3) 


Po (8; μ, M, Νὴ = plt + g? (M? + ΝῊ] + O (u?), 
zi (8; μ, M, N) = M cos gt + N sin gd + Ο (μ), 
zy (8; μ, M, Νὴ = g(—M sin gd + N cos gd) + O (yp), (5.7) 


where 
e=4+V (g%#4). 


As was demonstrated in Chapter III, mubsect en 1.2, this solution 


is general for all y with the exception of y = ᾿Ξ 7 (¢= = 5): In the 


example above, the vectors a and x, are 
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The elements of (2.6) are found to be 


Xo. 
da 
HP +O (nu) —e MAY? +O (μὴ) — ge NA+ (μὴ 
=|/9(9)+0(u)  — cosgd +O (p) sin gd + O (u) : 
~(8)+0 (nu) —gsingd+ O (μ) gcos gb + O (u) 
where 


H=1-+ g?(M? + N). 


In calculating the inverse matrix, we take a somewhat rough 
approximation, assuming @ (ὃ) = p (0) =0; we then obtain 


OXo -1 
(a) 


MC ΘΟ () gH tL (8)μ-Ὲ Ο (μὴ HL’ (8) p+ O (u?) 
= O (u) cos gb + O (μ) —g'sin gd+0 (u)], 
O (wu) sin g}+ 0 (Ὁ) g 'tcosg0+0 (p) 


where L (6) =M cos gd + N sin gd. 

The vector (0f/de),, where f is a vector of the right-hand sides of 
system (5.4) and the zero subscript indicates evaluation at 8 = 0 
and the generating solution (5.7), is equal to 


— 2uH~*/? cos? $+ O (u?) 
( 2L (8) cos? #— L’ (9) sin 20 + 0 (μ) ᾿ 
- 21, (8) sin? 0+ g?Z (ϑ) sin 2- Ο (μ) 


(4) = 


In formula (2.6) we set 0) = 0; according to (5.3), this means 
that at the initial moment t= Ὁ we have y (0) = 0. Omitting 
obvious computations in (2.6), we obtain the first two necessary 
components of the vector x, (ὃ; μ, WZ, ΝῚ of the first correction 


οι (ὃ; μι, M, N)= — pH? (9. sin 20) +0 (p?), 

zi (ὃ; μ, M,N) -= sin “8.5 M sin 20 cos σϑ- gM sin? ὃ sin gd 
—5N sin 20 sin gd — gN sin? bcos gb +0 (p). 

The integration of the first equation of (1.5), again for 0) = 0, gives 


@=%(t)=tt+esin?t + O(u)+..., 
1-- 0559 
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where the second-power terms are ignored in w and 8. Finally, the 
solution of system (5.1) in the case ἡ (0) = 0 is obtained in the form 
ἡ (τ) = [90 (ὃ (τ); μ, M,N) + 29, (ὃ (ἡ); μ, 277, ΝῊ] sin O(t) -- Ο (εὖ), 
E(t) = [po (ϑ (τ); μ, M, N) + ep, (6 (τ); μ, M, Νὴ] 

x [zt (8 (τ); p, M,N) + ez} (ὃ (ἡ); μ, M, ΝῊ] + O (8). 


The constants p (the initial value of energy (5.2)), 77, and N 


are determined from the initial conditions ἢ (0), ξ (0), and ig (0); 
the range of τ is of the order of O (¢71). 
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Definition 1. A nearly Lyapunov system is a real system of the 
type 


d 
= AK+X (x) +pF (, x, μ) (9.1) 
that reduces to a Lyapunov system (I, 1, 1.1) for » = 0, that is, 
0 —1 
A=)J,+ P, Jo= 4 ‘| 9 P=|I Der If 


and in which the vector-function F is continuous, analytic in x and 
in the small parameter pw in a given domain, and 2n-periodic in ¢. 
Definition 2. A Lyapunov-type system is a real system of the type 


oS Ax+X (x), (0.2) 


in which the matrix A of the linear part of the system has | zero 
eigenvalues with simple elementary divisors, two pure imaginary 
eigenvalues +Ai, and no eigenvalues that are multiples of -LAi; 
and X (x) is (as in (0.1)) an analytic vector-function of x whose 
expansion begins with terms of power not lower than two. 

Lyapunov-type systems are shown in this section to be reducible 
to Lyapunov systems. 

2.1. Statement of the problem. We present a Lyapunov-type sys- 
tem in detailed form, using notation distinct from that of (0.1) 


dx d di 
τ α(Χ, Ὑ, 2), Go=Maytv(x, y, 1), Ὅν -- Βα τ ν (α, y, 2), 


(1.1) 
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where 

ξι ζ 
- Hh 

x= ’ y= Ne ’ 2:3: : ’ 
ξι om 
Uy 7 

Vy . 

u= ἢ v= Vy 5 w= ᾿ 

ul Um 


0 —1 
πε] 1 i Β --Ἰ δ. (IT, 


and the vector-functions ἃ, v, and w are analytic functions of the 
variables &,..., &), My, Ne, and (),..., Cm in some neighbourhood 
of the origin; power expansions of u, v, and w in these variables 
begin with terms of power not lower than two; the set of roots of 
equation 


det [B — ΚΙ] = 0 


includes neither zero elements nor multiples of -Ελὶ. 
We assume that in addition to the Lyapunov scalar integral 


(y, y) 0 » (x, y; Z) = Vo (1.2) 


system (1.1) also has / analytic first integrals given in vector form by 


p (x) + f(x, y, 2) =e, (1.3) 
where 
Ty 1 V1 
p= ’ {= : ; σι 
πὶ i γι 
Expansions of p, φι, .--, φι in (4.2) and (1.3) begin with terms of 
at least the second power with respect to &, ..., &:, ἢ,» ἢ.» and 
Ci, +: Gm} M(x), ..., πὶ (x) are linear independent forms of 
variables Sn ..., §, that can be chosen in the form π᾿ (z) =) 
gG = 4, . ἢ; Monccauently: 
p (x) =x. : (1.4) 


T* 


100 Oscillations in Modified Lyapunov Systems (Ch. IV 


2.2. Transformation of Lyapunov-type systems. 
Lemma I. System (1.1)-(1.3) can be transformed in such a way that 
the vector-functions u, v, w, and f vanish for y = z = 0 


u (x, 0, 0) = v (x, 0, 0) = w (x, 0, 0) = f(x, 0, 0) = 0. 
The proof of the lemma is based on the Lyapunov transformation 


([108a], Sec. 28) in the critical case of a single zero root. Namely, 
we perform a substitution of variables in (1.1)-(4.3) 


Υ (ἢ --Ύ (Ὁ Ἐν (ἡ), τ(ἢ -- Ζ (ἢ +2 (x), (2.4) 
where y (x) and z (x) are analytic vector-functions of the variables 
&,..., €;; the vector-functions contain no linear terms and satisfy 


the equations 
Joy (x) ΕἸΣ Υ (x, y (x), Z (x ) = 0, 
Bz (x) + w (x, y (x), 2 (x)) = 0. 


Substitution of the new variables yields (new nonlinear terms are 
denoted by u, v, and ὃ 

HK ἀκ, y+y(x), 2+2(x))=U(x, y, ὦ, 

dy 
Say + v(x, yty(x), Z+2(x))—V (x, y (x), Ζ (Χ)) 


— Pusaytv(x, y y, 2); 


ΤΕ are ΠῚ 


ὃι - οὐ το. τὸς 
πε u = Bz+ w(x, y, Z), (2.2) 
where 
=| on; ae [ὅκα | 
~ Wn E eal | 


are matrices of order 2 x ἰ and m Χ l, respectively. We wish to 
prove that 


‘u (x, 0, 0) = v (x, 0, 0) = w(x, 0, 0) =0. 
By (1.4) and (2.1), the vector integral (1.3) can be transformed into 


x + f(x, y(@ + y (x), 2() + 2(x)) =e. (2.3) 
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Differentiation of (2.3), by virtue of (2.2), yields 

U(x, ἢ, +(x, ¥, D+ [At V(x, ¥ 2) + Lux 7,2) | 
ἘΦ Br wx, 9 y, 2) +Zu(x, y, 2) |=0. 


We assume in these identities that y=z—O0 (note that it follows 
from (2.2) that ¥(x, 0, 0)= —% u(x, 0, 0) and W(x, 0, 0) = 
62 ~ 
= —>3- u(x, 0, 0)) 
[e+ δὲ (x, - 591 (x, 0, 0)=0. 

Hence, ἃ (x, 0, 0) =0 in a sufficiently small neighbourhood of the 
origin (x = y = z = 0). It follows from (2.2) that 

V (x, 0, 0) = w(x, 0, 0) =0 
same neighbourhood. System (2.2) has the solution x = const, 
= 0; substituting this into (2.3), we obtain 

f (x, 0, 0) =0, 


thereby proving the lemma. 

We assume that system (1.1)-(1.3) is transformed in accordance 
with Lemma I and retain our former notation. We resolve the vector 
integral (1.3) relative to x 

x=c-+ ΓΞ (e, y, 2), (2.4) 
where f{* is a vector-function analytic ine, y, and z (f* (c, 0, 0) = 0) 
containing no linear terms for ὁ = 0. 


Substitution of (2.4) into (1.1) and (1.2) yields a vector system 
that is a Lyapunov system 


aw AJoy + v* (ec, y, 2), 


n the 
Υ - 


= Baw (e, y, 2), (2.5) 


and a scalar integral 
(y, y) si p* (e, y, 2) = Vs (2.6) 


where the functions v*, w*, and w* analytically depend on ὁ, y, 
and z and vanish for y = z = 0 (by Lemma I), and the constant 
y* = γυ —p (ec, 0, 0). The vector-functions v* and w* contain no 
linear terms for ec = 0 

The following lemma holds for the function »*: 
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Lemma IIL. Given a vector ¢ in integral (1.3) of sufficiently small 
norm, the function .p* in (2.6) contains no terms of power one in y and 2. 
Proof. Let 


p* = (a, y) + (b, 2) + (2), 


where the terms of power higher than one in y and z are omitted, and 
the vectors a and b are analytic functions of ὁ and vanish fore = 0. 
Let us differentiate integral (2.6); by virtue of system (2.5), 


(a, AJoy) + (Ὁ, Bz) + (2) = 0. (2.7) 


The determinant of the homogeneous system (2.7) with respect to 
the 2 -+ m components of the vectors a and b is a continuous function 
of ec and becomes A? det B 0 for ec = 0. Hence, c = 0 entails 
a = b = 0. Owing to continuity, these equalities must also hold 
for the vector ¢ sufficiently small in norm. 

The lemma is therefore proved. 

The periodic solutions of a Lyapunov system (2.5) can be deter- 
mined by the method suggested by Lyapunov [108a] and elaborated 
by Malkin (see [111a, b]). Other aspects of system (2.5) are discussed 
in Chapter ITI. 


PART TWO 


APPLICATION OF THE THEORY OF NORMAL FORMS 
TO OSCILLATION PROBLEMS 


* OK * 


CHAPTER V 


ELEMENTS OF THE THEORY 
OF NORMAL FORMS OF REAL AUTONOMOUS SYSTEMS 
OF ORDINARY DIFFERENTIAL EQUATIONS 


The problem of reducing an autonomous system of ordinary differen- 
tial equations to its simplest, normal form by means of a change of 
variables was formulated by Poincaré [149a] and later developed 
by Lyapunov [108a] and others. The results of the most general 
character were obtained by Brjuno [238j]; the relevant references 
can be found in his publication. Sections 1 and 2 of this chapter 
describe the problem on the basis of Brjuno’s results, but adjust the 
presentation to the problems of nonlinear oscillations governed by 
the systems of equations in question, thus avoiding the most general 
approach and the most general situations. Some of the proofs in 
Section 2 are omitted. 


§ 1. Introductory Information 


1.1. Statement of the problem. We consider systems of the type 


d 
=A,ry+Dy(x) (v=i1,...,7), (1.4) 
where x is a vector with the components z,, ..., 2,3; ὧν (x) are 


analytic, in some neighbourhood of zero, functions whose expansions 
begin with terms of power not lower than two; 4, are either real or 
complex conjugate quantities; in the latter case Ay, = Ay, ἄν" = Ly, 
D,, = D,-. We thus assume that the initial real system is trans- 
formed in such a manner that its linear part is reduced to the Jordan 
form; it is assumed furthermore that this form is diagonal. By virtue 
of the Weierstrass theorem (see, for example [80], Sec. I, 1.14) this 
last condition holds for oscillations in conservative and quasiconser- 
vative systems. 
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The problem consists in reducing system (1.1) by means of a 
reversible (though not necessarily single-valued) transformation 


ty = Yy + hy ίψι, «νον, Yn) (V = 1,.. «2, Ly (0,..., 0) = 0) (4.2) 


to the simplest normal form (expansions ‘Ly begin with terms of 
power not lower than two). In particular, Brjuno [238a] introduced 
the following notation for the transformed system 


d 
= = yy t+ Yo v (Y) = Av + Ἄν > gray? (1.3) 
REM, 


(y = (Yi, . - .» Uns ν Ξε 1, oo, η), 
where Q=(q,,--.,@n) is a vector with integer components, 


yey? su: γί, and gyq are the coefficients to be found. The set 
m, of Q for the vth equation is 


1: ++ +9 Uv-ts Φν-:1ν ἐν Gn O, Wwe —i, dF! (1.4) 


(the reader should pay special attention to the multiplier y, in the 
vth equation). We introduce the symbol M = M, UM, U... 
sare OM as 

Normal forms are defined in the following theorem, which we for- 
mulate in terms of this subsection. 

1.2. The Fundamental Brjuno theorem ((238j], Ch. I, §1,1). There 
exists a reversible transformation (1.2) of system (1.1) into system 
(1.3) such that, given this representation of (1.3), the gyq’s can be non- 
vanishing only for those Q that satisfy the resonant equation 


(A, 4) =A, +... + Angn = 0. (2.1) 


Here A = (A,, ..., An)* is a vector formed from the diagonal ele- 
ments of the linear part of system (1.3) (and (1.1)). System (1.3) 
with this property is called a normal form. 

Proof. Following Brjuno, let us prove that there exists a formal 
transformation (normalizing transformation) 


ry =Yy [1+ hy (y)], he(y= 2 eye WH hha, GO (2.2) 
εξ ν 


of system 


oe =hyaty+tayfy (x), fy (x) = > ἦνοχϑ (v= ee n) (2.3) 
QEM,, 


into system 


dyy ‘ 
A = MY y+ Yvby (), &y(y) = eS Svay® (v=1,...,7) (2.4) 


QEM, 
(A, Q=0 
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such that g,g = 0 if (A, Q) AO, and hyg for (A, Q) = Ὁ can be 
arbitrary (this is the reason for possible nonuniqueness); the remain- 
ing hyg and gyqg are then single-valued. Here y,h, (y), xyfy (x), 
and yyg, (y) are power series containing no zero- and first-power 
terms. Transformation (2.2) converts (2.3) into (2.4) if the series 
are formally equal in y,, ..., Yn 


ΝΣ ete (λιψι + ψιδι) = AvYv (1 + hy) 
l=1 


+ yy (1+ hy) fy (σι (44+), «νιον Yn (4 thn) (V=4,...,7). 


After obvious transformations we obtain 
n κι} 


oh oh 
WEv Uy δὲ Gr ΜΨι = τ ψυθυῖν — Yo ΣῚ τοῦ, ye 


I=1 1=1 
+ Yv (1+ hy) fo (Ys A Ma) oe Yn 4 -Ἐλ.}) (ΞΕ Ί,....,5). (2.5) 
The coefficients of y,y2 in the vth equality of (2.5) are 
βθνο -᾿ (A, Q) hva 


=— >) hpgr—> Δ Avppient{(t1+hy) fla (2.6) 
P+R= i= p+R=0 
(QQEM, v=—1,..., n), 


where the last term denotes the coefficient of y2 in the series 
(1 + hy) fy (Ya Et fey), ..... Yn (( -Ἐ hn). 

The set of n-dimensional real vectors becomes completely ordered 
if the following procedure is employed: the vector P precedes the 
vector Q (P <Q) if the first nonvanishing difference in the sequence 


n n 
2 Pi— ds 4). Pir 19 ++ *9 Pn-1— In-1 


is negative. Obviously, only a finite number of vectors from §N pre- 
cede QE IN. Note that only such hjp and gjz (jf = 1, .... m) enter 
the right-hand side of (2.6) for which P and R precede Q. This is 
true for the first and second terms in the right-hand side of (2.6) 
because the subscripts there include only those P and R for which 
ΣΡ; ἜΣ ry= Σ 4; and Di p;>0, SN q;>0, and therefore Wp; << 
<>) 4; and > r3< >iq;. Finally, {(1+ Δ.) fy}q contain only those 
hyp for which Σ᾽ p;< >‘ q; because the series x,f,y(x) has no linear 
terms. Equalities (2.5) are satisfied if 
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(a) &vQ = 0; hy _ (A, 9)" * cy for (A, Q) # 0, 

(b) gyq = ¢yqi Ayg is arbitrary for (A, Q) = 0, QEM, v= 
=1,..., m). Here cyg stands for the right-hand side of (2. Ὁ). As 
a result, g,q and hyg are determined from Q in the manner described, 
thus proving the theorem. 

Remark. As stipulated by (b), only (2.1) results in nonuniqueness 
of transformation (2.2). If for αὶ +... + q, = m (2.1) holds only 
for a finite number of values of the initial parameters of the system, 
then it is logical that hyg be based, if possible, on continuity. 

1.3. The Poincaré theorem [149a]. 7} 4,,..., 4, in system (1.1) 
Satisfy the conditions 


(1) Ay ps Ρ;}) (ν--Ί, seg ἤν (3.1) 


for any nonnegative integer p; for which py +... + Pn > 2, and 
(2) on the complex plane i there exists a straight line H passing 

through zero such that all the points \,, ..., A, lie on one side of H, 
then there exists a unique reversible and analytic in some neighbour- 

hood of zero transformation (1.2), converting system (1.1) into 


dyy one 
at =Awy (v=1,...,n). (3.2) 


Proof. The existence of a unique formal transformation of (1.2) 
{which can also be written in the form (2.2)) to the normal form 
(3.2) follows from the theorem of Subsection 1.2. We write (A, Q), 
using (1.4), as 


(A, Q) = Bashy — dv + ΣΙ Ρ)}) vet, ἐν ἢ), 


aes Py = ἦν +1, and the remaining p; = q;. The numbers 

.. +, Py are nonnegative and p, + . + py, = 2. By condition 
( 1), (A, 9) 540, and accordingly the fundamental Brjuno theorem 
states that all g,q vanish and all h,g are single-valued (see condition 
(84) at the end of Subsection 1.2). 

This completes the proof; the reader will find an analysis of the 
convergence of transformation (1.2) in Subsection 2.4 (see also 
[1494]; [139], 1st edition). 

Remark. In the real-variable case discussed above, the spectrum 
Ay, ..-,; A, is symmetric with respect to the real axis. Therefore, 
condition (2) is satisfied not only by H but by a straight line H 
symmetric with respect to the real axis, and thus by the imaginary 
axis of the complex plane A as well. Consequently, it is sufficient to 
check condition (2) for the imaginary axis. 
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§ 2. Additional Information 


2.1. Some properties of normalizing transformations. At the end 
of the proof of the fundamental Brjuno theorem (Subsection 1.2) 
we mentioned that the coefficients h,g of the normalizing transfor- 
mation (1, 2.2) are single-valued for nonresonant terms, that is, for 
(A, Q) ~ 0, and can be chosen arbitrarily for resonant terms, that is, 
for (A, Q) = 0. At the same time, although the structure of the 
normal form is fixed by the established numbering of the variables, 
its coefficients g,g depend on the choice of coefficients for the nor- 
malizing transformation. It is logical to assume that subsequent 
transformations of the variables, if carried out for resonant terms 
only, will transform one normal form into another. This clarifies the 
meaning of the Brjuno theorem ([238j], Ch. I, § 4, II): 

If a transformation 


9g = By [1 - ἀς (}}] Sy at 0); (1.1) 
21 
22h 4.) -Ξ- dyQz2 
Z [:} (2) οὐδ, QZ 


converts a normal form (1, 2.4) into a normal form of the same structure, 
then dyg = 0 for (A, Q) #0, that is, transformation (1.1) operates 
only on resonant terms (i.e. those for which (A, Q) = 0). 

We define a transformation &) (y) as 


9 = ἡ Q —— ὰ 
& (y) w[t+ ἐς, Iegy®] ξεῖν οι ῆ)ς., (1.2) 
(A, Q)=0 


and consider it as the “arbitrary” part of the normalizing transfor- 
mation (1, 2.2). We also assume that series (1.2) are convergent. 
This can be achieved, for instance, by setting all hyg = 0 in (1.2), 
that is, by choosing 


Evy) ξε γυ (ν -Ξ-Ι,..., ἡ). (4.3) 


As follows from the third Brjuno theorem ({238j], Ch. I, § 1, III), 
the convergence (or divergence) of any normalizing transformation 
(1, 2.2) is a corollary of the convergence (or divergence) of one such 
normalizing transformation (1, 2.2), provided series (1.2) are con- 
vergent. 

2.2. Classification of normal forms; integrable normal forms. We 
consider the case when in (1, 1.1) 


Rea; <0 (f=1,+.., 2); (2.1) 
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in other words, the complex plane A contains no points A,, ..., An 
to the right of the imaginary axis. We denote 


Aj= —pytiv; (1-- γ' —1; j=1, ἐνὸν, tt) 


and assume that there are ἰ (0 < 1 < n) pure imaginary adjoint or 
zero eigenvalues of the matrix of the linear part of the initial system. 
We now number the variables so that 


O= m=... = μι τ μι «... « μη. (2.2) 


We introduce the vectors 


Py V1 
M= : 3 Ν-- : ᾽ 
Pri \ Vn 


then 

A = —M + iN. (2.3) 
Let V = (νι, ..., Un)* be an n-dimensional vector; we denote an 
l-dimensional vector by V’ = (vy,, ..., v))* and an ἢ — I-dimen- 
sional vector by V" = (v; 43, .. ., Un)*. The inequality V > 0 signi- 
fies that vy; > 0. ..., v, > 0. For instance, from (2.2) we obtain 


M’ = 0 and M’ > 0. 
The Brjuno theorem ((238j], Ch. I, § 2, II). Under the previous 
assumptions, a normal form can be written as 


yy=Ayjyty, G=1,...,), (2.4) 
Fy n 
Yn=ArnYn 3 ὴ δι}.}-Ὁ pi ΟΝ πα Φμ- Ὁ 11 tee ytd (2.5) 
(h=1I+1, ..., 7). 
Here pj, bnj, and Drag, τ... Qn-1 are power series in yy, ~~. Yy3 


brn = 0. The first sum in (2.5) is taken over those 7 >1 for which 
(2.7) is satisfied, and the second sum over all the integers q,4,,.. . 
» ++) 6μ-ὰ for which (2.8) is satisfied. 

Proof. In the normal form (1, 2.4), g,g0 only if QEM,, 
(A, Q) = 0. This last equation (resonant equation) is equivalent, 
owing to (2.2) and (2.3), to a system of two equations 


(N, 9) =0, (M, Q= N+ibit1 +++ + nbn = 0. (2.6) 


In order to emphasize the number of the equation of the normal 
form to which Q corresponds, we give Q an appropriate subscript. 
The seeond equation of (2.6) has only such solutions Ὁ € M, that 


Q=0 if v<l 
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Solutions of the second equation of (2.6) for v >1 (if they exist) 
are such that 


Qy = 6; — ΘΚ if Bj = Py, (2.7) 
or 
m 
Q= Σ᾽ gqej—ev (2.8) 
jHl+1 
(4; 250, 1+ 1<m<v, μηι < μυ; >) Φ)μ.Ξ- μυ). 
Finally, if ν «ὦ, then qyy4, =... = qn = 0, that is, yj4,,... 


. ++, Yn in wp; (see (2.4)) are to the zero power. This means that y; 
are independent of γ΄. If v >/, then Οὗ are of the form (2.7) or 
(2.8). The terms given in (2.5) correspond to these Q, which completes 
the proof of the theorem. 

Let us analyze several special cases of the above theorem. 

(a) Let 1 = 0 and O<py<...<p,. Then subsystem (2.4) 
cancels out, the coefficients of the series in (2.5) are constants, and 
the normal form becomes triangular 


Yo = hee +d Ova, ay νιν! (2.9) 
(v=1,..., 7), 
where the sum is taken over all the nonnegative integers q,, . . .») Qy-1 
such that 
Ay = QiAy +. ee - φναλν (2.10) 
(Qi +--- Ἐ φνα > 2; v= 1,..., n). 


This normal form was derived by Dulac [253]. Equations (2.10) 
have a finite number of solutions (and no solutions in the hypothesis 
of the Poincaré theorem of Subsection 1.3). Therefore the right- 
hand sides of the normal form (2.9) are polynomials. Equations (2.9) 
are successively solved in quadratures. 

(b) Let 4, =... =A, = 0. The integration of the normal form 
(2.4) or (2.5) is carried out in two steps: solution of the /th-order 
system (2.4), and successive quadratures, as in case (a). 

(c) The case of m pairs of pure imaginary (0 <m< τὴ and 
ἰ — 2m vanishing eigenvalues of A; (see [238j], Ch. I, ὃ 2, II, p. 151). 

(d) If 1 =n, the theorem yields no simplification. 

2.3. Concept of power transformations. We wish to discuss the 
possibility of lowering the order of the normal form (1, 2.4) by 
means of the birational transformations 


BU Sey (ν-ς 1, ona gM) (3.1) 
(αν; are real, A=||a,;|[1, det A=40). 
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Each coefficient gyq ~ 0 in (1, 2.4) has corresponding to it a point Q 
of the n-dimensional integer lattice I’ = τ, U τε YU... YU Mn. 
The set of these points is denoted by D (Gg), that is, the set D (Gq) 
in MN is defined by 


(A, Q)=0, QEM,, Ga=(gie, --.» gng) 950. 


We denote 
In yy In 2; 
ns ( : ) ες! : ᾿ 
In yn Inz, 


and write system (1, 2.4) and transformation (3.1) in the form 
d\ 
TT =A+ Σ Ggexp(iny, Q), 
QED(GQ) 
Inz=Alny. 


The term y@ is transformed by (3.1) into 
y@ = exp (In y, Q) =exp (Αἰ In z, Q) = exp (In z. ATMQ) = σα τ το, 


Finally we obtain 
dlnz a cau Aegan Σ AGozA "0. 


dt dt 
QED(GQ) 

We denote 

P=A™~""Q, Gp=AGg (3.2) 
and represent this system in the form 

d|lnz ΕΥ̓ δ: ἢ 

τ --ΑΛῈ δ Gp2?. (3.3) 

PED(Gp) 


The set D (Gp) of points P for which Gp ~ 0 is obtained from 
® (Ge) by the linear transformation (3.2) 


D (Gp) = AD (GQ). 


System (3.3) is not necessarily of the same type as the initial one 
(we mean analyticity in some neighbourhood of zero). But if it 
is analytic in some neighbourhood of zero, and the initial system is 
a normal form, then (8.3) is also a normal form (for the integer 
matrix A). 

The possibility of lowering the order of the form is established by 
the Brjuno theorem ([238j], Ch. I, § 2, I): 

Let ἃ be the number of linearly independent QEM satisfying 
equation (A, Q) = 0. There exists a birational transformation (3.1), 
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with an integer unimodular matrix A (ας; are integers, det A = +41) 
that transforms the normal form (1, 2.4) to (3.3). The first d equations 
of this system form a system of order αἰ. the remaining equations being 
reducible to quadratures. 

Methods for efficiently constructing A can be found in [238c]. 

2.4. The Brjuno theorem on convergence and divergence of nor- 
malizing transformations. In the normalizing transformation (1. 2. 2) 
we single out series (1.2) in resonant terms. Following ({238j], 


§ 0, II), we formulate conditions ὦ, ὦ, and A. We assume 
oy = min | (A, Q) | in (Δ, 6) 40, a -Ἐ «ον Fan < 25. (4.1) 


Condition a: 


Sy! oe (4.2) 
oh 
h=1 
Condition ὦ: 
lim — k <0 
k-00 


For condition A, we recall that inequalities (2.1) were assumed 
satisfied in each case. As in Subsection 2.1, we denote those elements 


of A, that lie on the imaginary axis by 4,,...,4,; (O<1< 7). 
Condition Α΄: There exists a power series a (yy, ..., Y,) such that 
in (2.4) 


p=HAyea G=H1,..., ἢ. 


In the case of condition A”, we distinguish two situations: 


(1*) the numbers (,, ..., A, are pairwise commensurable. 

(1**) 24, ..., λὶ include at least one pair of incommensurable 
elements. 

Condition A”: Jf A is covered by case (1*), then series b,j (h, 7 = 
=1+14,..., n) in (2.5) are arbitrary, and if A is covered by case 
a then there exist power series Q144, .- +, Qn iN Yy, -- +, Y, Such 

a 


(a) If Q € mM, (M, Q) = 0, then 9 141% 141 a cee + WMntn = 0. 
(b) The (n — 1) X (n — 1) matriz 


B = || δμ; — δι); (An@ + ἀμ) {ΠΠ μι 


(6,; is the Kronecker delta) is nilpotent, that is, B"-' = 0. 
Condition A (in the case considered above when inequalities (2.1) 
are satisfied) is the simultaneous fulfillment of conditions A’ and A”. 
The Brjuno theorem on convergence and divergence of normaliz- 
ing transformations ([238j], Ch. 11, ΠῊ. 
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(4) If for a convergent system (1, 1.1) A satisfies condition w, and 
a normal form (1, 2.4) satisfies condition A, then the transformation 
(4, 2.2) converting (1, 1.1) to (1, 2.4) is convergent if and only if all 
series (1.2) are convergent in some neighbourhood of zero. 

(2) If one or both conditions ὦ and A are violated for the normal 
form (1, 2.4), then there exists a convergent system (1, 1.1) for which system 
(1, 2.4) is a normal form and for which each transformation to normal 
form is divergent. 

To illustrate this, we return to the Poincaré theorem (Subsec- 
tion 1.3) for real systems, that is, when A is the imaginary axis. 
Obviously, in this case condition A is trivial (automatically satis- 
fied) and 


On = min | qa, +... + drdn | min | Red, |] = const >0 


(see (4.1)); as a result, the left-hand side of inequality (4.2) is also 
a constant, and condition w is thus satisfied. Moreover, in the hypoth- 
esis of the Poincaré theorem, a normalizing transformation is also 
single-valued, so that according to statement (1) of the above theorem 
this transformation is convergent in some neighbourhood of its 
zero values. 


§ 3. Practical Calculation of Coefficients 
of Normalizing Transformation and Normal Form 


3.1. Fundamental identities. We assume that an oscillatory sys- 
tem is described by a real autonomous system of nth-order differen- 
tial equations. We also assume that this system is reduced to diago- 
nal form and that its right-hand side has complex coefficients and is 
analytic in some neighbourhood of its zero values 
dry 

dt 

Here and henceforth a repeated subscript indicates summation 
and takes on the values 1, ..., πὶ the coefficients are symmetrized, 
that is, 


Ayty + δὶ Gntjtnt δ᾽ Orne jet, t+... (vad, ..., 7). (4.4) 


Anj=ny bisnny = id. (v, Vs h, == 4, +++, ἢ) 


and braces in {af ... w} denote any permutation of the elements 
a, B, ..-, @. 

According to the fundamental Brjuno theorem (see Subsection 1.2), 
there exists a reversible (though not necessarily single-valued, and 
in some cases divergent) normalizing transformation with, in general, 
complex coefficients 


σι ταν; HD αἰανινι-Ἐ Dd) PmpYiY mY p +--+ (1.2) 


(Gint = im, βίιπιρ) =id.; fly πὶ, pH 1, ox.) 


§ 8] Practical Calculation of Coefficients 113 


that reduces system (1.1) to the normal form 


d ; 
a = Avy + Yy > βνοῦ" --- yg (v=il,--.,n). (4.8) 
(A, Q)=0 
Here A and Q are vectors with the components A,, ..., A, and 
41, - ++» Qn, Yespectively, the latter being integers 


qy > —1, qi; > O (7 #%), GA shape ΣΞΊ, (1.4) 


and gyq is a general notation for coefficients of a normal form. Sum- 


mation in (41.3) involves only resonant terms satisfying the resonant 
equation (see (1, 2.1)) 


(A, Q)= ami +... + φηλῃ = 0. (41.5) 


Let us symmetrize the coefficients of the normal form (1.3) and 
express them in the form 
dyy 
“Fe Thy τ ΣῚ PindYm + ΣῚ WinpYYmYp + 0.0 (4.88) 
(Pit = Pim? Xtimpy = id.; Me ἰ, ie as 1, oo me 
The nonvanishing coefficients φῆ» Xfmp. -- - in (1.3a) are of course 
defined by representation (1.3). Substitution of (1.2) transforms 
(1.14) to a normal form. By dropping the terms with powers above 
three, we obtain the formal identities (the derivatives with respect 
to t are primed) 
Yo +d) Aim (YEYm + Yin) HD) Blimp (Yi YmY p+ YY mY p+ YY) + + 
= Avy tay) OlmY Ym + Ay > BimpYlY mY p 
+ > Qin (yj+ Σ LimYYm) (Yat δὰ Clin YY m) 
ἘΣ any Yates (V=4,---, 7), 


where dots stand for terms of powers not lower than four. By virtue 
of (4.38), we obtain 
ΣῚ PinY Yin -Ἐ ΣΙ KimpY Yn -Ἐ ΣΙ tim [(λι + Am) YY mm + Yom ΣῚ PSY HY v 
ἜΨΙΣ oY Yel + > Bimp (hit m+ hp) YYmY p+ ++ 
=hy ΝΣ Ol mY 1Y m +h, Νὰ Biplane + ΟΥ̓ + > Ayn mY jY Yn 


+> ayn GhnY YY + NDF Yaya tes (V4, ὁ...) η). 
8—0559 
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By changing the summation indices and symmetrizing the coeffi- 
cients in the sums, we derive the fundamental identities 


Dd) Pn ViYm + >) Xin pY YY p 
+2 (αὐ φῇ» Ἔ αν Ph +O, Pim) YY mip 
+ >} (Att An = Ay) OPnY Ym >) (Att dm + Ap be) Born pYYmYp τ"... 
= >} ἀγαψιψηι + >) YnpYYmYp 


42S (αὐας,-Ὲ αὐ 0b + a0) γινεῖν» t+... (4.6) 
(v=1, ..., n). 
3.2. Computational alternative. We introduce the symbols 
y . ffi if λντξλι-ελρ», 
oa to if yA bmi 
᾿ {1 hi A 
yeh 1 ame Wes ee ey τ 
Ρ 
(ν, 1, m, p=1, ..., n). 


The following alternative is true: 

(4) Suppose that the values taken on by v, J, m, and p (and by 
the real parameters of the initial oscillatory system on which i,, A,, 
Am, and A, depend) are such that the expressionsin parentheses in 
the fourth and fifth sums in the left-hand side of (1.6) are distinct 
from zero (A},, = 0 and ΔΎ,» = 0). Comparing the terms containing 
YiYm in the left- and right-hand sides of the fundamental identities 
(1.6) and repeating this process for yYymYyp, we notice that the cor- 
responding term in the first and second sums on the left definitely 
vanish. Indeed, (1.3) yields the term containing y,y,, in the first 
sum 


YyOFnY YU mys 


Under the assumption made at the beginning of (4), for this term 
we have (A, Q)=A;-1 - δ... 1 + Ay-(—1) #0, and the first 
sum on the left-hand side of (1.6), according to (1.3), includes only 
the terms for which (A, Q) = 0. The absence of the term containing 
YYmYp in the second sum of (1.6) is established in a similar manner. 
Equating the coefficients of the quadratic terms in (1.6), we obtain 


ν 
σι 


Vo =~ 
im = λι- Am — Ay ? 


(2.2) 
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and repeating this operation for the cubic terms, we have 
1 2 « 

Bimp = ἀπ ΕᾺπς hp Ty {20+ Dy [Ay + αὐ οὐ, + αὐ ας, 
j=1 


= (2%, » or ay φῇ, Ἔ OY Pim) i} (2.3) 


We wish to emphasize that expressions (2.2) and (2.3), as we have 
already stated, are valid for those values of v, 1, m, and p from 
1,..., for which the denominators of the formulas do not vanish. 
(2) Suppose that v, 1, m, and p (and the real parameters of the 
initial oscillatory system) are such that the expressions in paren- 
theses in the fourth and fifth sums in (1.6) vanish (AY, = 1 and 
A}np = 1). First, this means that the corresponding ay, and BYnp 
can be chosen arbitrarily (set to zero, for example) or determined 
by continuity from the values of the real parameters. This has been 
already mentioned (see condition (b)) at the end of the proof of the 
fundamental Brjuno theorem (Subsections 1.2 and 2.1). Second, the 
assumption made yields (A, Q) = 0. Comparison of the terms con- 
taining yyYm and y,YmYp in the left- and right-hand sides of the 
fundamental identities (1.6) now yields the symmetrized coefficients 

of the normal form (1.3a), namely, gy, and χῇ,ρ. We obtain 
v= Ay ay, (v,l,m=1,...,7), (2.4) 


lm“ lm 


ne = AN ap a Ἐπ > [a%, Ce τ αὐ αὐ Ξ: ayo 


— (23,93, Ἑ αὐ αφὴ; Ἑ 2y,0,)1$ (1, πὶ, ρ τοί, 0.9m). (2.8) 


It should be emphasized that formulas (2.4) and (2.5), although 
derived for case (2), are valid for all values of the subscripts, namely, 
in case (4) by virtue of the notation of (2.1), these formulas yield 
zeros for the corresponding values of v, J, m, and p. 


Let us demonstrate now that if in case (2) ay, =O (A, = Ary + 
+ Am)*, then all the terms in parentheses in (2.5) vanish. We shall 
show, for instance, that Op = =O0(7=1,.. .» 0). We first assume 


that Δ, = 0; it then follows from (2.4) that Pip = 0, so that our 
assertion is true. We now have to analyze only the case when Δ,» 
Ξε 4, that is, 

hj = Am + No (a) 
= 1, that is, 

ν = δὶ τ Am + Ap. (b) 


= 0(v,1,m=1,..., 7”). 


In case (2) AY 


imp 


2 ν 
* Obviously, this choice results in A? αι 


8" 
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Subtracting (a) from (b), we obtain A, = A; + 4), that is, AY = 1; 
our assumption stipulates that αὖ = 0, so that again αν φῇ Ξε 0 
(j =1,..., ). The proofs for the remaining terms in parentheses 
are similar because these terms are obtained from the first terms 
by circular permutation of the subscripts. 

Summarizing, if all arbitrary quadratic coefficients of the normalizing 
transformation are chosen to be zero, that is, 


ay =0 for AY =1, 


or if the normal form contains no quadratic terms, formula (2.5) is 
simplified to 


9 i . gos . 
Xtmp a Amp ὯΝ Ἐπ > [αν ον at Bs Mn) ἘΣ αὐ αἱ.}} (2.6) 
j=1 


(v, l,m, p=1, vee, 2). 


A general procedure for determining the coefficients of a normal- 
izing transformation and a normal form is contained in the proof 
of the fundamental Brjuno theorem (Subsection 1.2). The method 
we have outlined above seems to us better suited for applications 
to oscillation problems; hence, the term “practical” in the section 
title. 

3.3. Fundamental identities in general form and their transfor- 
mation. Unification of notation in the initial diagonal system (1.1), 
the normalizing transformation (1.2), and the normal form (1.3a) 
yields 


dz. 


τ =Ayry +>) Q? 5 ti2i, + 208 ἘΣ αν δῖ ee 2+ ... (3.1) 
(v=1,..., n), 

By =Yot LOY Yast oF QUO 5 Yi Yi Ἔ οι (3.2) 
(v=1,...,n), 
dyy 

Geom et Dy Vii ἘΠ FO wa Yi t+ (8.8) 
(v=1,..., n). 


We recall that all the coefficients are symmetrized, that is, they 
remain unaltered by arbitrary permutations of subscripts 


d., ay. ,,=id., gy, ,,=id. (3.4) 


ay. 7 =j 
{71...}.} {7,...2.} 


Wet pets Ἢ, εξεῖΖ, δὲ ccs). 
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The subscripts repeated twice denote summation from 1 to n, sum- 
mation being independent of other subscripts. 
We also use the concise notation 


dx. = ales 
= DDG Bi Ti, (V4, τὴν (8.18) 
u=1 


(ν-ΞΊ, ..., 4 (3.28) 


οο 
ve ed 5 fy doh Yi, 


dyy = 
a= >; Py i vi ΣΝ (v=4, or) n), (3.3a) 
“x=1 
where 
αΥ --λυδι)»» αὐ τε Oyj, φγ-- λ δι)» (3.5) 


and 6,; is the Kronecker delta; 6,, = 1, δι; = 0 (7 Ξξ ν). Substi- 
tution of (3.2) into (3.1), taking into account (8.3), yields the follow- 
ing formal identities (fundamental identities in general form) 


AYot DO νυν, bot De. Ee θα 
ANG Gy ty wit FD, Wits + Yay 
ἐν Ys, τ τ. Vig 1 iY Iu ee i a δὴ. τ τ. OE 
= MYy thy Dt αὐ YI Vie + oe τῈ λυ DO. Awa Yay 
ΕΣ αὐ S) αἶνη-Ὲ ΕΣ αὖ!.. AYA Yat 
reuse} wt 4 Yar Va a Ὁ) Os) osiyie + 


21:..2κ.-..-1 74 Ike 
Cn ee ae 
1 κ-ἰ 


aoa) j 
wt DLO νη «Ὁ Yate + Do, 


ey ee 
ν diy: 7 
vob ΣΙ αὐ νος (Σ aYA+ ..-+ Dan... θη iY; 
pa rt Yj ees Yj Hho ick 
74 k-x+1 


a 
+ Sko-n41 “1 


j j 
xO ay xt +d Oe Ue URE 


jy 
sb DO i Y jx 
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The terms of these identities with variables to the kth power are, 
by (3.3), 


Σ Wh: 5,4 ee Σιν AyYi + Yay Vina τ Vi, 
ΝΣ 
ἢ μ x, Oh Vik a Yip x+1 
Dias cad a mag de 1 k—-x+1 
ν ν 

ἘΣ (Ai Fe ba) αὐ ον κϑῆ, υνν Yin =v ΣΙ αὐ ον igUi, «0. Vig 

κ--ἰ 

Ἢ ΝῚ ν s1 i i 

τις Σ 5 Σ ? αν εὶς Σ > α ἦν ἡ ἘΠῚ Om jx 

es CR Wyte. +H =R eg ἷ 1 1 μὰ 

% 


XY ees ae Ῥρε τ" Yin bi, indy ++ Vi, (3.6) 


(v=1,..., 7), 
where py, ..., Pp, are natural numbers. 
We now compare the coefficients of Yi, » Vigo where ἦν .. +) ἤκ 


represent any sequence of natural Homers ἘΣ greater than n. Non- 
symmetric coefficients generated in the course of the calculations 
must be symmetrized since the coefficients in question are subject 
to conditions (3.4). We replace the summation indices in each addend 
of the sum over μ in the second term in the left-hand side of (3.6) 
in the following manner: fy, . ~~, fu-a, Ἷμ::15.- +> dx bY 4, ~~ +s xed 
respectively; j, by i, and j#,..., 7 κύμα by ix, ἔκανε νυν tn, Fespec- 
tively. It becomes obvious that all the addends of the sum over μ 
are identical, so it can be expressed as one addend times x. For a 
symmetrization of the addend, we consider all combinations p,,... 


. «+; Py Of natural numbers from 1, ..., k taken x — 1 at a time 
(the number of combinations is denoted by C (k, x — 1)). Finally, 
we denote the summation indices ip, oases py , bY Ἶρι» "505 oe 
and the remaining indices i,,..., in DY fxs feta: «νον Th 
Thus we have completed the transformations 
x 
ν 7 
ΣΙ Σ αν Ὁ, Yi, νυ. Yi 
— 1 x Gu, ju 1 u-1 
aye RO eave) aeeer ὑμὴν ἘΣ 
Yi, Yi,Y 5 Yip ae 
8) ν 
=, ΡΝ ἄς ἀφο ἡ νὼ oy 
as > τες τς HEA ον ; pi ψ;. «οἰ U5 
i=1j j ἝΩ, κ--- 1) py ἡ. αὖ ΓΤ ἢ 14 “oh 
11. 


(3.7) 
(vt, ..., 7). 
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Here δ. ΠῚ denotes summation over all combinations py, --. 
merase Da oF natural numbers from 1, ..., k taken x — 1 at a time. 
Note that the numbers Ipy ++ +> Foy, (and possibly all jp) can be 
identical since all of them (as well as jx, jxi1,..-, jn) independently 
cover the same set 1, ..., πὶ in the course of summation. As for the 
subscripts of i or j, all of them are distinct; this is why combinations 
are relevant in this analysis. 

We now take up the transformation of the second term in the 
right- ~hand side of (3.6). We replace the summation indices 7}, ... 
Soe eee Sere ἤν (3 + Pye kh) DY ἢ. .-.. Tu 
In order to symmetrize the coefficient of Yi, ++ Yip We consider 
all combinations p,, ..., Pp, of natural numbers from 1, ...,k 
taken μι at a time (the number of combinations is denoted by 
C(k, w,)), then all combinations Pujpir tte) Pyszy, Of natural 
papers of the remaining k—p, natural numbers from 

PRN Day ees Py taken μΩ at a time (the number of combi- 
ee is denoted by C (k—wy, ws)), and so on, until we come 
to the combinations pz My-yyttr +++) Pk—p, Of natural numbers 
of the remaining py +, natural numbers from 14, ...,k\ 
ΤῺ Par sees Purr Pyytin oes Dae Wy Hy —4 taken Uy at a time (the 
number of combinations is denoted by C (Weert μκν μκ- )})ὺὸ- 

Thus we have completed the transformations 


i a 
y 1 κ 
a dessa ἄνοια θη Yi Y in cra 


1 
es Σ , E(k, μὴ 6 (Κ---μιν μ4) +++ C (Uy Be Bet) 
Jue ang Ih 


x See ae ες ΔῸΣ Ὁ PR—w, gurls ΝΣ Pustis 
ΣΎΝ worry Puy 
x Sy woes gyi ; aie 
Ip Py, Pu, +1: Tae casas 
: i 
ΟΧ α πὶ : ax » Yj --. Yi, (3.8) 
ΟΝ ρας, 41°''7Pp 1 Rk 


pee a 
Here Sit μὰ stands for summation over all combinations 


yo τὸν 


Pace ey of natural numbers from 1, ..., & taken p, at a time; 
Se TaN? Puts ἯΙ denotes summation over all combinations 
Putt? ++) Pup, Of natural numbers of the remaining %—w, 
natural numbers from 1, ...,k\p,, .-., pu, taken μα at a time, 


and so on. 
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The symmetrized form of (3.6) is now obtained by using (3.7) 
and (3.8) 


k-1 
wal ν ᾿ % Py Py_y 
Dadi Yat Σ Gewety S νὰ 
“= 
n nr 


i=l jp IR= 
τ >; (Aj, + <P Ni, — Av) ay ΗΝ - Vi, 
oe n 
ν 
Ξε Σ᾽ αὐ dye ths aks Yi, + Dd) > αἱ ον a 
u=2 iy, ᾿ i=l 
n 
1 
x Re a a rE a I er ee διαισαΒΝ ΝΣ 
> ᾿ ΣΙ. 6 (κ, py) 6 (kK—py, Me) «+. 6 (Myr μκν και), 
M+. + +h, =k Jyrcees jp=l 
Vee Ἐς ΗΝ Hest OR hy φΡμ ΕΛ στὴ Pastis 
ioe BNPp +++) Phopy— wy ee NO ac ath Pyr sees Puy 
νἀ" κὸν ie iy i2 
x ᾿ς 0, αἢ τα: 
Ty ’Puy Putt ‘Puy tie 
i 
.Χα Ἢ a,;* nF 3.9 
TP yg th Spy Paap ταὶ ip, Via Yi, (3.9) 
(v=1,..., 7). 


3.4. Computational alternative in general case. We introduce 
the symbol 


ἢ 1 1 Ay = hj vrs bag, 
Aj,...54,= (4.1) 


ee eee 
(v, Jus eat jn=1, ory n). 


The following alternative is valid: 

(1) Suppose that v, ἢν. ..., j, (and the real parameters of the 
initial oscillatory system on which A,, i τυ Nin depend) are 
such that the expression in parentheses in the last sum in each left- 


hand side of identities (3.9) is distinct from zero, that is, A} ...j, = 


= 0. A comparison of the terms containing y;,... yj, in the left- 
and right-hand sides of identities (3.9) shows that the corresponding 
term in the first sum in the left-hand side definitely vanishes. Indeed, 
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by using representation (1.3) we write the term containing Yi, + + Vin 
as 


ΠΝ 


For this term, (A, Q) = λη, 1 +... +4;,-1 + 4,-(—1) 40, so 
that according to (1.3) only those terms remain in the first sum in 
the left-hand side of (3.9) for which (A, Q) = 0. 

Equating coefficients of Yi,- ++ Ys, in (3.9), we obtain the expres- 
sion for the coefficients of the normalizing transformation (3.2) 


᾿ at ee οἷς 
Oj... ip =F, (4.2) 
1 k oy A ae ΣΝ, τῖν 1 k 
(Aj, + ++ Aj, — Ay 0; Vy Tyee es Jn=i,.-., n), 
where 
R-1 n 
ν . —@v Nl ν ; 
Β᾽ πα ἘΣ as, 
γιξε Pr es | 
x > : 
C (k, py) Ο (A— py, Me) «+ C (μκ- τὸ μβκν μκ-α) 
er εξ 
Diy os ald pee! padagP 
x si? By, shea! Ph-wy Be oe Ἶ Wy tH, 
SA seo Py sss) Phopy wy ap sees ΧΡ στη Pay 
εχ Ὁ ἡ ἢ 4 
x Si ΟΣ j a2 j os ed j 
ἜΤ ἜΣ ΕΣ ΠΡ Prony 
a x p «os PD 
xK aK Se x-1 
Prop αὐ (kK, κα-) 1, β 


y : 
x Σ αι eee jp, Pinineat: ὡ it) (23) 
(v, ji ἜΣ Tr = 1, Sere πὴ). 


(2) Suppose that v, ἢν .-.-, jx (and the real parameters of the 
initial oscillatory system on which λυ, Aj wey Ay, depend) are 
such that the expression in parentheses in the last sum in the left- 
hand side of the identities is zero, that is, Aj, i 4. This means, 


first, that aj, ἐν jp CAN be chosen arbitrarily, for example, set to zero, 


or can be determined by continuity from the values of the real 
parameters. Second, a comparison of the terms containing Yi, ++ Yip 
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in the left- and right-hand sides of identities (3.8) yields the expres- 
sion for the symmetrized coefficients of the normal form 


Diy ei AG. ABFA iy (v, hi “9442 Ϊκ-ΞΞΊ, ἜΣ n). (4.4) 


Summary. In both formulas, Aj. . i, Plays the part of a ‘guard”. 
Indeed, (4.4) yields that Aj... ;, =0 results in φῇ), «.. 4, =O (case (4)). 
And if Aj. edpel (Ai bee Ἐλὴ paw =0), then the quotient in 
(4.2) becomes meaningless (indefinite); we wish to remind the 
reader that in this case ay. may ‘be assigned an arbitrary 


Jp 
value. 
Let us clarify the notation used in (4.3) once again. The 
quantities GF... ip (and, ai ...i,), Oj. jg and 5, _.i% are the 


symmetrized coefficients of the initial diagenel system (3.1), the 
normalizing transformation © 2), and the normal form (3.3), and 
in addition αὐ =5,, and og} =A,6j, (6;, is the Kronecker delta). 
Formulas (4.2) and (4.4) are recurrent, and the quantities α and © 
in them are coefficients of powers up to k—1 inclusive. The 
numbers py,..., Up; are natural numbers; C (m, ty the number 


of combinations of m elements taken / at a time; δ Pt eis stands 


for summation over all combinations Pry ees ΠΝ of natural num- 
7 Pustu 

bers from 1, ..., & taken p, at a time; ὯΝ oon a εἶμι denotes 

summation over all combinations Puytty +++) Dayton, of the remain- 

ing k—p, natural numbers from 1, KN Puy «νον Pu, taken pe 


at a time, and so on. Finally, Tes ἵκει Sade dencts the ‘subscripts 
that remain in the set j;,..., j, after removing the subset 
Ipyy +++ Jp, 

3.9. Remark on the transition from symmetrized coefficients to 
ordinary ones. Let the subscripts j,,..., j, (which, in general, take 
on values from 1,..., ἡ independently of each _ other) be distributed 
in such a manner that the first χ of them (1 < y -ί 1) are distinct, 
and let j, be so distributed that 7, is found m, times, ..., jx is 


found mj, times (m; j, +++ + mj, =k). The number N of distinct 
permutations of these aiieericts is 


n=—# __, (5.4) 


This means that the sum 


n 


ν : - 
‘i x, ΣΟ) 
pecesdhem 
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includes N similar terms containing z;,... x;,. Therefore N is the 
multiplier in the transition from symmetrized to ordinary coeffi- 
cients, that is, when all the single terms in the sum are distinct 

3.6. Formulas for coefficients of fourth-power variables. For k = 4, 
formula (4.3) yields 


n 
4 : : : 
ν Ξε αν — Viat..— ν gi.. ν αἱ. 
ΠΑ = “Riven 2 Σ (Say αἱ isis SAY ih isis + SOY, γαῖ μα 
i=t 
n 
— Sav, vite 3) Sarai αὐ. (ν, ἦν jo is let, «νιν 7) 
Hijet "i374 6 jh 71}. Jada 9 41» 125. 189. 714 ἀπ δ ἃ 
ΟῚ 


Here S denotes the sum over all combinations (from numbers 1, 2, 
3, 4) of subscripts of 7 in the first cofactor. For the first two sums 
this means a circular permutation of the subscripts j,, jo, js, Ja 
and for the remaining sums the subscripts j,j, in the first cofactors 
are replaced successively by jijg, 71ἦ.» 7.75» joss, Jaix- For the symme- 
trized coefficients of the normalizing transformation (1.2) we obtain 
from (4.1) 


err ee 
“Abie ΕΝ, ΕΝ PA BY jeiaia (ν, 71. Jo 13. =, 
τόνῳ Ty 
where AY join, 816. defined by (4.1). If Aj, τ Ay, + Aj, + Ay, — 
— id, = 0, the corresponding OY joigi, MAY be arbitrary. Finally, 


(4.4) yields the symmetrized coefficients of the normal form (3.38) 


Viiae= Odden das (ν, Fis 1.» Jar T=, «ιν Π). 

3.7. Case of composite elementary divisors of the matrix of the 
linear part. Let the linear part of an arbitrary autonomous ana- 
lytic system of ordinary differential equations be transformed to the 
Jordan form 


‘ οο 
a= Ayty + by 2y44 + > >; ay £ yest τον Uy (7.4) 


ἈΞΞ2 


(νΞΞΊ, ..., πὶ δ, Ξε). 


The vector A = (λῃ, ...-, An) is assumed to have at least one non- 
vanishing component; δι, ..., 5,1 equal either zero (no composite 
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elementary divisors) or unity (composite elementary divisors exist). 
All coefficients of power series (as well as Ay, ..., An) are assumed 
complex, and the series themselves are assumed convergent in some 
neighbourhood of the origin. The coefficients of terms that include 
variables to a power greater than one are assumed symmetrized 
(see Subsection 3.3). We represent the normalizing transformation 
in the symmetrized form (3.2). It transforms system (7.1) to the 
Brjuno normal form ({238j], ὃ 0, II and Ch. I, § 4, I*) 


d 
a = AyYy+ δνννε + yw > βνουΐ' -.. ie (7.2) 
(A, Q)=0 


(v=1,...,n; 6,=0) 


or, in symmetrized form (the notation is given in Subsection 3.3), 


; οο 
= = Ayyy + bY yi + Σ > Pie 5, Vas ta a 


4 


(νεΞΊ,..., πὶ δ, Ξ- 0). 


Similarly to the initial steps traced in Subsection 3.4, substitution 
of (3.2) into (7.1) yields, by virtue of (7.3), 


ΕΣ δ PCr by biee et Vie id ἐξβν ταῦθ) 


K=2 7... «.ἰν μὴ ΜῈ 


= hy ΝΣ oe | Oe Adis eee Yi, + ὃν 


ee Teiises 
tes 1 
Nhs Gs ᾿ 
. Σ ,. νι YG, + + YG, 
*=2 jy, seer Jy 
οο nw eo j 
Nv ae y! μ 
Lg Δ, ὅλος Ι Bt ; > ἀμ μι Yon s+ Yiu ) 
H=2 Fry eer dy μεεὶ κι ἀπ a Hy My 
μ 


* In Brjuno’s notation, unities in a Jordan elementary matrix are below the 
principal diagonal, while in our notation they are above it. 
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We select in these identities the terms with variables to the kth 
power; in view of (7.3), we obtain, as in (4.1), 


k-1t κ 
ς Σ : Dis. A Vis Vig t ΣΙ j > ς > a EE 
᾿ k ct 


Rescued oy ἡ  ἈΞΞΊ μ-1 
J 7 
Χ Yj 2 Yj > ge | Yu-- + Yuu 
M41 x Me κεῖ 71 ὅλ καὶ 


μ μ 
Ps ττυν “κι ΕἸ 


Ἔ ; >| j (Aj, + spore + Nj, — Ay) OF, γι Vis reat Yip 
reo 28 


+ DD, Wi, ΡΣ Yin Yay Yigg 0 Ἀλ,δη,3) 


με1 west 


= 6, : ΣΝ Oj. IVa of se Yi, 


R-1 
+ De, OF,i_din Vig ΕΣ, 2 7 αἷ,.. 
os Σ Σ at foes Oia Mag 


H 71...) Teed Ἢ 
Tyee Iu, μι My 


KU YA ee Yee Vx (7.4) 
714 7μι 74 Jay, 
(v=1, vey Ny ὃ, = 9), 
where py, ..-, Hr-y are natural numbers. Symmetrization of non- 
symmetric coefficients prior to comparing the coefficients of Yio 
.- - Yj, is carried out in a manner similar to that of Subsection 3.4. 
As a result, identities (7.4) take on a symmetrized form similar to 


(3.9) 


n 


δι [φ7.. τ As, + e+ Aa ττ λ) OF ig] Yay + Ying 
=1 


n κ 
ν NI 
Oe AOR Yee ἐς ΤΣ ee τς ΠΣ 
1% as τ πο 
οο n 
ν 1 Ψ) x ἘΣ 
πὸ Σ ORs UR δ Βὴ πη νύν θη, (Π.5) 
Day ceey pel Jyy sees Ip 


(v=1,...,7; 6, =0), 


where eee are given by (4.3). We have already emphasized that 


all coefficients of interest are symmetrized. From the set of equal 
coefficients corresponding to distinct permutations of subscripts 
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we wish to determine the one in which the subscripts are ar- 
ranged in nondecreasing order. We assume, therefore, that j,;<jo< 


<...<j, and that all aN it (1. ....«11) for which jj< 
Shi ee esdh<Jy and jt... +ja<cjit...+ J, are determined 
(v=1,...,n). Equating the coefficients of y;,...yj, in identities 
(7.5), we arrive at a system of n algebraic equations for determin- 
ing a@j,..j, and φῆ, (V=4,...,7) 


φῇ. Ἔ (hig Eee EMG g Da) αὐ 


1 
+ [8),05,- ΠΡ a ea «τ δ᾽γαῇ,.. κα} τ διαῇ,. wip = Β7ι. ιν 


ἀρ τ ἀκ τοι τ ἀρ  ἀτοΠᾺ ἀκ τς OS Ἂἕἔἐρνς ἂο δ ὠτεω χνς τ ὡ ὦ ἃ 


-1 


Opty t hin oe AG, na) αὐτο 
HAS; Fin ccig hove Ἔ OOF t dp gigi το δη-ιαῖ, ον, = BIL ays 
φῆ....»,. thir oe Ei τ In) iy 
+ [85,0519 £5, Cig gig tl = Bid, (7-6) 
The quantities 
Cd ah ted, (Weds vets...) 


ι-τὖἦμ 


vanish if one of the subscripts ἦμ — 1 does. 
System (7.6) is solved stepwise, beginning with the last equation*. 
The following computational alternative holds at each step: 
(4) Suppose that λυ ..+, Aj, and n are such that the expression 


in parentheses in the last equation of (7.6) is nonvanishing. Note 
that this assumption means P3, + dp = 0. Indeed, owing to repre- 
sentation (7.3), the corresponding term in identities (7.5) is 
n -1 
YnPi, ... 5,Yi, + Yi,Yn 


For this term, (A, Q) = Aj ct +... bay 1 -Ὲ An (—1) 40, but 
(7.2) stipulates that the normal form (7.3) includes only terms with 
(A, Q) = 0. The last equation of (7.6) thus gives 


n ἔτι Ὁ 1 n Ε αὖ : 
aj boged Ὁ τ s sa  ὰν ore ior 


+6507 |. ip gig tl (0F,...4,= 0). (7.7) 


* This corresponds to beginning with the first equation in Brjuno’s notation 
(see footnote to p. 124). 
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(2) Suppose that Aj ++ +s Aj, and A, are such that the expression 


in parentheses in the last equation of (7.6) is zero. This means, first, 
that OF... j, Can be chosen arbitrarily, for example, set to zero, or 


can be determined by continuity from the values of the real param- 
eters. Second, the last equation of (3.6) now yields a formula for 


oo: 
φῇ, 0 jg = BG, νυν — (85,013, yh FOGG... iy gig 11: (7-8) 
In sate the last-but-one equation of (7.6), we have the same 
alternative 
n-1 
A), a Rae =a po an {Bi tig t On 1%}, Sh 
(6), 45, ον. ἢ ἘΠι..: δι) τς ἡ} (OR. 5, = 0) (7-9) 
if Aj +... +4j,—AnaAO and 


n-1 n-1 n 
Qi, jp = Bi. 4 δηιαλιι a 
n-1 


— [6;,05 43, .. ae «τ δηαῦ ὦ κατα (αὐτου, i8 arbitrary) 
(7.10) 

if Ait τ +45, —Ana=0. 
Solutions of the subsequent equations of (7.6) from the (n — 2)nd 


to the first are derived from (7.9) and (7.10) by successive substitu- 
tion of n —1,n—2,..., 2 forn. 


CHAPTER VI 


NORMAL FORMS OF ARBITRARY-ORDER SYSTEMS IN THE CASE 
OF ASYMPTOTIC STABILITY IN LINEAR APPROXIMATION 


We begin by specifying a class of problems for which the Poincaré 
theorem (V, 1.3) yields the simplest expression of the normal form, 
and a statement of the Cauchy problem in general form can be realized 
efficiently at each step of the approximation. This covers damped 
oscillatory systems (asymptotically stable in linear approxima- 
tion) with analytic nonlinearities of a general type. The results are 
illustrated in Section 2 for mechanical systems with one and two 
degrees of freedom. 


§ 1. Damped Oscillatory Systems 


1.1. Reduction to diagonal form. We consider a mechanical sys- 
tem with & degrees of freedom that is described by the differential 
equations* 


u, + 2¢,u, + wu, 


= 7κ (Urs «+ +) Un) + Px (Uy, + + ++ UR) (1.4) 

(x =1,..., &). 
Here ἢ, ..., ἦκ and @,, ..., @, are real analytic functions of the 
corresponding variables in some neighbourhood of zero, and their 


expansions begin with terms of power two for ἢ... . .. f, and not less 
than two for @, ..., Qz 


WO, >&, ΣΟ (w=it,..., Ὁ. 


The case when for some x’ we have t,» > w,- >>0 can be analyzed 
separately. 

We reduce the linear part of system (1.1) to diagonal form by intro- 
ducing new variables 


eae ΤΩ (Ajuyjj—uy) G=F4,..., FA), (1.2) 


* Instead of f, + @, in (1.1), we could write F,, (u;,..-, Up, ur, Peay Up) 
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where i= V —1, 
Aj= —eyj tir sign j (j=F1,---, FA), 
T= +V 02 —& (x=1,..., ἡ. 


Obviously, A.,, = A, and z_, = x, (negative subscripts are intro- 
duced to facilitate further manipulations), and 


—— = (2. + Zy) 7 Re Ly, 
= Φ (λ. κα. τ λαμ) = Re (Axx) (1.3) 
(x= 1, τ. 22 k). 


With these variables, system (1.1) becomes diagonal 
: i :  Γ 1 1 Ὶ 
v= jj Sa sign 7 [ faa (= (5.4 -+2,), His Soe (t-4+22)) 
j . 


+ Pi (+ (ara tay), ἐστον F hat + λμ}}}} (1.4) 
(7ΞΞΞΕ!, ..., Fh). 


1.2. Calculation of coefficients of normalizing transformation. 
Since all Ax,, .. ., Ace lie in the left half-plane, condition (2), Chap- 
ter V, Subsection 1.3 is satisfied and we have only to consider con- 
dition (1) of the Poincaré theorem 


ἽΕΙ ἼΡηλη Gatien kD pe?) (2.1) 


for any nonnegative integer p,. This condition is obviously satisfied 
fore; =... =e, = ὃ a we consider (2.1) satisfied in the case 
of distinct positive e,,..., 

Then, by the Poincaré ieee (V, 1.3), there exists a unique 
reversible normalizing transformation analytic in some neighbour- 
hood of zero 


h R 
ty=yjt S oh yayt NS Baum nym ++ (2.2) 
h,l=—k hil, m=—-k 


G = +1, ..., A) 


that transforms system (1.4) to 


Vp ogy GS el .-«.» ΞΕ). (?.3) 


9—0559 
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We limit ourselves to computing the quadratic terms of the nor- 
malizing transformation, substituting (2.2) into (4.4) 
κ 


k ᾿ 3 ᾿ 
uit Deh Yay tan) oe = Ayyy bay! onan 


-- 288 hy (Σ σα Ἔν, 1 Φ τα tyn)) 


ΤΙ 


' : 
Ἔφη (Fayre Mads τ) τῷ cny-nt λλ}}}}}} 
(-- Ε΄, co Sh. 
By (2.3), this yields the identities 
h 
Ν᾽ (An+AI—A;) αῤινενιτ - 
h,l=—k 


k 
_ __ ft isigni τι [1 OP fis) 
ποτ ae Se er Ζ (τς ὅπ}. (Y-n + Yn) (y-1-+ νὴ 


+3(— 4 ΜΝ “)o (henY-n + Mays) (A—vy-1 + Aun) |+. 
Un 


(aah: aeerip: +h), 
where the zero subscript indicates that all arguments are evaluated 


at zero, and the terms of power higher than two are ignored. For 
coefficients of the quadratic terms of expansion (2.2) we obtain 


ez, ἘΠῚ ἔπη cor an ἀπ = B a 


(i; h, i= +1, eet ly hk). 


Obviously, aj, =a), and a5/,=a), (j, ἢ, l= 1, ..., =k), so 
that we need to write eepbeauly. only one of the four quantities 
αλι; αἦι, ατρΐ,, and az, (or one pair of the quantities aj, and 
ατ ιν). The denominators A4,+4:—A; are distinct from zero by 
virtue of (2.1). We shall also need the inverse transformation of 
(2.2); obviously, 
k 
yy a> ΟΣ 4 omen + s+ (J=F1, ..., Ξ (2.5) 


=— 
(ν. τε ψκ, ἈΞεΊ, ..., k). 


1.3. General solution of the initial system (general solution of 
the Cauchy problem). Let us find an approximation of the general 
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solution of system (1.1) that corresponds to the approximation itt 
troduced in expansion (2.2). We introduce real variables 


᾿ ἢ 
ὕπατος Yu τ Yn) =Re yn (ἐπε 1, ....,. Ὁ. (5.1) 
By virtue of (2.3), we have 
1 
= τ (MenY on + κυ) = Re (AnYx) (*=1,..., &), (8.2) 


Vy + 26D + O20y = = (x=1, ..., k (8.3) 


The inverse transformation is 


y= SET mt) GFL 6.0, FH. (8-4) 


The general solution of (3.3) can be written as 


Vy = a ext [(r, cosr,t+ e, sin r,t) υὰ - sin σέ υϑ], 


. 1. : : . 
y= ze ext {- - w2 sin ryt-vo + (r, 605 ryt — 8. Sin r,t) VE] 


(3.5) 
(x=1, ..., ἥδ 


where vy =v, (0) and v),=v,(0). We express vi, andj υῦ in terms 


of the initial variables u}, and u, by resorting to formulas (3.4), 
(3.2), (2.5), and (4.2) 
h 


=Re (:.-- > αἰιαλαῖ ) 


h, l=-k 


(Al) 
=us+ S at Re [on (AL fut = Ut) (A_ hah, 
h, l=-k "PAI" 
᾿ k 
υϑ = Re [ a. («"-- ἐδ ahaha?) | 


h, l=-k 


κ 
. hl Φ e 
=W+ > rh Re (ayaa (haat — Un) (λοι τ a) 
(3.6) 


h, l=-h 


re a 


9. 
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Now we use formulas (1.3), (2.2), and (3.4) 
Un = Re (yx-+ >) αν!) 


h 
Al 

=Vy— Σ “ει Fer Βοιαῖι (. μηκ τον (A wav (3.7) 
h, l=—k TALI 


(WH, τς hs 


Formulas (3.7), (3.5), (3.6), and (2.4) give a solution of the Cauchy 
problem in general form for the initial system (1.1) with condition 
(2.1) in the case when expansions (2.2) and (2.5) are restricted to 
linear and quadratic terms. 


§ 2. Examples 


2.1. A system with one degree of freedom. For k = 1, system (1.1) 
reduces to the single equation* 


u + Qeu + wu =f(u)+@(u) (ὦ >e >0) (1.1) 


under the assumptions of Subsection 1.4 concerning the functions ἢ 
and φ. Formulas (1, 2.4) yield 


at = ΕΞ τ tf" (0) + (Qe? — w2 + Qier) @” (0)], 


σι 8r (9m? — 8e?) 


a, -- αἱ, =O If" (0) + 29" (0)], 


8rw? 


ee —r+ig if” (0) ake (262 — w2— 2ier) φ' (9)] 


11 ϑγωὼ 
G=V —1,r=+Y) ὡϑ-- εξ). 


The solution of the Cauchy problem for equation (1.1) is obtained 
in general form by means of formulas (1, 3.7) 


wav gore ( {gor cae 187" (0) + (Ae? 30%) 9" (0)] 


~ 8 (w?— 82) 


— δ Uf" (0) — 029" (0)1} {(2e*— 02) v? + evo + v4] 


+20 {-gortggr Uf" (0) + (50% -- 46 φ' (0)] 
sa a [Π (0) + @?9" oy} v (ev-+v) 
ae — [f” (0) + w2@” (0)] (o2v? + ev + v2) ) Ἢ 


* Instead of f and φ, we could introduce F (u, u) and treat the case & > wo > 
> Q separately. 
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Here (see formulas (1, 3.5)) 
v= 4 e~*t((r cosrt+ esin rt) v (0) + sin rt-v (0)], 


ὑ-- 2 6: 8: --- w? sin rt-v (0) - (7 cosri—e sin rt)v (0)] 


and, finally, v (0) and v (0) are given in terms of the primary initial 
values by formulas derived from (1, 3.6) 


υ (0) =u (0) +95 ({gortger [877 (0) — (802 4e2) φ' (0) 
— If" (0) — 02g" (0)]} [(2e2— 2) ὦ (0)? + ew (0) u (0) +4 (ΟῚ 
Ἔ3ε {-πτίξεν. [77 (0) + (502 4e2) φ' (0)} 
-ο τ 7 (0) 0%" (0}}} w (0) [eu (0) + ὦ (0}} 
---ὦ [Χ' (0) + οὐφ’ ()] [δι (0)5.-Ὁ 2eu (0) ἃ (0)-Ἐ  0)}}}, 
Ὁ (0) -- (0) -Ὁ τοῖς (garage {{377 (0) + (4e?— 30%) φ' (0)} 
X [e (8ω2-- 4e2) ὦ (0)2 + 2 (w2— 262) u (0) εἶ (0) -- εὖ (0)?] 
—e[f" (0) + (5@2— 4e2) φ' (0)] [(4e2— 2) u (0)? 
+ 4eu (0) ἃ (0) + u (0)2}+ -5 {77 (0) + ©” (0)} 
x [@2u (0)? + 2eu (0) u (0) -Ε ὦ (0)?] 
+2 {γ΄ (0) (eu (0) -Ε ἃ (0)] u (0) --- φ' (0) [wu (0) + eu (0)] w(0)}) . 


2.2. Oscillations of a spring-suspended mass with linear damping. 
Equations (IV, 1, 5.1), with variables changed to 
NEU, ἕξει, 


can be expressed in the form 


Uy + Deus + τα = (1 yea) (1+ pp)? gy —4, 


” , = 1 
Us + Qews + ay Ma Ue (Lb y bay)? — za ue, (2.1) 


where 


: as 
rete estas (<V Th) 
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are positive dimensionless parameters, and the primes indicate the 
derivatives with respect to t. The cases Vy/(1 + y) <e<1 and 
ε >>1 need special analysis. ᾿ 

We calculate the quantities αι by means of (1, 2.4) and list 
only the nonzero ones (taking into account the remark following 
formula (1, 2.4)) 


fo i 1 
Mee SOF aah 
a re ee eae 
5 85. (-[Υ]}32 2ZAe—Ay ’ 
gg ste ae τ τὸν Οὐ 
oy Bry (4+ 7)? λ.- λ..---τλὲ ᾿ 
a? an eee ἧι -τας a -π;, 
τι τ ὅν, (1 -ΕἘΥ Aa~tAag—Ag ᾽ 
a? — πα πον Soe ads 
Ἐν ὅτ, (1 -ΕἡἜὌὔ  λ: "λ..--τᾶς ? 


ΞΕ i { 
το τ Bry? tha 


2 saxty i 1 
Br Fy hy” 
where 
Aj=—e+ir;signj (j= ΞΕΐ, +2), 
i=V —1, n=+Vi—-e, ως ἘΜ τ το. 


Formulas (1, 3.7) yield the solution of the Cauchy problem for 
(2.1) in general form 


1 1 
μὴ τεῦ — aay ( — HEE (a+ 2re) 
X [(ev_ + v5)? — r2v3] + 2ergve (ev2+03)}+ 27. [(ev, +;)? + riv5] 
4 " F 
Ἐπ σίΞ σε. (2er are (ev. +04) — (τ τῳ) [(evn + Ὁ) — ravi} ), 


1 1 
U2 = Va apy (ee ae {(ry + 27) 


X [(evy + V}) (δὺς + V}) — ryrgvye] + 8 [Ty (δύ + Vy) + Τοὺς (EV, + V})]} 
+ 2r, (ev, + v}) (2ev, + v}) — (ee {(ry— 27) 
X ΊΙΡιγούχυς - (δῦ, - συ) (δὺς + 05)] + 8 [τὺ (δὺς +V5) 
— TV, (eV, + ν0}}} ) ; 
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Here v,, Vs, v,, and νς are found from (4, 3. 5); with τ substituted for 
t and for δι = ὃς = δι At the same time, υϑ, υἢ, v{°, and v;° are given 
by (4, 3.6), which now have the form 


υἱττις grape ( τ- στεῦτ Ἐπερτ (σι Ἔ 2re) [δῷ -ε μι) rau 
 2εγρει (ews + τι0)} + 2ry [(eug + 2.)5-Ὁ ria] 
1 ͵ δ 
+ EG σε) (ϑεγοιις (δε + 2) — (ry — Ore) [(eus + ui)? — riul]}), 


2 
2— rus" 


, , 1 1 v 
YY =U + a ( PT parr (6 ("1+ 72) [ews + uy’) 
ποτα [ry (71+ 279) — 82] uy (Eup -+ u;”)} — Qery [(eug + uy’)? + rue] 
1 vi 
+ aE aye fe (72) [ems + uy)? — rut? 
—ry [γι (2rg—ry) + £7] ws (eud + u;%}} , 
1 
vault gore (ape 
X (σι + 272) [(eut + αι.) (eug-+ αι) — ryreuyus] 
$e fru’ (cud + u2) + rau? (eu? + u2)]) 
‘ , 4 
2 τι (δὼ; + uy) (Ζε; ++ Uy) το το, ape {{Π1-- 272) [rarateie 


+ (eu + 05) (δ + u;°)] + ὁ [γχμῦ (θυ + us) — ru’ (eu? + u;°)]}) , 
, , 1 1 
aul aaa (ar 
Χ {8 (71+ 372) [(eu] + U,°) (δι + Uy”) —Tyreuyus] 
— [rp (ry + 274) — 82] [ryuy (eu, + Uy?) + ray (Eup + u,)]} 
— 2ry (8 [(euy + wy?) (δι; + τι.) + rpuqus] 
“+ ePuy (eu) + uy”) + guy (euy + Uy°)}— =F 
Χ {8 (Brg — τ) [(eu$ + u{°) (eu) + ug) + ryrujus] 
+ [12 σι — 272) + 87] [ras (euy + uy’) —ryuy (δες + u')]}) . 


CHAPTER VII 
NORMAL FORMS OF THIRD-ORDER SYSTEMS 


The location of the eigenvalues of the matrix representing the 
linear part of a third-order system in the closed left half-plane of 
the complex variable 4 is of considerable interest in the theory of 
oscillations. Typical patterns are illustrated in Fig. 10. A case 
similar to a, was discussed in Chapter VI, Section 4. Case a, and its 


a a ὄ c a 
FIG. 10 


limit cases when two or three eigenvalues coincide (for example, 
vanish) would require special analysis. Cases ὃ and c are discussed 
in Sections 1 and 2; they are of predominant importance. Case d 
is treated in Section 3. Section 4 concludes with an example from 
electromechanics. The results of this chapter can also be applied to 
electromagnetic oscillations of two coupled oscillators when the 
free oscillations of one of them are described by a nonlinear first- 
order equation. 


§ 1. Case of Two Pure Imaginary Eigenvalues 
of the Matrix of the Linear Part 


1.1. Reduction to normal form. We assume that the initial sys- 
tem is reduced to diagonal form and the independent variable is 
replaced by τ = wt, where + wi denote pure imaginary eigenvalues 
of the matrix of the linear part 

d. ; ᾿ 
ΤΣ Ξε Ayty + DY αι), + > Dink jpLy + +0. (4.4) 


(v=0, +1). 
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Twice repeated subscripts equal to 0, +1 always signify summation; 
Ag = —68 <0, A, = i, A_y = —i. In general, the coefficients ajn, 
bynk, . - - are complex and we emphasize that they are symmetrized, 
that is, 

Qhj=a5n, OGnay=id. (v, 7, h, k=O, +1), (1.2) 


where {jhk} denotes any permutation of j, h, and k. 

By the fundamental Brjuno theorem (V, 1.2), there exists a revers- 
ible complex change of variables (normalizing transformation) 
©j=Yyt D) αἰαψιψηι + ΣΙ BimnYiYmYn +d! VimnpYYmYnY p 

+ > StmnpgY mY ny p¥q + see GG =O, 1), (1.3) 
(Gint = Lim, Biimn) = id., ΟΣ 7» ἰ, ἤν, ἢ, Pp, g= 0, ΞΕ 1) 
that reduces system (1.1) to the normal form 
ἃ 
a =Ayyy + Ye > Svoypryprys (v= 0, +1). (1.4) 
(A, Q)=0 


Here A and Q are vectors with the components Ao, Ay, A_; and qo, %, 
q-1, respectively; the latter numbers are either zero or integers, and 
4ν = —1, while the remaining 4; are nonnegative and 


Pty + 4. Si. (1.5) 


Summation in (1.4) is only over resonant terms with exponents satis- 
fying the resonant equation 


(A, Q) = 4υλο + Gay + 4..}.- = — 8G +i (4, — 4.3) = 0. (4.6) 
In this case the solution is obviously 
40 Ξε θ, G4 = 4. (4.7) 


Consequently, 40 + g, + 4-1 = 24, in (1.4), and in the case under 
consideration even-power terms vanish, while for the odd (2r + 1)st- 
power terms we have 4... τ 4) =r(r=1, 2, ...). The normal 
form (1.4) is therefore given by 


co 


d 
ΤΙΣ =i +>) ey 

5 r=1 
ἀν. : oe 

ὑπὸ -- iy ty ΣῚ OVE 


r=1 


οο 


d 
ae = —8Yo+Yo >) eryiyts- (1.8) 


r=1 
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The initial system being real, we have y_.=y, and g;! = gi 
(r = 1, 2,...); the first equation of (1.8) is a complex conjugate of 
the second. 

1.2. Calculation of coefficients of normalizing transformation and 
normal form. It was demonstrated in Subsection 1.4 that for the 
case in question normal forms have no second-power terms. This 
can also be verified from formulas (V, 3, 2.4), since for all values 
of the subscripts (V, 3, 2.1) yields Δῆμ = 0 (in other words, A, τέ 
sh, + Am) and Gm =0 (v,1,m = 0, +1). Consequently, formula 
(V, 3, 2.2) holds for all values of the subscripts 

: “im 1 0, +4 2.1 
OS Seeing, ee Ce), ὧν 

Now we wish to calculate the coefficients of third-power terms. 
Obviously, the subscripts for which 4, = A; + Am + Ap are l,m, p = 
= {v, 1, —41}, where braces denote, as before, any permutation of 
the subscripts. In other words, 


Δίνι--η Ξε 1, Aimp = 0 (2.2) 
(v, 1, m, p==0, +1; 1, m, p{v, 1, —1}). 


Consequently, Byy1-1; can be chosen arbitrarily; we set them to 
zero 


Bivi-ty =O (v=0, +1). (2.3) 


For the remaining values of Bimp, formula (V, 3, 2.3) is valid. 
By (2.2), only the symmetrized coefficients of the normal form 
Xivi-1; are distinct from zero in formulas (V, 3, 2.6). These are 
obviously related to the coefficients g’ of the normal form in repre- 
sentation (1.8) 

1 


B= θχρ..., Bt 81 Sea 
{the multiplier is equal to the number of distinct permutations of 
the subscripts of y). From formulas (V, 3, 2.6) we have 
a= Boat 4 2 (αθ)αΐ...-Ἐ αϑ,αἶ 19 + αὐ 450051), (2.4) 
a= i -Ε2. Dd, (βαΐ αἱ...- asj041). (2.5) 
I=0, 


It follows from the proof of the fundamental Brjuno theorem 
(V, 1.2) that transformation (1.3) is nonunique when equation (1.6) 
has at least one solution Q (nonzero by condition (4.5)). This is 
discussed in more detail in V, 2.1. Before we discuss the convergence 
of (1.3), let us consider a specific “branch” of the transformation. 
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We assume henceforth that if the coefficients of γζνγυυπ’ρ" and eee 
(see (1.3)) and so on vanish in identities (V, 3, 1.6), which are written 
out to the fourth-, fifth-, etc., powers, then Yirmmnp =O and 
Siemen"p'q” — 0, and so on. 

This means that in series (V, 2, 1.2) all hyg =  (ν =O, +1; 
QEM,, (A, Q) = 0); that is, series (V, 2, 1.2) are reduced to 
(V, 2, 1.3) and converge trivially. 

We now take up the conditions of convergence of the normalizing 
transformation (1.3). Equation (1.6) demonstrates that 


(A, QI = +V 982+ (Gs — 9-1)? 
By definition (V, 2, 4.1), we have 

o, = A = inf (δ, 1) (6>0). 
The left-hand side of condition ὦ (V, 2.4) becomes 


τῷ InA 
_ Py on =—InA, (2.6) 
k=1 


and condition is obviously satisfied. Note that the case 6 = 0 
cannot be regarded as a limit case (suffice it to note that (2.6) goes 
to + 00). The case ὃ = 0 is analyzed in the next section. 

If condition A’ (V, 2.4) is satisfied, then 


ghesgi=—gi (r=1, 2,...), (2.7) 


which is equivalent to the condition that the coefficients gt (r = 
= 1,2,...) are pure imaginary. This follows from the form of the 
first and second equations of (4.8). Since in the problem under con- 
sideration there is only one pair of conjugate pure imaginary eigen- 
values of the matrix of the linear part of the initial system, we in 
fact have case (1*) of Chapter V, Subsection 2.4, when condition A 
degenerates to condition A’. Hence, conditions ὦ and A hold if 
(2.7) hold, and by the Brjuno theorem (V, 2.4), the normalizing 
transformation (1.3) with the appropriately calculated coefficients 
is convergent (provided conditions (2.7) are satisfied in some neigh- 
bourhood of zero). 

What if not all of gi, gi, . . . are pure imaginary? In this general 
case the normalizing transformation is, by Brjuno’s hypothesis 1 
[238i], smooth (infinitely differentiable). 

When conditions (2.7) are satisfied, system (1.8) possesses the 
first integral 


yWaH|InPaa aA=ly (0) 12 > 0), (2.8) 
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obtained by multiplying the first and second equations of (1.8) by 
y_, = γι and y,, respectively, and adding them. Substitution of this 
integral into the third equation of (1.8) yields 


= (ὁ --- δ) Yo (ο = > 631}. (2.9) 
1 


The neighbourhood of the origin decomposes into cylinders c, = 
= const, each with an equator (limit cycle). This limit cycle is 
stable for cp < ὃ (see (2.9)), although, strictly speaking, it has not 
been shown that it lies within the domain of convergence of series 
(2.9), which converges by virtue of the Brjuno theorem (V, 2.4). 
The limit cycle becomes unstable for ἐς > 6. 

1.3. Application of power transformation. The number of linearly 
independent solutions of equation (1.6), as follows from (1.7), is 
ἃ = 1. Consequently, by the Brjuno theorem (V, 2.3), system (41.8) 
is integrable in quadratures. The last two equations of (1.8) are inde- 
pendent. The matrix A of the power transformation for these equa- 


tions is 
41 
0 1 | 


([238c], § 2), and the power transformation itself is written as 


. 


21 ΞΞ ψι .α ΞΞ {Κγ.Ἅ1 152. 24= γι 


(ψι = 2,2:1, Ys = 2..). 


Applied to the first two equations of (1.8), it yields 


oo 
d\inzy, ΕΠ 1 πὴ δι τας ΝΣ =2 δ᾽ Re ght 
—_= ΣῊ 


dt 
r=1 
From the above equation we obtain 
Ζι 
> nL rey (3.1) 


1v(0)12 zy >) Re ghzy 


r=1 
Inversion of this integral gives 


2, = 2, (tT). 
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Now in a straightforward manner we derive from the first and third 
equations of (1.8) 


Ys (Ὁ) =; (0) e# exp (| gia, (3) ds |, (3.2) 
0 r=1 
Yo (τ) = Yo (0) ΠΡ: Setar (6) ds|. (3.8) 


0 r=1 


The integration in (3.1)-(3.3) is justified since we chose a smooth 
normalizing transformation (see Subsection 1.2). 

Remark. The same conclusion concerning system (1.8) can be 
obtained by multiplying the second equation of (1.8) by y, and the 
first by y, and adding them. Our purpose was to illustrate Subsection 
2.3 of Chapter V. 

Finally, we shall analyze the case when, as in Subsection 1.2, 
terms of the first, second, and third powers are calculated, that is, 
when only one coefficient, gi, is known among all g;. Then (3.1) 
yields 

meets Pen A) Route 
[νι (0) |? 2. τ 
whence 


Ζ ea ee 
tA" Tyr (IF? = 2 Re git * 


The constant 2 Re gi is equivalent to the Lyapunov constant G 
used for analyzing the critical case of the stability of steady motions 
with a single pair of pure imaginary roots of the linear approximation 
([108a], ὃ 40). Namely, a trivial solution is unstable if Re gi is 
positive. If, however, 


Re gt <0, (3.4) 
a trivial solution is asymptotically stable. 


Within the framework of our approximation (with condition (3.4)) 
we obtain 


τ 
ds 


; 1 
{4.0 d= | τ αττ πο τ - alt —2Re etl Ola) A 
ὃ 0 


Formulas (3.2) and (3.3) now yield 
es ee 
Yo (τ) Ξε Yo (0) e~**[1—2Re gily, [>t] “4, (3.5) 
St 


ya (τ) = y; (0) e* [1 —2Re gt]y, (0) [24] 7 P°FE. (3.6) 
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1.4. Free oscillations of an electric servodrive. A schematic of 
an electric servodrive is shown in Fig. 11. The controlled element 
(shaft) is rotated by a servomotor coupled to a reducing gearbox. 
To be specific, the servomotor is a separately excited dc electric 
motor. The current in the motor armature is controlled by an ampli- 
fier with input voltage V, which is a function of the displacement 


PIG. 11 


angle @ — φ of the rotors of the control selsyn and the driven selsyn 
(both selsyns in the schematic are replaced by potentiometers), 
that is, 


where @ is the output rotor rotation angle, and ὃ is that of the control 
rotor with respect to the output rotor rotation angle. 

If we neglect the signal delay, the play in each pair of engaged 
gear wheels, and friction, the equations of motion of the system can 
be written as 


«3 . 
(J, +2) ee +co=ki*, 


L£+ Rite, 59 τι (99). (4.1) 


Here J, is the reduced moment of inertia of the servodrive armature 
and of the rotating parts of the gearbox with respect to the axis of 
the leading wheel; /, is the moment of inertia of the driven rotor 
with respect to its axis; i is the armature current; L is the self-in- 
ductance of the armature circuit; R is the ohmic resistance of the 
armature circuit; c, (dg/dt) is the counter-emf generated by the 
rotating armature; ki? is the moment of ponderomotive forces reduced 
to the axis of the leading wheel; and c@ is the moment of resistance 
forces with respect to the axis of the driven rotor. 


§ 4] Case of Two Pure Imaginary Eigenvalues 143 


We assume that the linear dependence of the input voltage (across 
the armature circuit) on the displacement angle 


f (ὃ — φ) = ν τ — 9). 


If we wish to analyze the oscillations of the output rotor (and of the 
servodrive) around a preset position, we must assume that 0 = 0. 
We introduce the dimensionless variables 


c R., 
t= τῶν 1----͵ἣλΟ. 


The equations of motion (4.1) can then be rewritten 


al ἢ d , dq’ 
<= —b1—bg—xq', S=q, Sb=-g4+y, (4.2) 
where the following dimensionless positive parameters are used 
kv R ἢν 
vaGe, ὅπ Ὁ γι HE, «a ie) 


If we introduce a vector ἃ = (J, φ, 9’)*, the system becomes 


0 —6 —d —x 
sacl), C= oer 800 -lk 

γ13 0 —1 0 
Obviously, the eigenvalues of the matrix C are —6, i, —i(i = VY —1). 
We reduce the matrix C to the Jordan form; this will give C = 
= 5 diag (—6, i, —i) S~!, where 

1 —6—ix —6b+ix 

S=]]0 διε 6—i |, 
0 —1+i6 —1—i6 


The matrix S defines the transformation of system (4.2), u = Sx, 
X = (Zo, 21, Ζ.4)7 or, in detailed form, 


I = xy) — (δ + ix) x — (δ — ix) z_, = xy — 2 Rel(5 + ix) a], 
p = (6+ i) a, + (6 — i) 2... = 2 Re [(6 + ὃ 44], 


φ' = — (4 — ἰδ), — (1 + ἰδ)... = —2 Re [( -- ἰδ) z,]. (4.4) 
The transformed system becomes 
0 
& = diag (--ὃ, i, ~xse( 0 ) (4.5) 
1 
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Calculations result in the following expression for S-? 


2(1+62) 2(x+6%) 26(x—1) 

S's, 0 §—i —1—i6 
2(1+ δὲ 

Co 0 6+i —1+i6 


In order to recast system (4.5) in the form of (1.1), it only remains 
to use the first formula of (4.4) (aim = 0; v, 1, m = 0, +1) 


d 

ΤΣ = Ayty + Digits + By} + Does ΕΑΝ 

iad ϑδροι τὸ oy + 3D}0- its 7 + ϑδη,.ποαξ ἘΣ 3051-102" 

a 3b} 112421 as bp 420" -1 ἘΣ 661-120 1-1 (v = 0, ze 1). 


Here 
Boon =A (x — 1) δ, 
bo =O = —A (x—1) 6 (6 4- ix), 
bey, -οὖῦ = —A(x—1) ὃ (6+ ix), 
Boa = δι. 1- Oa = A (x— 1) ὃ (6+ ix)2, 
Bina = Oa = —A (4-1) ὃ (8 4%?) (6+ i), 
δι....-- A (%— 1) 5 (62+ #), 


11-1 1-1-1 


Bhp = — A (1+ ἰδ), 
b= az A (1+ ἰδ) (6+ ix)’, 
By, =A Ὁ ἰδ) (8-+ ix), 


B= — SA (A+ 18) (8+ ix)?, 


Bi = — FA (82+ 22) (1+ 8), 


= 


bia =z A (8 +x?) (1+ 18) (6+ ix), 


Baa = τ Δ -| ἐδ) (8— in)’, 


bh, = FA (I+ ἐδ) (ὃ --- in), 
ee 


δὶ. =A (8+ x2) (1 +18) (5— ix), (4.6) 
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where A = y (4 + 6%)7!. Since in this problem aj, = 0, we obtain 
from (2.1) am = Ὁ (v, 1, m= 0, +1), so that formulas (2.4) and 
(2.5) yield 


= 6A (x — 1) ὃ (68+ x2), 
gi -- ὃ A (84 x2) [( -- χ) 84 i («+ δ5)}. 
Condition (3.4) of asymptotic stability becomes (see also (4.3)) 
x>1 (lv <c,R). (4.7) 
Assuming that this condition is satisfied, we denote 
a® =: —2 Re gi = 3A (x—1) ὃ (6+ x2), 
Ves, 1 Im gt {.χκ- δὲ 


5 Regt Dus: (4.8) 


In this notation, formulas (3.5) and (3.6) become 
Yo (τ) = Yo (0) e-& (1 + a? | y, (0) P τ), 
yi (τ) = ψι (0) (( + @ γι (0) P τ) τ" 
x exp ilt + 0? 1n (4 + a? | y, (0) |? 1)]. (4.9) 


Using formulas (V, 3, 2.3), (2.3), and (4.6), we can rewrite the 
normalizing transformation (1.3) 


(x—1)6 1 |: (δ- ix)§ 
sean UESBE apne [SE at] 


+ 6y3 Re (SE νι) —3yp Re [i (5 + ἐκ) 3] 


oe για Re (- τ y,)} +), 


1 γ((-Εἰδ 1 
τυ SS {πεῖ BAT α(δῈ im yi 
i ᾿ ᾽ ὃ δ--ὶ 
Ἐπ τ(ὃ = κυ, — 3p (δ-Ὲ μὴ vin — δ. ev 
ὃ 6— ix)? 
+3 ( amu 3 ( a YoY, 


δ (88+ κ᾿ (+ 18) yayts +6 = yorys} + (4). (4-10) 


In order to express the initial values ψ0 (0) and y, (0) in terms of 
Ly (0) and z, (0), we must invert formulas (4.10); apparently, the 
inversion is simply the reversal of the sign in front of the braces. 
It is now possible, by using formulas (4.4) and (4.9), to derive 
expressions giving the solution of the Cauchy problem in general 


10-0559 
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form up to the accuracy of third-power terms. We shall not do that 
here, however, but shall single out the principal part of the solution. 

The principal part of a solution is defined, within the approxima- 
tion made, as the solution of a normal form up to the accuracy of 
third-power terms that has been transformed by a normalizing trans- 
formation up to the accuracy of second-power terms. Formulas (4.4), 
(4.9), and (4.10) give for the principal part of the rotation angle 9 
of the output rotor 


φ (τ) = 2 Re [(S-+ ὃ x (t)] & 2 Re [(6+ ἢ γι (t)] 


ἘΝ : 1. (0) <i 2 2 2 
w 2 Re { (8+ ἢ Tt expt +8 In (4 + a? | x, (0) | «IS 


= [14-02 τ: τὰ oye 


4 (1+ 8?) 
x {φ (0)cos| τ- 02 In (14 20 oe 4} 
+ (0)sin [r+ 08In (1-02 SOFT OF 2). (4.41) 


Conclusions. (1) The stability boundary of self-excited vibrations 
(see (4.7)) is 
κι (lv =c,R). 
(2) The actual accuracy of the principal part of the solution is 


found by comparing (4.11) with the solution of the Cauchy problem. 
The latter is given by formulas (4.4), (4.9), and (4.10). 
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2.1. Normal form. Let us return to Subsection 1.1 and analyze 
the case 6 = 0, retracing all the steps up to the resonant equation 
(1, 1.6), which now is written as 


4.1 --- αι = 0. (1.4) 


As before, 30 and q, are “arbitrary”, and g_, = q,. Of course (hence 
the quotation marks) Ὁ € I, that is, 


qo —t, G20 σ τξ ν) (ν = 0, a 
Jo + αι + 7.1 = 9 + 2ιΣ 1. 


The following set of exponents is possible for the 2rth-power terms 
of the normal form (gy ++ 24) = 2r — 1; the subscripts on Q mark 
the number of the corresponding equation) 


9. =(—1,7,7r), (1, r—1, r—1),..., (ὅν —1, 0, 0), 
Qui = (, τ --ἴ, PS 1η, cow, (OP -- 1, 0, 0). 
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The values of the vector Q for the (2r + 1)st-power terms of the 
normal form (40 + 24: = 27; r= 1, 2,...) are 
Q=(0,r,7r), (2,r—1,r—1),..., (2r, 0, 0), 


regardless of the number of the equation of the normal form. 
When all solutions of the resonant equation (1.1) are found, we 
represent the normal form (V, 1, 2.4) as 


dy a) 

“ὭΣΘ Σ Groysyry®, (v=0, +1), (1.2) 
8:50 (if v0) 
s>— 1 (if v=0) 
o>0 


or, in detailed form, 


οο rT 
d 
ty =iyO1 sign v-+yy >) >) eee re 
r=1 p=0 
+83 p, pl 9 τΡρ γῆν», (v=0, +1), (4.28) 
where 


t1— 0 (r=1,2,...), (1.3) 


=r 


because calculation of Q, shows that the last two equations (v = -41) 
have no terms containing ᾿ς ἢ 

Note that the normal form is now more complicated than (1, 1.8). 
This is not only a complication of notation. First, the number 1 
of eigenvalues of the linear part of the system on the imaginary axis 
is now equal to the system’s order (1 = 3), so that the Brjuno theorem 
(V, 2.2) gives no simplifications. Second, all the solutions of the 
resonant equation (1.1) can be written as 


Q= w (1, 0, 0)  φι (0, 1, 1) 
(i a Oy 1,2... ὦ» ῳ ΞΟ; 1,2... .ἡἡ. 


where g, and φι do not vanish simultaneously. This means that the 
number d of linearly independent solutions of the resonant equation 
is two. By the Brjuno theorem of Chapter V, Subsection 2.3, there 
exists a birational transformation reducing the normal form to system 
(V, 2, 3.3) (not a normal form), in which the first two equations form 
a second-order system and the third equation is reducible to quadra- 
tures. Actually, this second-order system can be obtained directly 
by multiplying the second and third equations of (1.2) by y= yy 
and y,, respectively, and adding them 


So dz 
st = Yo > GcYo2", τ Ξ 22 δὲ Re Gioyi2" (1.4) 
sS>-1 s,o>0 
os0 s+o>0 


148 ‘Normal Forms of Third-Order Systems [Ch. VII 


(2 = yoy = | y, |). Starting with (1.2a), we obtain, in detailed 
form, 


οο r 

dyo a] 1 δ 2 

“ar Yo [g2cr—p)—1,pY0' + 82. -»),»} Yo” ?'2”, 
r=1 p=0 

d οο r 

Ζ Ls 1 a 

= 22 SD) [Re ghir—p)—1,pya! + Re gh¢r—p).p] yb”. 

r=1 p=0 


(1.4a) 


2.2. Calculation of coefficients of normalizing transformation and 
normal form. Let us follow the alternative of Chapter V, Subsection 
3.2 and single out all of the subscripts v, 1, and m for which A, = 
=), + Am. By virtue of the notation of (V, 3, 2.1), 


Abo = Δίι. 1) = Δίου) = AO-13 =1, AZ, =O (2.1) 
(v, 1, m=0, +1; v, ὦ, πι φεῦ, 0, 0; 0, (1, —1}; 1, {0, 1); 
—1, {0, —1)}). 


We assume zero values for am as defined by case (2) of the alterna- 
tive 
Oho = W113 = αἴοη) = @G_1) = 0. (2.2) 
For the same values of v, J, and m, formulas (V, 3, 2.4) yield 
810 - φῇο -- 20, 211 = 21-1 = 2α!. ,, 
Slo = 2φῥι = 201, 810 = 2φοξ ε = Zag (2.3) 


as the quadratic coefficients of the normal form. For the remaining 
quadratic coefficients of the normalizing transformation we obtain 
from formula (V, 3, 2.2) 


_____ im 
αὐ = Fares ees (2.4) 


(v, ἰ, m=0, ell Vv; l, m#0, 0, 0; 0, {1, oa 1}; 1, {0, 1); 
—1, {0, —1}). 
In order to find the cubic terms, we first of all single out those sub- 
scripts v, 1, m, and p for which A, = A; + Am + Ap and assume that 
Booo = Btor-1} = βίοοι = Best 1) = Bibo-13 = BPii-1-1; =0, (2-9) 


where, as before, {l, m, p} denotes any permutation of the numbers 
Z, m, and p. Formulas (V, 3, 2.6), together with (2.2), yield the 
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following expressions for the corresponding cubic coefficients of 
the normal form 


830 = X000 = δδοο -- tes 2, αὐναῦο, 
δι = θχϑι. ι-- 6001-1 +4 Σ (a9 joj _4 +a} jo? 49 + αϑ 1,081), 
680 == 3x01 = 3bbo1 + 2 Σ᾽ (Ζαξ αὖι + αἱ jaxd0), 
d 
ghi = 3yh1_1 = 881... .-1 2 ΣῚ (Δαϊ αἰ. 1+ αἱ sjocks), 
2 
gab = 3yab—1 = ϑυγὺ. +2 ΣῚ Qag}ad_1 + ατἰι αὐο), 
] 
go1 = Byi 4. 1 ΞΞ 301: 1. 1 + 2 Da (azho 44 + 2am; _1). (2 .6) 
Ζ 
From formula (V, 3, 2.3) we obtain the expressions for the remaining 
cubic terms of the normalizing transformation 
ee ae 
eS At Am + Ap — Ay 
2 : 
x | mp Ἐπ Σ (αὐ αὐ, -Ὁ αν, αὐ -Ὁ αν αἰ,}] (2-7) 


j=0,41 
(v, 1, m, p = 0, ΠΥ ΤΥ 1}; 
140.0, 1); 1, (4, 1, ee 0,0, --ἢ); --ἰ, ἃ, --, 1). 


Taking into account (2.2) and the fact that the initial system is real, 
the normalizing transformation (1, 1.3) becomes, up to the accuracy 
of second-power terms, 


Lo = Yo + 2 Re (af ,ν}) + 4 Re (αδεψον.) + (3), 
y= 24 =Y, αδουνῦ - αἰνῇ - αἱ. γῆι 
+ 2a5—1YoY-1-+ 2a4-1 [σι [:- (9). (2.8) 


The coefficients here are given by formulas (2.4) in terms of the 
coefficients of the diagonal-type system (1, 1.1) (ὃ = 0) 


1 
OF 2S. > 70 0 al) τι ee | 
Cad ae ἰα14, Aoi = —1491, A%0=laoo, 


2 ees iq 1 Ls 1. 1 1 1. 1 1 i qh 
O11= — ld, α-τ-ὰπετε ἰ-1-1, “Coat τὸ ἰ60-1, Cia ee 


The third-power terms of (2.8) can be written by resorting to formulas 
(2.5) and (2.7). 
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2.3. Remark on convergence. Following the Brjuno theorem 
(V, 2.4), we begin with condition wo. Obviously, 


(Δ, 6) 1 ΞΞ [αι -- 4. 1; 
and by definition (V, 2, 4.1) we obtain 
@,=1 (k=1, 2,...). 


Condition ὦ is satisfied (see (V, 2, 4.2)) since its left-hand side is 
zero. 

In the case under discussion, all eigenvalues of the matrix of the 
linear part of the initial system are on the imaginary axis and are 
pairwise commensurable; hence, we have case (1*) of Chapter V, 
Subsection 2.4, when condition A reduces to condition A’ 


pj = jy ja (Yo. Y15 Y-1) (j a 0, ΞΕΊ), (3.1) 


where 1p; denote the right-hand sides of equations (1.2a). Conditions 
(3.1) are satisfied only if the right-hand side of the first equation 
of (1.2a) is identically zero and all coefficients of the right-hand 
sides of the second equation οἱ (1.28) are pure imaginary or equal 
to zero. 

With these conditions satisfied, the normalizing transformation in 
question is convergent in some neighbourhood of zero if all its arbi- 
trarily chosen coefficients are set to zero. 

2.4. Conclusions on stability. Taking into account (2.3),we write 
the terms of (4.2) of up to the second power as 


d = 
ΞΕ = αϑονὲ + 2α: Ys + (3), 


d : ‘ 

a = tyy + 2ah Yous + (9), 

dy —  on,7 

E = — ty + 205 ψονι + (9). (4.1) 


Multiplying the second equation by y, and the third by y, and adding, 
we obtain the truncated system of equations 


d d 
os = ai,y?+ 2a!_,o? τε = 2 Reajiyoo (4.2) 
with real coefficients and a nonnegative variable p = | y, | (in con- 


trast to (1.4a), where z = 9”). Note that system (4.2) is homogeneous 
and therefore integrable. This property is typical of all truncated 
second-order systems because, in the nomenclature ([238c], § 2), 
they have “dimension 1”. 
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In order to reveal the instability of the trivial solution of system 
(4.2), it is sufficient (see [40a], Sec. 13) to find a single trajectory 
outside the fixed domain 


tty. Ye eae 


for any arbitrarily small initial perturbations y} = Yo (το) and 
Po = P (τ᾽). 

We consider some possible situations. 

(1) Suppose that αὖ, 0. We consider those solutions of system 
(4.2) that start at the y, axis, that is, those for which py = 0. The 
second equation of (4.2) yields (do/dt), = 0; consequently, for these 
solutions ρ (τ) = Ὁ. We impose the condition 


sign y? = sign a), 
on the arbitrarily small initial value y}. As follows from the first 
equation of (4.2), for these solutions 
[Yo (Ὁ) [1 [αὐ 1 yet 


which means instability of the trivial solution of system (4.2) for 
a, «0. 
“Ὁ) Suppose that α, = 0, but αὐ, Ξξ 0, Re a}, 0. Dividing the 
first equation of (4.2) by the second, we obtain 

Aly se 

do ~~ Re ad, Yo 2 


which yields the first integral of system (4.2) for a, = 0 


Obviously, the trivial solution of system (4.2) is stable (the origin 
is a central point) if 


Gio = U,.. αὐ Rea; = 0 (4.3) 


00 ’ 
and unstable (the origin is a saddle point) if 


O° τς 0 1 
a, = 0, aj-1 Re aj, > 0. 


(3) Suppose that a}, = a{_4 = 0, Re ah, 0. The first equation 
of (4. 2) yields yy (τ) =y?. Choosing yy on “the basis of the condition 
sign yi = sign Re αἷ,, we obtain, by the second equation of (4.2), 
that for τ such solutions p -Ὁ oo as τ — oo and py > 0; hence, the 
trivial solution of system (4. 2) is unstable. 

(4) Finally, suppose that αὐ, = Re a}, = 0, αἴ... 0. The second 
equation of (4.2) now gives ‘p(t ) = Py. The trajectory for which 
sign y? = sign a{_1, 0) > 0 tends to infinity; this again indicates 
instability. 
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Recapitulating, the trivial solution of system (4.2) (and conse- 
quently, of the truncated system (4.1)) is stable only if conditions 
(4.3) are satisfied. The case a}, = aj_1 = Re αἱ, = 0 requires that 
the analysis be expanded to terms of at least third power. 

Remark. The critical case of one vanishing and two pure imaginary 
roots is discussed for steady motions by Kamenkov ([83], vol. I) 
and Malkin ([111c], ὃ 96). It should be emphasized that system (4.2) 
has only three coefficients; this fact, together with the condition of 
nonnegative p*, determined the specifics of this investigation in 
comparison to the general case ([111c], §§ 94, 96). It cannot be stated, 
however, that a normalizing transformation (and hence, a normal 
form) can be chosen analytic in some neighbourhood of zero. This 
consideration precludes the generalizing of conclusions on the stabili- 
ty of the trivial solution of system (4.2) to that of unperturbed motion 
(of the trivial solution of the initial system (1, 4.1) for ὃ = 0). Note 
that a stationary point is unstable for αὖ, 4 0 not only in the trun- 
cated but also in the complete system (4.2). This corresponds to 
hypothesis 2 [238i], which has not yet been proved. This hypothesis 
must be applied to the solution ρ = 0. If, however, conditions (4.3) 
are satisfied, the truncated system is characterized by a stability of 
a neutral type that can be replaced by instability as a result of 
neglected terms of higher powers. 

2.5. Integration of normal form in quadratic approximation. Return- 
ing to the truncated system (4.2) again, we first consider several 
special cases, always assuming the arithmetic value of the square 
root. 

(1) Suppose that Re a}, = 0, a}, 0, and αἵ... -Ξ0. The second 
equation of (4.2) yields p =), and the first becomes 


dyg 
ae AsV + 2a! ,ρἢ. 


After integration, this equation gives 
(a) if a=a},/(2a}_,) >0, then 


Po a$oPo 
y8+——— tan—“ 1 

ΓΞ i Va Va 
4-- γανὶ tan oo. τ 

θο a 


(b) if a<c0, then 
y __ Po {τ κεῖ = V —ay$—p a 2a8o0o ) 
ἦγ athe Vat’ γα 
(here and below ty = 0, y® = yp (0)). 


* Chetaev’s theorem on instability can only be applied if there is a domain 
containing a segment of the yy axis (see [1110], p. 414), which is impossible for 


p> 0 
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(2) Suppose that Re ai, = a’, = 0 and aj_, ~ 0. The solution of 
system (4.2) is obvious 
P= Por You 26) ρτ- Yo 
(3) Suppose that Re at, = aj_1 = O and a}, #0. The solution of 
system (4.2) is again obvious 
P= (τ 1 -- αὐ “ἢ ' 
τ FO? Yo= ὯΝ y8 


(4) Suppose that a}, = 0, a{_1 τέ 0, and Re aj, κέ 0. Dividing the 
first equation of (4.2) by the second and then integrating, we obtain 
the first integral of system (4.2) 


yi—ys = ~ ee (9? — οὗ). 
Substitution of this integral into the first equation of (4.2) yields 


Ho —2Real,(y2—R) (R=y%— at τὶ p2). 
In a manner similar to (1), we consider the following cases: 
(a) if R <0 (this is possible only if a{_4/Re a}, > 0), then 
yt V —Rtan(2 γί —RRe abt) 
ι-- .- " τ (2 γ —RRe «τ 


" 


You 


soe" (2 VY —R Re a},t) 
ἡγε τξξε tev — =F Re aby) | 


t= — RASA 


0 
ay-1 


(b) if R = 0 (again, this is possible only if a{_,/Re a}, > 0), then 


Yo=(az—2Reait) Γ΄, pe= rh (j;—2Reasr) © a 


(c) if R > 0, then 


(V R—ys) e!*—(Y R+y$) ε ἦτ fea 1 
ae Cea Pane eer Pe (H=2)RReal,), 


pe = —4— . oe R(R—y") (V R—y?) #4 (V R+y?) et] 


(5.1) 
ae p (co) = 0 and yy (co) = —YVR for Βθ αἱ, >0 and 
Yo (co) = VR for Re αἱ, <0. Each solution of system (4.2) traces 


an arc le the ellipse (5. δι in the py» plane along one of the two paths 
shown in Fig. 12 (the choice of path is determined by sign Re a},). 
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Note that whatever the initial values of py and y® (p) + y® > 0), 
case (c) is possible only if (4. 3) is satisfied. 
(5) Suppose that a{_, = 0, αϑ 4 0, and Re aj, #0. In this case 
integration of system (4.2) yields 


4 
Yo= (sp — ah") ᾿ 
a 2 Re αι 
ρ--τροί(Ί -- 444457) abo 


We consider now the general case (when all 
three coefficients in system (4.2) are distinct 
from zero). Dividing the first equation of (4.2) 
by the second, we obtain 


δ « Ys 
ἄρ ΠΥ Pp dey v rn 
FIG. 12 (α --αὐ,. PS 2a ae ee Rea: 


The substitution y, = pu (e) transforms this equation to 


pu = (S— 1) wey ἢ, (5.2) 


(6) Suppose that ai, = 2 Re aj, 40 (a=) and a}_, ~ 0. Inte- 
gration of equation (5.2) yields 


pein = yh +2 + Ins, 


Substitution of y) into the ia ἮΝ οι a (4.2) leads to the 


integral 
0 dp 


1 
+ pasiieas — τες τς τι αν τες, ιν Στττι στῶ τας 
: ings Ve +2 hint 
Inversion of this integral yields P= e me a 

(7) Finally, suppose that ai, ΞΕ 0, at_,.<~ i Re ay, #0, and 
a), ΞΞ 2 Re aj, (a ~y). The first integral of system (4.2) is found 
from (5.2) 
(α-- γὴ v8 +86? Ξ δ 
(α--ΥῷὸἜἘδνϑῦ + βρὲ Po 


whence 


vi=| (ue 
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The second equation of (4.2) leads to the integral 
1 f β Ἢ εὐ pan 
τσ! 3 2)(.5 Ἂν 2 = 
Ἐπ ἡ’ (ὙὐῈ απ τρὴ (Ὁ) ρ dp=t, 
0 
which gives p = 0 (T; (9, Y5)- 

An analysis of cases (1)-(7) shows that only in case (4) are all the 
solutions of system (4.2) bounded for any τ 20 under conditions 
(4.3). This coincides with the conclusions of Subsection 2.4. The 
normalizing transformation (2.8) makes it possible to write out the 
general solution of the initial system (1, 1.1) for 6 = 0, up to second- 
power terms. It is also possible to determine conditional stability 
regions in the space of initial values in cases when the trivial solution 
of system (4.2) is unstable. 

2.6. Example. We consider the equation 


V+Leu=cu® (b>0, c*0), 
or, if dimensionless time τ = δέ is introduced, the equation 
mw , d 
utu'=ye ('=2, 7531}: (6.4) 


which can be written as the system of equations 


0 u 0 10" 
ra | (»-(«). A=|10 04 ) (6.2) 
yu u" 0 —1 0 


The eigenvalues of the matrix A are 0, i, —i. The matrix S (and its 
inverse) that reduces A to diagonal form is 


0 4 

4 4 41 ; ic ; 
5-- 0 i —il]|, St= "αὶ (6.3) 

(ee .-Ὁ ι. 1 

0 za! aon 


The substitution 


TM 
u= Sx, [5] (6.4) 
1. 


reduces system (6.2) to diagonal form 
; 0 
% = diag (0, i, geal 0 ) 
Υ (%+2,+ 2.4)? 
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or, in detailed form, 


d. 
τὸ Ξε (to + %,+2-4)%, 


d. Σ 1 

== ἰχχ τ > (50 - Ζ..- 2..)}, 

dz_ ; 1 

— = --ζ τσ ΎῪ (to +4, + 24)°. (6.5) 


Since there are no quadratic terms in system (6.5). no such terms 
will be present in normal form (1.24), which becomes, within cubic 
terms, 


d 
He = gous + Be YoYs¥-1+ (4), 


d ς 
“FL = i + φἰονῖνι + ghia + (4), 


ἀν. . 5 ᾿ 
T= — ty + Bxysy-1 + Boris + (4). (6.6) 


The coefficients of the normal form (6.6) are found by means of 
formulas (2.6), in which the values of bjmn are given by (6.5) 
- zi 5 3 
B= Vr 8 = 67, Bao = 8or = 856 = 8a = —7V: 


Multiplying the second equation of (6.6) by y_, = ὅι and the third 
by y, and then adding them, we obtain the system 


d d 3 7 
“Fe = Wo Vet θρ), ὅτ τι — zw TP?) oD 


(0? = ψιψ.-. =| 1 )- 


System (6.7) is integrable. Integration, however, is not necessary 
in this particular case, since it is immediately apparent that the 
trivial solution of (6.7) is unstable for any yp + 0. 


§ 3. Case of a Zero Eigenvalue of the Matrix 
of the Linear Part 


3.1. Normal form and normalizing transformation. Let us return 
again to system (1, 1.1), with ¢ for an independent variable and 
Ay = 0, Ay = --τ, - io, and A, = —y — iw (y > 0, ὦ > 0). The 
resonant equation (1, 1.6) now becomes 


(A, Q) = 0-4 — 9 (αι + 9-4) + ἴω (αι — 4-.) = 9, (1.1) 
and its solutions under condition (1, 1.5) are 
αι ΞΞ Ii = 0, Go = 1, 2, 3, en eens (1.2) 
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The normal form (V, 1, 2.4) now takes the form 


dy 


=p. Bis 


s=1 


d 
a =(—y+io) Woy Σ, gsi, 


s=1 


dy_ : = Ἔ 
ὅπας (—y—io) yatya Σ᾽ 51), (1.3) 


s==1 


where y_,.=y, and g;!=gi. 

Following the alternative of Chapter V, Subsection 3.2, w ve single 
out all the values of the subscripts v, J, and m for whicha, = A; + Am 
and set 


Ohh = αἴοτ) = ατό--1) = 0. (1.4) 


The corresponding quadratic coefficients of the normal form are, by 
formulas (V, 3, 2.4), 


81 = Po = 20> i= 2P = 265), 81) = 2Por1 = 2αγ:., (1.6) 


while the remaining quadratic coefficients of the normalizing trans- 
formation are given by formulas (V, 3, 2.2) 


a tm 1.6) 

m= FE Ts a 
(v, 1, m=0, +1; v, 1, m0, 0, 0; 4, {0, 1}; —1, {0, — 1}). 
Repeating this procedure for cubic terms, we set 
Boo = βίοοι) = Bydo-1) =9 (1.7) 
and then by means of formulas (V, 3, 2.6) and (V, 3, 2.3) we find 
8: = Xooo = δέου 2 ἝΩΣ ay jos 
ΕΒ: ὩΣ ΓΝ = 3X00 = a 32501 +2 Σ (2a) αἱ, i Ay α,)» (1.8) 


1 2 
Bimp = pe ey eee ree [ Bmp + 3 > (αὔγαζερ-Ἐ- απιγαξι-Ἐ- ap;etim) | 
. (1.9) 
(Wy ἐ, πι, p= 0, ΞΕΊ; ν, ἰ, πι, poe 0, 0.070; 


4, {0, 0, 1}; —4, {0, 0. —4}). 
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Within the second-power terms, the normalizing transformation 
(1, 1.3) is 

Ly = Yo + 2 Re (ai, yt) + 2a7_, | ys 15 + 4 Re (αὐ νον) + (3), 
4 Fy = Yt 5 oYo 53 OY a ae 


a Qak_,Yoyr + 2a_, νι 123: Ὁ). (4.10) 
The coefficients here are given by formulas (1.6) in terms of the 


coefficients of the initial system (1, 1.1) (Aj = 0, Aut = —y + io) 
αϑ . 1 a — αὐ . αι 
11 2 —y+io ’ 1-1 2y ’ 01 —ytio ’ 
αἱ -- 20 1 ayy at α-κ 1 
00 γπτίω ᾽ 11: π--γ-ίω , -1-1 y+ 3io ’ 
αἱ. 1 αἱ. 
Opi ΤΙ ᾿ i τ πῇ 


Using formulas (41.7) and (1.9), we can extend transformation (1.10) 
to include third-power terms. 

3.2. Integration of normal form. The first equation of (1.3) gives 
the integral 


Yo 
ν ἂν 


ἡ ἢ > 88Y 
The second (and third) equations of (1.3) are also solved in quadra- 
tures after inverting integral (2.1). 
If κ᾽ = aj, ~ 0, the second approximation becomes 
Yo 
- dy 1 1 
\ mae You (π΄- at) (yy τέ 9), 
0 
0 
which immediately demonstrates the instability of the trivial solu- 
tion of system (1.3) and therefore that of the initial system. 
If g? = 0, but g3 ~ 0 (see (1.8)), the third approximation yields 


Yo== Sign y} (yp — 2621) "ἢ, 


If g° <0, then y, (t) +0 for ὁ > oo and, as follows from the 
second equation of (1.3), y, (t) > 0 for t > oo. The trivial solution 
of system (1.3), and therefore, of the initial system, is thus asymp- 
totically stable for g’ <0, and unstable for g? > 0. 

The above analysis corresponds to the critical case of a single 
zero root as investigated by Lyapunov ([108al], §§ 28-32). It is also 
based on the Lyapunov theorem proving stability in the mth approx- 
imation in the first critical case ([108a], ὃ 32). 
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Results on the sensitivity of stability and instability characteris- 
tics can be found in Krasovskii’s monograph ([100], ὃ 19); there the 
reader will also find the theorem on stability in the mth approxima- 
tion (§ 22) and additional results on the critical case of a single zero 
root (§ 26). 

3.3. Remark on convergence. Let us consider the sufficient con- 
ditions for convergence of a normalizing transformation (and normal 
form) stated in the Brjuno theorem (V, 2.4). Equation (1.1) shows 
that 


(A, QI =+V (a+ a4? + ὧδ (1-94). 
By definition (V, 2, 4.1), 
oO, = A=inf(y, ὦ) (kK =1, 2,...). 
The left-hand side of condition w (V, 2.4) becomes 


—> ine =—InA, 


and condition ὦ is obviously satisfied. Condition A’ (V, 2.4) becomes 
tbo =0, (3.1) 


where 1, is the right-hand side of the first equation of (1.3). Since 
in the case under discussion only one eigenvalue (Ag = 0) of the 
matrix of the linear part of the initial system lies on the imaginary 
axis, we see that case (1*) of Chapter V, Subsection 2.4 holds, when 
condition A is reduced to condition A’. Conditions ὦ and A are 
therefore satisfied if (3.1) is satisfied or, in detailed form, if 


ρ--0 = 4, 2.20, (3.2) 


Consequently, the normalizing transformation discussed in this 
subsection is convergent in some neighbourhood of zero, provided 
that all its arbitrary coefficients are set to zero and conditions (3.2) 
are satisfied. 

Under the conditions of this section and of Sections 1 and 2. the 
sufficient conditions for divergence of Chapter V, Subsection 2.4 
fail. 

3.4. Free oscillations in a tracking system with a TV sensor. Let 
us consider a system comprising a gyroscope with two degrees of 
freedom, to whose inner frame an optical TV device is rigidly fixed 
[59]. The image of an object tracked in the optical system is pro- 
jected onto a CRT screen covered by a rectangular raster of light- 
sensitive point elements. An illuminated spot appears on the raster 
when the object is within the field of view of the optical system. The 
object is tracked by means of a special TV sensor [59] with a rec- 
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tangular window that constantly covers the image of the object 
(Fig. 13). The TV system superimposes the centre of the window on 
the centroid of the image on the raster. The tracking system must 
achieve this with minimum error. 

Let us consider the case when the object’s image is larger than the 
tracking window. This situation arises when the distance from the 


FIG. 13 


object is small. Moreover, if the spot covers the window completely, 
the output of the TV sensor is zero. In this mode the TV tracking 
system is, therefore, a nonlinear element of the zero-sensitivity-zone 
type, which will be approximated here by a cubic parabola. The 


Zin Ak 


p(T p?+26 p+) 


FIG, 14 


amplitude-frequency characteristics of the gyrostabilizer, which 

were recorded on a test unit, will be approximated by an oscillation 

link with integration. Figure 14 gives the structural diagram of the 

tracking system in question for the situation described above. 
For zi, = 0, this diagram corresponds to the equation 


z+2az+b22= —c2°, 
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where 
1 1 k 
= Tv ἕξ, b= Tr » C= 72 
O<§<1,k>0,T>0). 
Replacement of the independent variable by τ = δέ transforms it to 


25 4 2&2" 4.2’ -- — 23 (=a, γ-- 17, (4.1) 


which can be represented by the system 


0 Ζ 0 4 0 
fae 0 ) 2} A=|(0 0 1 (4.2) 
— p23 2” 0 —1 --ῶξ 


The eigenvalues of the matrix A are 
0, e#, e-'® (@=arccos (—§)). 


The matrix S, which reduces A to diagonal form, has the eigenvectors 
of A as its elements. This matrix and its inverse are 


1 4 1 1 2ξ 1 
0 οἷφ οπὶφ 0 Ate 2i¢ — Avte-i? 
0 e2ie e7 21a 0 — Δ᾽ ἰοδὶφ A7tei@ 


S= St , (4.3) 


where A= 4608 -- —2i)//1—€. The substitution 


Xo 
z= Sx, (2 | (4.4) 
\ Ty 


reduces system (4.2) to diagonal form 


/ 0 
% = diag (0, εἶφ, ὁπ Ὁ) x =| 0 ). (4.5) 
πον (to-+ 41+ 2-4)? 
Using (4.3), we recast (4.5) into 
d 
oa = —Y(%+2,+2-4)*, 


δ =(— ΒΕ ΈΞΒ)., ἘΣῪ (1-i es 


dx_, 


(ti VIB at sy (ΕἸ 


-) (t+ 24+ 2-4)°, 


ete 
(4.6) 


vi- 


11-0559 
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Since there are no quadratic terms in (4.6), none appear in normal 
form (4.2), so that within cubic terms (1.2) is of the form 


d 
= εἰν}-Ἐ (4), 


ts opt VTSP) nt ett (4.7) 


where g} and g, are given by formulas (1.8) 


3 : 
= τ-ῦ, B= (1-1) 
The third equation of (4.7) is omitted because y_; = y, (2. = 2). 


In order to integrate the truncated normal form, we find from the 
first equation of (4.7) 


Yo= Yo (1+ 2yyy'ty? (yy= Yo (0), Y= 41 (0)). (4.8) 
The second equation of (4.7) then yields 
ψι = yle-8* (1 + Qyy?"t)/* (cos ee t+isinV1—€1) 
x {cos [+ . yo = a a(t 2yys't) | 
—isin [ Sa Ts = In (1+ 2yy9') |b. (4.9) 


Within cubic terms, the Pa transformation (1, 1.3) is 


y= Yy+Boooyd + Bisiyi + Bu ας. 1421 + ϑβδοιψόν, + 3Bo0—1YoY—1 
+ 3B011Y0Yt + 3B0—1—1YoY 1+ BBY 1— 1YiY-a + 3βὲ. τ ψυνξι 
+ 6Bo1-1YoMyat(4) (v=0, + 1). 
By (4.4) z_,=,, so that the choice y_, = y, was justified; the nor- 
malizing transformation can therefore be written (see also (1.7)) as 
ἀρ = Yo+ 2 Re (βέ ιν ἢ) + 6yd Re (Boosys) + 6yo Re (Bossy) 
+6] ys? Re (Bis—14s) + 6801-140 | νι P+ (4), 
£1 = Yi + Boooyo + βέ εν + Bi 1-1-1421 + 3Bo0—sydy-1 + ϑβῥειψονΐ 
+ 3B0—1—1Y0y 24 Ἔ ϑβῖ.- 1 ly l? Yt SBi 1-1 lyr |? yo 
+ 6Bos-1¥0l ya 2+(4). (4.10) 
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The coefficients here are given by (1.9), and the values of DBjmn are 
taken from (4.6); therefore we have 


Bist =Boy-i-a= -Φ γο ἷφ, Boor = — ye-i?, 
Bout = — 4 γοτῖο, Bii-1 = — y (2e?? + e-i9)-4, 
Boi-1=—v(e@Le-M)4, Bog == ---ὉΥ͂ eo, 
Birt == a en Fe, Boag = — (e293), 
Boo-1= — + (e2# — 1)-4, Bie Ὁ e- 20, 
Bo-1-1 == πος (e249 _ 5γ-1, een aa (1+ e2i)-1, 
βί-ἰ-α τε σις, Bo-i=—, (4.11) 


where, as before, 
για, e@=—E4iV1—#, A=—2iV1—®. 


Obviously, the inversion of formulas (4.10) reduces to a change in 
sign of all addends on the right- hand side, beginning with the second. 
This inversion is required in order to express the initial values ψὺ 
and yi in terms of x} and «ἢ, and by (4.3) and (4.4), also in terms of 
Zo, 2, and z. 


Formulas (4. 3) and (4.4) yield 
2 Ξε ἄρ + 2 Re xy. (4.12) 


This completes the solution of the Cauchy problem in general form 
for equation (4.1) within cubic terms. The solution is given as the 
sequence of formulas (4.12), (4.10), (4.9), and (4.8). 

According to the definition given in Subsection 1.4, let us single 
out the principal part of the solution. By (4.10), 


T=Yot+ (3), A= Zs = γι + (3), 
therefore (4.12) yields 
2. τὸ Yo + 2 Rey, + (3), 
and the principal part of the solution is, by (4.8) and (4.9), 
zm yo (1+ 2yyp τ)" "5.1 Bee (1-+ 2yyd τ)" Z (0), 
where 


Z(t) =cos [V1—&? t— @ (t)] Re y?—sin[V 1—& t— 0 (1) Imy? 
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and ©(t) denotes 
3 2 
Θ ()-- Tal (1+ 2yyo τ). 


By virtue of the definition of the principal part of a solution and by 
formulas (4.3) and (4.4), we have 


ψὺ & X= 2 + 2620+ 20; 
Ym αἱ = Ate-2iz4 — A-te- i925 
ion’ τ 
=(— E+i ΤΣ ΞΕ ἢ a+ (> +i Ss) 32» 
that is, 


, {τ ἢ 
Rey! ee a 


Im ψ1 © — 1) 2, + &)]. 


CHAPTER VIII 


NORMAL FORMS OF FOURTH- AND SIXTH-ORDER SYSTEMS 
IN NEUTRAL LINEAR APPROXIMATION 


§ 1. Fourth-Order Systems 


The first subsection treats systems of arbitrary order. The second 
and third subsections, based on the results of Chapter V, analyze 
resonances and normal forms of real analytic autonomous (in general, 
nonconservative) fourth-order systems with two pairs of distinct 
pure imaginary eigenvalues of the matrix of the linear part. Stability 
of the trivial solution is analyzed in Subsection 1.4 on the basis 
of either the Molchanov criterion [329b] or, if it fails, the Bibikov- 
Pliss criterion [227]. 

1.1. Remark on coefficients of systems of diagonal form. We con- 
sider the oscillations in a system with & degrees of freedom that is 
described by the vector equation 


ν Pv =f (vy, v), (1.4) 


where v = (v,,..., Ux)", P is a real symmetric k Χ k matrix, and 
f is a vector-function analytic in some neighbourhood of the zeros 
of its arguments. We assume that the eigenvalues of the matrix P, 
which are real, are positive, and denote them by ὡὲ (o, >0; 


x%=1,..., k). Let S be a nonsingular matrix (it can be chosen 
orthogonal) that reduces P to diagonal form, that is, 
P = S diag (wi, ..., w%) 5:|. 


The linear transformation v = Su reduces system (1.1) to 
Uy + ou, = >) Ax ape ug-+ »  Bipyalplly-+ dy pat Cx pty up 
ἘΣ Diigyttattplly +S Ερμα + S) Fapylatiplly 
ἜΣ Gepyatialy+ (4) (%=4,...5%), (1.2) 


where the terms with fourth and higher powers of the variables 


ταν δεν Us, er Up are denoted by (4). Let us rewrite (1.2) as 
a system of 2k first-order equations and reduce the linear part of 
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the system to diagonal form by the linear substitution (see (VI, 1, 1.2) 
and (VI, 4, 1.3)) 


j= Ms) —1— ts (a4, SS ae. 03) 
Uy = (t+ ty) = Re zy, 
ἀν = 10x (ty — 2») = — Oy Im σα (κ--Ἴ,...,. By (4.24 
where ὡ-κΞε -τ- ὧκ (x=1, ...,%). Obviously, 
Ly=ty, (*=1,...,h). (1.5) 
Manipulations yield 
κ Rk 
ὩΣ Ξε ἰωνῶν -ἰ- >) Ainejytn+ δ One jentit ... (1.6) 
-π -π 


(ν --ΞΕ!, ..., FA). 


Let us distinguish between the following cases: 

(a) If the right-hand side of (1.2) contains only expansions in 
Uy, ..-, Uy, (i.e. for the second- and third-power terms it consists 
only of the first and second sums), then the coefficients a}n, Dyn, .. 
in (4.6) are pure imaginary [227]. 

(b) If the right-hand side of (4.2) contains only expansions in 


Uy, --., Up, (1.6. for the second- and third-power terms it includes 
only the third and fourth sums), then the coefficients of even-power 
terms in (1.6) (for example, a},) are pure imaginary, and those of 
odd-power terms (for example, 0j,)) are real. 

(c) The presence of only cross terms (the last three sums in (1.2)) 
results in real coefficients for the quadratic terms in (1.6); the sixth 
sum in (1.2) also results in real coefficients for third-power terms 
in (1.6), while the last sum in (1.2) gives pure imaginary coefficients 
for third-power terms in (1.6). 

1.2. Reduction to normal form. We consider a real autonomous 
fourth-order system under the assumption that the linear part of 
the system, which has two pairs of distinct pure imaginary conju- 
gate eigenvalues, is reduced to diagonal form 


dz, 
dt 


=Ayty+ > Ajna jL, + > Dyna jE ype sae (2.1) 
(v=+1, #2). 


The values assumed by summation indices are always +1, +2; 
λον = Ay; without limiting the general character of the analysis, 
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we assume that A_, = —i, 4. =i, A_, = —Ai, and A, =i 
(0<’4< 1); the coefficients ajn, Dyn, «᾿ς are, in general, complex 
(see Subsection 1.1) and (we emphasize) symmetrized 

αἿ; Ξε αι, Din =id., (2.2) 
where, as before, (αβ. .. w} stands for any permutation ofa, B,... 


ἜΤΟΣ 
By the fundamental Brjuno theorem (see V, 1.2), there exists a 
reversible complex substitution of variables (normalizing transfor- 
mation) 
Lp=Yyt = i mY Ym + > BimnYYmY n+ tee (2.3) 
(j = +i, ΞΕ 2; inl τ Ξ ims Bitmn) = id.) 
that reduces system (2.1) to normal form 
d 
ety >) avout tyfty*sy? (2.4) 
(A, Q)=0 
(v= 41, #2). 


Here 
Q = (9-15 41, 4-.» 4.) 
(A, 9) = higq-a + Aad - 29-2 + ode 
= ὁ [(σι — 49-1) +4 (G2 — ¢-2)l, 


9-1, ἦι, 7-2, and 49 are integers or zeros, and φὺ = —1, while the 
remaining 4; are nonnegative (4... +4, + 4... + 49 = 1). Hence, 
the normal form includes only the resonant terms whose exponents 
satisfy the resonant equation 


(A, Q) = 0, that is, φι --- 4.-. -Ε ἢ (4 -- 9-2) =9. (2.5) 


We wish to determine whether (2.4) contains resonant terms of 
degree r for which 


dr th +9-24+4@=r—1 (> 2). (2.6) 
For any A € (0, 1) equation (2.5) has the trivial solution 
G-1 = Δι, 6--. = 45 (2.7) 
and »the nontrivial solution 
— 4-1 71 
A= ara ae (2.8) 


Owing to conditions 0 <A < 1 and (2.6), relationship (2.8) entails 
the restrictions 


O<lqai-—-al<lae—q-el <r. (2.9) 
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The trivial solution is impossible for quadratic terms (r = 2) (as 
well as for all even-power terms), since by virtue of (2.6) and (2.7) 
the sum of two even numbers cannot equal an odd number. The non- 


trivial solution is only possible for A = a which gives for the 
resonant terms of equations (2.4) 
Q.. = (—1, 0, 2, 0), 0, -- (0, —1, 0, 2), 
Q-,= (1, 0, —1, 1), Q. = (0, 1, 1, —1). 
For cubic terms (r = 3) the trivial solution (2.7) yields 


Q = (1, 1,0; 0) and Q = (0, 0, 1, 1) W= +1, 2). 


The nontrivial solution is possible only for 4 = ΕἾΝ which gives 
for the resonant terms, in addition to the trivial solution, 


Q4 = (--ἰ, 0, 3, 0), 0, πῶ (0, --ἶἸ, 0, 3), 
QO --((, 0, --Ι, 2). Ος - (0, 1, 2): 


Conclusion. lf equations (2.4) are truncated within the third-power 
terms, then the fundamental Brjuno theorem (V, 1.2) yields the 
following normal forms: 


(a) With no principal resonances, that is, for 4 τε + — (i.e. 
the general case) 


dyy τὶ o> 
τ Ξε AwYu + ϑνυῦν.ν + ἤνψνῦ8-- Ἰν|ϑ1ν}--98 (νΞε EI, ΞΞ 2). (2.10) 


(Ὁ) For the first principal resonance ( = 5) each equation of 


(2.10) must be supplemented on the right by one quadratic term, 
namely, 


Payee, Fs Pe-Yer  fer¥-2 (2.11) 
respectively. 


(c) For the second principal resonance (Aa = 5) each equation of 


(2.10) must be supplemented on the right by one cubic term, namely, 


C-1Y 2, C3, 6.»}.-αὐδ, CoY1Y 29s (2.12) 


respectively. 

1.3. Calculation of coefficients of normalizing transformation and 
normal forms. The normalizing transformation (2.3) reduces sys- 
tem (2.1) to normal form (see (2.10)-(2.12)), which, after symmetri- 
zation (see (V, 3, 1.3a)), yields the fundamental identities (V, 3, 1.6). 
Next we follow the alternative of Chapter V, Subsection 3.2. 
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Suppose first that A σε. Then A, A, + Am (ν, J, and m = 


= +1, +2), and formula (V, 3, 2.2) holds for quadratic coefficients 
of the normalizing transformation 


elie (ν, l, m==1, +2; hes) (3.1) 
with no additional restrictions (λε (0, =) : (+, 1)) ; 


For 4=+- we obtain that Ay=M+tAm if and only if v, J, 
m=—1, —2, —2;1, 2,2; —2, {—1, 2}; 2, {1, —2}. We choose 
G32, Od2, αἴ 42), it —2) 
arbitrarily (it is preferable to determine them from continuity by 
means of (3.1) for \> a if this is possible, or set them to zero). 
Formula (3.1) holds for the remaining &/m. The coefficients” of the 


quadratic terms appearing in (2.11) for ἃ = 5 are determined 
from formulas (V, 3, 2.4) 


μ᾿. 


ΒΝ Jn 9 π|ῖ a eee Ὁ 
Τὰ Se Q_3 9 = Q_o-95 hh = Φ.. = Qos 


fs r= 2921 = Pls he = 291. == soe (3.2) 


-12 
Now we consider cubic terms. We assume first that 4 4 = We 


select those values of v, 1, m, and p for which A, = A; + Am + Ap; 
these are 


v, l, m, p=v, {l, —l, vy} (v, l= +1, 2). (3.3) 
We set 
Bh, -1,.v)=0 (v, l= ΞΕ4, 2). (3.4) 


Formula (V, 3, 2.3) holds for the remaining values of v, 1, m, and p 


ν 4 ν 
Ble το Tap Tgch ip shy | Dine 
2 . v . . 
Ἐπ δ (Gieinp + Gime + a, 0tim) | (3.5) 


j=F1, F2 


(v, ἰ, m, p= +1, 2; ἰ, πὶ, pF {,, —l, v}). 


Since in general 1 = += v, (3 —|v [), the coefficients of the third- 
power terms in (2.10) that correspond to the indicated values of the 
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subscripts and to λοεΐ are given by formulas (V, 3, 2.6) 
ὃν -Ξ ὄχον = ϑῦνν. ν-Ὁ 2 Σ (δαὶ jy + a” οὖν), 
j=l, F2 


ν 
ἀντεθχὺ 3-|ν], jwj-3 = Obs, 3-IvI, Ivi-3 


(v= +1, 2; Aw). 


Formulas (V, 3, 2.5) must be used for A = > 


Finally, we consider case (0) of Subsection 1.2, that is, 1 = 5 In 


addition to (3.3), Ay = Δὲ +m + Ap when v, 1, πὶ, p = —1, —2, 
—2, —2; 1, 2, 2, 2; —2, {—1, 2, 2}; 2, (1, —2, —2}. We choose 


- 1 1 -2 2 
Bo2-2-2, Boe, βε 125)" βιι-.2.--2) 


arbitrarily (it is preferable to determine them from continuity by 
means of (3.5) for 4 > = , ifthis is possible, or set them to zero). The 


coefficients of the cubic terms appearing in (2.12) for 4 = s are cle- 
termined from formulas (V, 3, 2.6) 


=yv~1 —pu7} ΌΝ 
i a a 2 4 #2 
1 Se ae 
€1 = Khoo = b2224+2 Σ A2j022, 
iz: 


0-9 = 842299 = ϑδ- ἴ52- 2 Σ (αΞ γα) 4- Ξαξ  αΐ 12), 
j 
eo = Oy 9... = ieee es 2 > (αἴ αἴ .5... + Qa” 550-2). (3.7) 
j 


For any A € (0, 1), the calculations start with formulas (3.6) (but 
with (3.7) τ δ = + and then (3.6)) and are completed with formulas 
(3.5). 

1.4. The Molchanov criterion of oscillation stability. Kamenkov 
[83] and Malkin [1110] investigated stability in the critical case of 
two pairs of pure imaginary roots. In thischapter it is more conven- 
ient to use the Molchanov criterion [329b], as it reflects the specifics 
of normal forms and the accompanying resonances. 
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Now* we assume, as in Subsection 4.1, that the variables are pair- 
wise conjugate 


Lj = 2; yYy=y; GF =4, 2). 

We consider the general case ( λ τ ᾿ =): Multiplying equa- 
tions (2.10) by the corresponding y, and adding them pairwise, we 
obtain 

flat” ὁ Re gylyslt-+2Re hy [ysl? [Yel 
Eltal” 2 Re halys|? [yel?-+ 2 Re go Iyal*. (4.4) 


dt 


By definition, instability is established if we find one unstable tra- 
jectory. Assuming y, = Ὁ and then y, =0, we obtain that when 
either of the two inequalities 


Reg, >0 or Reg, >0 (4.2) 

is satisfied, the trivial solution of system (4.1) is unstable. 
We assume henceforth that 

Reg, <0, Reg, <0. 
The case Re g, = Re g, = 0 will be considered in the next sub- 
section. With the new variables of fixed sign (nonnegative) 

vy, = —2Re gi [γι 15, ve = —2 Re go | ye PP 

system (4.1) is rewritten in the form 


d d 
Gear tau), Gem moxltotnd (8) 


where 
_ Reh, _ Rehg 
~ Regs ’ ~ Re gy 


(we recall that δι, go, h,, and ἢ are given by (3.6)). 

The Molchanoy criterion [329b]. Unstable systems (4.3) lie below 
the negative branch of the hyperbola ab = 1. The region of monotonic 
stability lies above the straight line a +b = —2. 

Proof. Summing equations (4.3), we obtain 


ἃ (vy-+ ve) zd 
i (AY, Vv); 
where 
1 
@ —1 —-z (a+ δ) 
v= : = 7 
το (+3) =1 


* This assumption is unnecessary in Subsections 1.2 and 1.3. 
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We recall that v, and v, are nonnegative variables. Therefore the 
conditions for the negative definiteness of the matrix A are sufficient 
conditions for asymptotic stability of the trivial solution of system 
(4.3). These last conditions result in the inequalities 


—2<a4+b and atbd<2. (4.4) 
Let us demonstrate that the second condition of (4.4) can be dropped. 
We consider the function 
Vast), 
which is positive-definite for the nonnegative variables v, and v,. 


By (4.3), its derivative is equal to 
dV 


i Vi — (a+ b+ 1) vy, (Vy + V2) — V3 


and is negative-definite if 
atbti>0. (4.5) 


By the Lyapunov theorem on asymptotic stability under condition 
(4.5), the trivial solution of system (4.3) is asymptotically stable. 
Conditions (4.4) and (4.5) reduce to a single inequality 


atb>—2, 


which proves the second half of the criterion. 
Let us prove the first half. We seek solutions of system (4.3) in 
the form 


Vy = νυν (tT) (Ve ΣΞ0, x= 1, 2). (4.6) 
Substitution of these expressions into (4.3) yields 


di 
=o, v(0)=1, 


τ 
0 0 0 0 
—vj—avj=0, —bi—v=o, 
whence 
. o(a—1) 9. o(b—1) 
Ue τ gee th ge τ 


If o >0, solution (4.6) tends to infinity when τ -- oo. Since υὐ >0 
and υἢ >0, the condition o >O0 holds if 


ab >1, a<i, «1. 


which completes the proof of the first statement of the criterion. 

Comment. Molchanov also asserts that the region between the 
negative branch of the hyperbola ab =1 and the straight line 
a + b = —2 contains formally stable systems (4.3) whose solutions 
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may, however, increase before damping out [329b]. The degree of 
“amplification” in such systems can be roughly evaluated by | a | + 
+ |6 |. Clearly, these systems may prove practically unstable in 
cases of great “amplification”. 

1.5. The Bibikov-Pliss criterion. The coefficients gy and hy (v = 
= $1, +2) of system (2.10) in case (a) of Subsection 1.1 are pure 
imaginary, that is, the Molchanov criterion definitely fails. Let us 


rewrite the second and fourth equations of system (2.10) (2 € (0, 1); 
λτεξ 5) in the form 
ths iy, +i (2 [yal2-+ > ys [el?) + ὦ), 

= thyy bi [55 γε νι}. 2 ye lye?) +). 6.1) 
System (5.1) is a special case of system (1.2). 


Applied to system (5.1), the Bibikov-Pliss theorem [227] leads 
to the following criterion: If \ is an irrational number and (see (3.6)) 


1 4 
πτ δι shy 

J= ἢ 1 = — (£182 —hyhe) 0, (5.2) 
he τ δ: 


then “almost all” of an s-neighbourhood of the origin of the reference 
frame is filled with almost periodic motions, that is, the position of 
equilibrium is “practically” stable in the sense of Lyapunov. 
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The presentation in Subsections 2.4-2.6 is independent of that 
in 2.2 and 2.3. 

2.1. Reduction of equations of motion to the Lyapunov form. 
Ishlinskii ([79a], Appendix 2) derived exact (in terms of precession 
theory) equations of motion (40)* for the sensor frame of a gyrohorizon 
compass with respect to Darboux’s trihedron. Under assumptions (47), 
(44), and (47), and an additional assumption concerning the uni- 
form motion of the suspension point on a sphere, these equations are 


1 eee 5 ὦ 00 
di. 2Bcose °° oy 
1 
Ἐ Spine tan β cos y + —- cosa tan — ὦ, 
ad πιϊνω 


— = s5—— cosa cos sin 4 mel _ sin B sin οὐ sing 
dt” 2Bcose VT 3Beose bea ? 


* Formulas cited by single numbers refer to [798]. 
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dy 2B cos 8 mlvo Ε 
a mR Opes Coe ne Ose 
mgl sin? Bp owe ον cosa 
“2Bcose cosB YR cosB 
de mlvw Y : : πιρὶ 2 
πὶ Ξ- Fang (sine cos y+ cosa sin siny)-+>_ 5 cos sin y. 
(1.1) 


Note that system (1.1) is reversible (t-invariant), that is, it is not 
altered by the replacement of a by —a, y by —y, and t by —t. As in 
expressions (45), (19), and (20), we set in (4.1) 


e=eq+a—A (cose) =e <1) (1.2) 


iD & 


and, truncating equations (41.1) within the third-power terms, we 
recast system (1.1) to 


da 1 4 
= NB+ oA — = 0v+o (4 +H) A?4+ NBA 


—Fo@A+o(14+2H) δ᾽ ἘΝ (1 5-H) BA?, 


<8 = Νὰ ΩΓ ΝΒΓΩΓΔ 
τ Ναϑ--- wal + 0 (1 +H) PrA?+ NBLA, 
Gp = — 0B—NA+-5 Na®— NB NHA?— oBA 


+L NEHA ++ ὡαϑΒ--ὦ (1 ++H) BA2— NBA, 


ee —oa+ M+ ofHad—wo 


ai Br—NATA 


—o(FH+H*) ad?+ p00 +NA(L+H)TA (1.3) 


The parameters introduced here are 


m2l2p2 


g ν 
ἀνα ag a pea en, AE 
and the variables are 
N N 
a, B=, l= 7-7 A. (1.5) 


Furthermore, here and henceforth we neglect V? as compared to NV? 


γε 2 
Ww =r «1. (1.6) 
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This means that for velocities of the suspension point below 100 m/s 
we neglect values smaller than 1.5 x 10-* as compared to unity. 
The eigenvalues of the matrix A of the linear part of system (1.3) are 


F(N+o0)i, -|N—oli (i=V —1). (1.7) 


The matrix S, of the linear transformation that reduces the linear 
part of system (1.3) to diagonal form has the eigenvectors of A as 
its elements and is equal to 


1 1 1 1 
(1.8) 
We can readily obtain the matrix S, of the linear transformation 


that reduces the diagonal system to the Lyapunov skew-symmetric 
form 


ἀπο οὐ 6 
sll coe 200-0 
Sa ll.g: oO 4 eet | 
0 04 3 


The matrix S of the resultant transformation is then 


ee ae a 6 
0-1 0 —1 
Pa AR es é I ts “20 
0-10 1 


Now we can make a linear change of variables in system (41.3) 
(the inverse transformation is given in parentheses) 


a=840, B=—n—y T=f-8 Δ χη (1.9) 
(g=+(@—-l), n=—+(B+4), 


ον 2 
4 
c=> 


(ἘΠ), xy=4(A—B)). 
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Under assumption (1.6), equation of motion (1.1), in which we retain 


only second-power terms, can be rewritten in new (again dimension- 
less) variables as the system 


= -κπ-ἡ-- 8 Ἐ{1:-| τ Η)ηλ  Φ Het (λ-- -Σ ΗῚ ηχ, 
εν διε 
πὶ -- t+ τ hE ΕὉ5-- -τλήην-- (1420) 2 
Ἐ(5λὴ-- τ ny, 
han +5 [--( ἘΠ) n+ (HA) ξχ + ([- ΔΗ) ηξ 
+A(1—H) ζχ]. (4.10) 


Here we have introduced dimensionless time 


t=(N + 0)t (1.41) 
and two dimensionless parameters: H (see (1.4)) and 
N—o 
A= Wo (O<A<1) (1.12) 
the case ὦ >WN can be analyzed if we introduce λ' = —A). Note 


that system (1.10) is reversible (¢-invariant), that is, it remains un- 
altered if we replace ἕ by —E, ¢ by —, and τ by —t. 

2.2. Transformation of systems similar to Lyapunov. System (1.10) is 
a Lyapunov system ([108a], §§ 33-45) provided it possesses a first 
integral, which is analytic and of fixed sign in some neighbourhood 
of the zeros of its variables. It is easy to check that for A € (0, 1) the 
first integral of system (1.10) is of fixed sign, in the approximation 
stated, 


G=PiPte+e+-s Hm) 
$$ UP +E— 3H) —5 4 (P+ Ὁ -- 3H) 


+E (n—x)+(4) =p? (w>0). (2.1) 


Since, however, the convergence of (2.1) was not established, system 
(1.10) is said to be similar to Lyapunov. 
Using integral (2.1) and Lyapunov’s substitution 


E=pcost, ἢ -ξὸφρρ βίη ϑ, C=p%, XY = Pz, (2.2) 


a Lyapunov system may be reduced to a nonautonomous quasilinear 
system with order lowered by two (see the transformation given 
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in Chapter I, Subsection 1.1). We denote quadratic terms (and those 
of higher power in equations (1.10)) by 


Ξ(ξ, η, ξ, χ), PGs η, ξ, χ), Ζ (ξ, η, ξ, χ), Χ (ξ, η, ξ, χ) 


and compute the functions 
P (p, ὃ, 2, 22) = 9? (Ecos ὃ +H sin 9), 
Θ (po, 8, 2, 22) =p? (— Esind + H cos ὃ), 
Z, (0, ὃ, Ζ1. Ζ9) = 0.2 ΝΣ 2}, 
Ζς (ρ, ϑ, 23, 29) = PPX — 2. 
We obtain 
- «1 (243H) sin ϑ sin 26+ (1—AH) 2, sin? ὃ 
++ (.—2H) Ζ5 sin 20 — (cos 0+ 2)? cos 0 
+5448) 2,2, sin } + -ἰ Hzicos +0 (), 
6x —(14+74) sin? 0+ (ἢ —1) cos 8 sin 20 
4+ (- ΧΗ) 2, sin 20-+4+(+H—2) z, sin? ὃ 
τ χα ἢ) 2,2 cos 9.-- Ὁ Hz? εἴη 9 
- π.}) z, cos? 6+ (cos 0+ 2,)2sin0+0(p), 


| -- τ ἣλ sin? -. {-. 1} --1) 25 sin 0 


4 
ἘΞ (cos 0+ 2,)?— Ὁ (1 AH) 22 sin? 8 
—-L (2-4 3H) 2, sin 8 sin 20 + (2H —A) 2422 sin 20 
-- (14H) + (cos +21)? 008 ὃ 
—FA(L+H) Zio ees cos +0 (0), 


— (14H) sin 2645 5 (4 -ἰ ΔΗῚ z, sin ὃ 
ἘΠ -- ) 2, cos -- -᾿ (2-+ 3H) a sin ϑ βίη 20 

1 

εἰ 


+44 (1-H) m2 — (. - λΗ) 2% sin? ὃ 


12-0559 
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+L (2H —A) 23 sin 204+ (cos 9+ 2)? 2, cos 9 
—4A (+H) 422 sin 0— + 28 cos 8-40 (0). (2.3) 
The transformation ultimately yields a nonautonomous quasilinear 
system of the type (I, 1, 1.9) 
“Ἢ = hay (1+ 22+ 22) */71Z, (0, ὃ, 24) 20) 
+42,0 (0, ὃν, 21, 22)] +0 (u?), 
Fe hay ty (Lb att 2)? [Ze (0, 24, 29) 
—Az,0 (0, ὃ, 24, 2)] +0 (μ). (2.4) 


Various methods of small parameter may be applied to system (2.4). 
The one we select in this chapter is the Poincaré method of deter- 
mining periodic solutions ((488a], vol. I, Ch. III), 

2.3. Determination of periodic solutions. We shall seek periodic 
solutions of system (2.4) in the form 


δι (8) τα 29 (0) + 2d (8) -+ 22? (8) 4 .6., 
25 (8) = 29 (8) - zy (8) +723 (8)+.-- - (3.1) 


Substitution of these series into (2.4) yields systems of equations 


for Ζῇ, Ζῇ, and zi, 2} 


dQ 

χὴν 

dz§ 

ie == ha) s (3.2) 


ee craks th + (1+ 29° + 20)-1/2(Z, (0, ὃ, 2, Ζ 0) + 4.290 (0, ὃ, 29 21; 22)], 


aa = Agi + (1420 - 29°)- 1/2(Z, (0, &, 29, 29)—Az90 (0, ϑ, 29, 22]. 


(3.3) 
The general solution of system (3.2) is Τ' (})-ρϑγίοαϊς 
zi = C cos ad + D sin λϑ, 
ζῇ = —D cosh} +C sin A0. (3.4) 


Solution (3.4) may also be regarded as qT (A)-periodic, where q is 
any natural number. The right-hand sides of equations (2.4) and 
(3.3) are explicit functions of the independent variable, and this 
dependence may be regarded as 2ps-periodic for any natural p. There- 
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fore solution (3.4) is generating for a 2px-periodic solution of system 
(2.4) if and only if 


47 (hk) =2pn οἵ A=, (3.5) 
where q/p is.any positive irreducible proper fraction. Let us reduce 


the system of differential equations (3.3) for the first corrections to 
a single equation in zi; taking into account (3.4), we obtain 


OA 4 λρχὶ = (1-4 C24 D2)-12 [ae 21 (0, 9, 29 (8), 28 (0) 
+ hz = 00, 8, 24 (0), 28 (8)) ---λΖς (0, 8, 24 (8), 28 (8) 
+ 222220 (0, 8, σῇ (8), 23 (8)) ]. (3.6) 


The right-hand side of this nonhomogeneous equation is found to be 
primes denote the total derivative with respect to 8) 


Zi +4290! —2Z y+ 222290 

= — 75 (QMH + 2602 4 35λ-- 867: 1) af sin ὃ 
ἡ (622H + 612—9H — 9) δὶ sin 39 
ΤῈ (ΛΗ -- 15λ-- 16) 28 οο58- ἢ a4 (1+ #H) 23 cos 30 
+(- QMS + 342+ 4AH —4) 29 sin 20 
+A? (AH — 2) 20 sin 99 -- -: 42 (94+ 3H + 12) 2328 
4 (823 — 522 —4h-+ 4H) 228 cos 20 
— (24H 4-41) 20" sin ὃ. +2 (62H + 642— ΔΗ —5) 
aera 29 cos + (2A2+-H) 2020” sin ϑ 

— LA (2H + 2h2— H) 20° cos. (3.7) 


The nonhomogeneous part of (3.6) involves trigonometric func- 
tions of 0 with cyclic frequencies 


ἘΞ 2(p— —3 

(a) =, (b) a, (c) sa 

(a) P+q 3p+q 3P—-G og 200 324 PEO. 
Pp? p ’ p ? po τ P= Ρ 
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Let us determine when one of these frequencies coincides with the 
cyclic frequency g/p of the generating solution 


(a) a a q=1, p=2, λει; 
(p) PaO, q=2, p=3, rat; 
(oy) $=% = 2, gat, pat, s=4; 

wae =, q=1, p=2, — 


Such a coincidence is impossible in case (d). In cases (a), (b), and 
(c), equation (3.6) has 2pa-periodic solutions for g and p given above 
only for those values of C and D for which the terms with sin (q0/p) 
and cos (q0/p) in equation (3.6) vanish. The equations for “generat- 


ing amplitudes” when A = however, yield only zero 


4 ? 2 J 3 Ἵ 
solutions: C = D = (. This means that no periodic solution exists 
for these values of A. For all other values of A given by formula (3.5), 
periodic solutions exist for any C and D. This means that for all 
1 1 
Δ ’ Ὁ 2 
solution is general with four arbitrary constants C, D, μ, and tp. 
By virtue of (2.1), (2.2), (3.4), and (3.5), the indicated solution can 
be written as (see also Chapter III, Subsection 1.2) 


rational A Ε (0, 1) except the resonances A = 4 the periodic 


2 ΡΒ 2 
[=i αὐ 
μ 7 t 
ἡ τσ te 
Ἔτσ: ot Sif 4 x pa ἡ 2 
ζ 7 ec | Ccos —- 6 +Dsin ~ $)+0(u%), 


μ : 
<= ireaps(—P cos -τ- 04 Csin -τ 0)+0 μὴ), 
q 1 4 2 


O= (N+ ὦ) (t—to) +0 (u); De EDs: (3.8) 


We recall that the transition to the initial variables is carried out by 
means of formulas (1.9), (1.5), and (1.2). 

The quantitative description of motion is more easily realized, 
however, if the equations of motion are first reduced to normal form; 
this is the subject of the next subsection. 

2.4. Reduction of equations of motion to diagonal form and trans- 
formation to normal form. Let us apply to system (1.3) the linear 
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transformation defined by matrix (1.8) (the inverse transformation 
is also given below) 


== E+ 2+ 2+ Lp = 2 Re (x, + 22), 
Β-οὶ(-- 2 Ῥ ὅττι 2 -Ἐ 29) = --- 2 [πὰ (Ζ; -" 25)» 
T= ---αι,--- 44 Ζ..- 2, Ξε 2 Re (25--- 1), 
Δεεὶ(-- 2. - 21+ ἅ.4.-- ἄᾳ) Ξξε 2 ἴτὴ (z,—2)); (4.1) 
ἂν = a+ (—1)"P—iBsignvt+i(—1)"Asigny] (4.2) 
(v= 1, 2). 


Introduction of dimensionless time t (see (1.11)) yields a system 
of equations of the type (1, 1.6) 


Gt ia, —F (14+ Hatat— (HT οἱ 
--ὦ (14H) (2441) ξ2.-0- (14H) (24—1) 23 
+5 (84H) ayn, + (H—1) (2+) αι, 
—E 4H) 2A) eye t Ph B—H) ne, 
— LA B+ ἢ ayty + (H—1) t90,+ (3), 
diy 


oe — + = ihn, + τά + ΗῚ (2- λ) 22 13 4 .-:ηγ6-- λ) xi 
+SA 43. 5).55:-::.-.Χ0-- ἤγαξ Ἐ-1.Χ(1-- γα γα 
4+ (1-H) (O44) warn + 8) ἐς 


+ (A414) (Qh—1) με, Ἐ-Σ (8+ ἢ) ἀμ 


— 5-4 (84H) tat,+(). (4.3) 


Here the third-power terms are not given explicitly because not all 
of them will be required later; the first and third equations are not 


given either since z_, = δὶ and z_, = ς (see (4.2)). —_ 
We define αὐ, by formulas (1, 3.2). Obviously a=", =Gfn 
(v, 1, m= ΞΕΊ, +2); only one of the tetrad ay, αὐ, @7)"m, and 
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a5. (or of the pair αὐ and @=",) is given below 


ary 4 = αϊ25..Ὁ =i (H —7), 


ατὶ = ach» = ἀξ =ajl2=a4_j=a7] =a=a = i(1+H), 
anh) τι ατι...5-- ἀξῆ 8 =a = —Li(3+H), 
ay, = 02 =! (Η -- 8), 

of} = ot) =a = αἷῇ = i (LH). (4.4) 


1 


For 4=-;, we select the same values for ατ.- 2 and a 42. 


Formulas (1, 3.3) yield 
fa=h=fe=fh=9. 


This means (see the end of Subsection 1.2) that resonant terms are 
4 


eliminated when 4 = 7 and that, within second-power terms, 
the normal form 

di 

ἜΣ = λνὺῦν (4.5) 


is valid for the case in question for A = + as well, that is, for all 


4 Ε (0, 1) without even this single possible exception. 
2.5. General solution of the Cauchy problem. The general solution 
of system (4.5) 


yo=eyy(0) (v= Fl, F2)] 


urnishes the general solution of the Cauchy problem for the initial 
system (1.1) within the assumed degree of approximation, this is 
achieved by means of substitutions (1, 2.3), (4.1), and (4.5). For 
instance, we have for ἃ 


α = 2 Re (x, + xq) = 2 Re [yy + ya+ δ (Ahn + ny) Ym 
=2 Re [eity, (0) + εοἷλτῃς (0) + Σ (Ohm + Qin) et ny, (0) Ym (0)] ’ 
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whence 
+ a= Rey, (0) cos t—Im y, (0) sin t+ Re y, (0) cos At 


— Im yp (0) sin At — >, + (im + %Fm) 


l,m=+1, #2 
Χ {{Re ys (0) Im Yo (0) + Re Ym (0) Im ψι (0)] 008 = (r+ Am) τ 
+ [Re’y: (0) Re Ym (0)—Im ys (0) Im ym (0)] sin (Mm) the (6. 
The constants y, (0) now have to be expressed in terms of the initial 


values of the variables, i.e. ἄρ, Bo, Yo, and Ao. Inversion of (4, 2.3) 
yields 


Yv (0) = ἂν (0) — Σὲ ana; (0) tn (0) -Ε (8) W= F1, 2), 
after which (4.2) and . 5) give 


νν (0) = Φ {aq-+(— 1)” + yo ésign ν — 1 By +(—1)"Ao |} 
— te Sah (oy + (1) Fy +isigns [ τε βο-Ἐ (—1)' do |} 
x {oy -+(— ἢ} FF yp +isignk [ —+-By+(—1)" ay |}. 
It then follows that 
Re ys (0) =| %+(—1)" Φ 0 | 


+i. >) + an {sign h [ a+ +(—1) v0 


,h=Fi, $2 
x [ —2p,+(—1)"A, |+sign 7 [a+ (— 1)" + v0 | 
x [ — FB +(—1)’ do}. 
Im yy (0) = + | —=>Bo-+(—1)" Mo | 


we ταλ{[ὠτ Ὁ F vo] [mt (— 9’ Ὁ Ὁ] 


j,h=F1, £2 
—sign (7h) [ -Byr—(—1)' Δ} {γ-υ--(-- 1}Δ.}} (6. 


(v= +1, 2). 


Summation indices take on the values +1, +2. Formulas for 6, y, 
and A (and ε; see (4.2)) can be written similarly to (5.1). Note that 
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B and y, as compared to ἃ and A, are of the order of V/N (a quantity 
whose square is negligible in comparison to unity); in fact, this result 
can be obtained from the linear approximation. 

Formulas (5.1), (5.2), and (4.4) thus represent the solution of 
system (1.1) as almost periodic (for irrational Δ) or periodic (for 
rational i). 

2.6. Preliminary conclusions on stability. Until this subsection 
the terms considered in normal forms were of power not higher than 
two; as follows from the general theory and as was demonstrated in 
Subsection 2.5, in case of two pairs of pure imaginary roots these terms 
do not violate the neutrality of the approximation. Now we shall 
analyze the effect of third-power terms. The coefficients g,, go, Ay, 
and h, of system (1, 2.10) are found from formulas (1, 3.5) 


= 1 1 51 1 1 1 -2 1 2 
δι- δι. “Pd [2 (ας ,ατ΄, τάμα. ap ας 9% yy ai Gy 9%s_1) 
1 τὶ 1 1 1 -2 1 2 
+ Gy or Ay hy as α΄. αἱ. ΞΕ α:..0 1.» 
-1 2 -2 
8.21ΞΞ 3035-2 =F 2 [2 (43 4%", T αἴας, 2 A) 90,5 Ἔ αὐ, αΣ 9) 
2 -1 2 1 2 -2 2 2 
ΞΕ α΄. χὰ, + α΄. ὧς, ἘΝ α΄. 9% ot A" 1,250], 
Pees 1 1 -1 1 1 1 -2 1 2 
hy ὑτῷ 624,» Ἔ 2 (α; αν, sis αι, 2 ae Ay οὐ. Ar Ay gh» 
1 -1 1 1 1 -2 1 2 
ΞΙ Gy, %1_¢ + 51% _» + QA, "5 Ἔ ας, Οἱ 9 
1 -1 1 1 1 -2 1 2 
ἘΠ Ai, 1% y+ ας Οἱ, Fi, OQ τι A" 5501) 
ΠΝ 2 2 -1 2 1 2 -2 3 2 
ho | 60544 ΓΕ 2 (434%, a ας, αἱ. = ας αὐ Ὁ αὐ, αὐ ὰ 
2 -Ι 2 1 2 -2 2 2 
ΞΕ αι α,. 4 = αι Hy ἘΝ αι «ὦ, ΞΕ αι,ας ἡ 
2 -1 2 1 2 -2 2 2 
=P αἰ, -1% 24 a Gry Gay oe A 19% 94 ae A? 103). 
5 Vv . 
The coefficients /,, are given by formulas (4.4); a}, are the coeffi- 
cients of the corresponding quadratic terms in equations (4.3); and 


δ με are the coefficients of the corresponding third-power terms writ- 
ten as (3) in equations (4.3). These last coefficients can be derived 
from system (1.3) by means of transformations (4.1), (4.2), and 
(1.11). We emphasize that, prior to the computation, equations 
(4.3) must be reduced to the form of (4, 2.1), that is, (1, 2.2) must be 
satisfied. Therefore, 


αι πϑο task (6. 55. 4H, 

ἕπτ τς A 13H -+-4H2), 
oo y= —S4+3H+4(—11-5H 4 44%), 
Si =—p-l yd (34584489, 
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ΓΗ (142H)(K—4), g.=0, 


hy=— iH (14+2H)(N—1), ἃς =0. 


Since the quantities g, and g, are pure imaginary, the Molchanov 
criterion (Subsection 1.4) fails. Note that, by equations (1, 4.1), 
in this case the expressions 
νι P=c and ly, P =e, 

are the first integrals of system (1, 2.10) and can be used to construct 
the Lyapunov function of this system. 

The determinant J (see (1, 5.2)) vanishes, so that the Bibikov-Pliss 
criterion (Subsection 1.5) fails as well. 

2.7. Construction of the Lyapunov function. By using (1.11) to 
substitute the independent variable t into system (4.3), we obtain 


τε - κα λ8-.. :ᾳ.--}}Δ--  ( --λ)α: 


τξα--ὴ(1- SH) At+ +4 (1+) BA—+ (1—2) οὐδ 


+ $k (14-3H) +5144) (14+ 5H) Bar, 
dB 


Ba —Staat+Su—ayr¢ Si +ayBr 
ἀξ α4--) TAF F148 —F αι - λ) eT 
+5 (1—a) (1457) PA? +5 (1+) ΒΓΔ, 
ar 1 1 
B= τ 4- 8. ΔΕ WALT +R a 


—F(+4) B—L(1+a) HA2—F (1-2) BA 
ἘΠ (1+ A) HAR +S (1-2) 2B 


κι (1+ 41) ΒΔ"-- Ὁ (4-[) BA, 


dA 1 1 
: 


ee τ eee ae ΑἼΑΣ oly 
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within the third-power terms. The derivative of the function 
W=02 (1--Δἃ-- Ξ αἢ ὩΣ ΒΖ. Τὸ 
ΕΔΣ (1+ 7A— ΗΔ2)-Ὁ Ὁ (α-- ΗΔ"), (7.2) 
derived in accordance with equations (7.1), is zero. If 
A<i—tat, A<A<A,, (7.3) 


where A, and A, are the roots of the quadratic equation, 
A? — 3HA — 3 = 0, 
that is, 


As.2= 3 ( (1+ 1+45) πὶ 


then the function W is positive-definite in the sense of Lyapunov. 
Note that 


ἜΤ: ὃ «-:Δ,. 


The trivial solution of system (7.1) is therefore stable in the sense 
of Lyapunov, and domain (7.3) in the a-. B-. y-, and A-space is the 
domain of the allowed initial conditions. 

Both systems (7.1) and (1.3) are. however, approximations of 
system (1.1), although the order of this approximation is quite high: 
within the third-power terms. Nevertheless, we are justified in stat- 
ing only the formal stability [238e] of the equilibrium position 
a=f=y=0, & = & of system (1.1) until we establish conver- 
gence of the first integral of system (1.1); this integral must be repre- 
sented in expansion (7.2) within the fourth-power terms. 


§ 3. The Trajectory Described by the Centre 
of a Shaft’s Cross Section in One Revolution 


3.1. Statement of the problem and equations of motion. A large 
number of studies have been published on both the theoretical and 
experimental aspects of oscillations in rotor systems. Many scien- 
tists share the opinion that most of the important problems in this 
field are completely solved. Nevertheless, a number of the phenomena 
observed in rotor systems have received little attention. For instance, 
no explanation has been suggested for fatigue failure in rotors work- 
ing in a steady-state mode (EVA-type spindles). Indeed, in terms 
of accepted notions, any cross section along the shaft length, given 
steady-state rotation in equirigid or absolutely rigid supports, de- 
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scribes a circular trajectory. Hence, the!shaft undergoes only static 
stresses (with the exception of its own weight), which cannot lead 
to fatigue failure. Experience demonstrates, however, that a circular 
trajectory is a very rare phenomenon in rotors. Noncircular trajec- 
tories are generated as a result of noncircular orifices in the outer 
races of the bearings. This imperfection exists in all supports of the 
bearings and its origin lies in the puls- 
ing of borers and reamers. It is thus 
clear that an analysis of the shape of 
trajectories described by the centre of 
a shaft’s cross section in one revolution 
should be of both practical and theoret- 
ical interest. To the knowledge of 
the author, no such analysis was car- 
ried out until Popov’s publications 
appeared [345, 346a, bl. 

The choice of a simplified model 
that simulates the qualitative behav- 
iour of the system with sufficient 
accuracy is an especially complicated 
problem. Let us clioose as the simplest 
model a weightless vertical shaft 
(Fig. 15) with mass m mounted on this 
shaft with eccentricity e. The mass 
is set equal to the reduced mass cal- 
culated by the standard method [50]. 
[51]. We assume that the shaft, being 
absolutely rigid for torsion, is mount- 
ed in absolutely rigid bearings and 
driven at a constant angular speed «, 
by a driving member rigidly coupled 
to the shaft. Let ,the mass deviate 
from the equilibrium trajectory at a 
chosen moment in time. Then the FIG. τὸ 
speed of motion along the trajectory 
is not constant. The inertial force applied to the mass becomes 
noncentral and generates. in addition to the radial force, a 
tangential elastic force. Indeed, were it not for lateral bending 
of the shaft, it would be impossible for the mass to move along 
the trajectory in the direction of rotation during the acceleration 
period. The system’s potential energy can therefore be expressed 
as the sum of the works of inertial forces over the paths of radial 
and tangential strains. that is. 


Π-- + hr? (140%), (1.4) 
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where ἃ is the deviation of the radius-vector r of the point where the 


mass is fixed to the shaft from the position calculated for @ = 0) = 
= const. 

We now calculate the kinetic energy of the system, shifting to 
polar coordinates according to the formulas 


L, =P COS (Wot — &) + 6 COS Mol, 
Y, =r sin (ωρ --- α) +esin Wot, 


katn{(£) +7 (oH) 
+ opesigne | —2 & sina. +2r (ω.-- 55)" cos a 9 |}, (1.2) 


where & is the shaft stiffness at the juncture of the shaft and the 
mass, c = ρ" — o?, and ρ is the natural cyclic frequency of flexural 
vibrations of the shaft. 


The equations of motion of the mass-carrying point of the shaft 
are 


d? da \2 2 
τπ--τ(ω,-- 56) — wpe cosa sign c+ ΡΞ (1 - αϑ)-- 
d?a da \ dr 
ere — 2r ( OF a l= ew. se sinasigne-+p2r2a—0. (4.3) 


Assuming angle a sufficiently small and replacing cos ἃ by the first 
two terms of its expansion, we obtain 


2 a da \2 
ΕΟΣΑ ale oe FES 2rq2 
ig +er+2Qaor Fi r( i) + p2ra 
{ 4 . : 
Ἔα υθαξ sign ὁ — ape sign c= 0, 


ada 1 dr da 1 dr 2 Poe are ns 
dE +2 a ae eb ae + wpe — signe = 0. (1.4) 


The first equation includes a free term we; it would be desirable to 
eliminate this term in order to obtain a circular path for the zero 
solution. Note that the unperturbed motion with 

we 
c 


ro= 


is obtained from (1.3) for a = 0. Introduction of new variables 


dz_ dz_ 
Z4="9—To, 2, == Tae Zo=Q, o> "i (1.5) 
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transforms the equations of perturbed motion to 
sat + 6Ζ.. + 2m 7929 = 125 + 2-123 — 2Wp 2-125 


ΕΣ (pro +4 oe sign c) Ζῇ, — Ρ32.12.Σ, 


oa 1 
212) — 20) ----- 2 
—+42 a Ὁ Fae “1 


+ Ρ22... + of¢ ———. - + Ξ Ζ. οϑίσπ οτ-εῦ. (1.6) 
Assuming that the amplitude of the perturbed motion is smaller 

than that of the unperturbed motion, that is, |z_,|< rp, we express 
the fraction 

es 

Tori 
as a convergent binomial series and truncate it to the first three terms 
of the expansion 


(εξ) are (1-4 2). 


Substituting this expansion into (4.6) and taking into account (4.5), 
we arrive at the autonomous fourth-order system 


dz_, 
ao} 
dz, 2 
TH OF $0" 022 +h, (2-15 21, Za) 22), 
dz_ 
ge 
dz 
ae = 2 τὸ 2, — (2p*— i) 22+ fo (2 “1. 21) 2-95 Ze), (1.7) 
where 
fy = — 2ωρΖ..29 — (p? ΤῸ Sud π οὶ *esign ο) at, ἢ EM 925 — 224229 + 24220, 
Mo we 2 
f= — 2a 21% Tg 2-ιὅ-2-- τ 512) 


9 ®o wre - 2 
[πὶ 2-- a 2. = oe Zz 39 ++ 312429. (1.8) 
0 ry Τὸ 
In vector notation, we obtain 


& = Az+¥ (2), (1.7a) 


where zZ = (Z_1, 2. 2-9, Zo)", A is a square matrix composed of coef- 
ficients of the linear part of system (1.7). and f(z) = (0, fy. 0. f.)*. 
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3.2. Reduction to diagonal form. The eigenvalues of the matrix 
A in (4.7) are = i and =o,i, where 


O12= + VV 209 F PY p?+ 240%. (2.1) 


These eigenvalues are pure imaginary and distinct (0 « ὦ; < ὠς) 
if either of the following two inequalities is satisfied 
<p, V2p<m. (2.2) 
This is in agreement with the recommendation for selecting the range 
of effective angular velocities in the out-of-resonant region 
Met > 1.40crit, 
which resulted from many years of experience with rotor systems. 


We assume henceforth that one of the conditions in (2.2) is satisfied. 
We introduce dimensionless time 


T= Wot 
and rewrite the vector equation (1.7) as 
dz 1 1 
nu Ἔπ͵ tO): (2.3) 


The eigenvalues of the matrix = A are 
2 


his. (St Nae, ae (λ- τι «1. (2.4) 
We 
The linear change of variables 
z= Sx, (2.5) 
where S is a matrix comprising eigenvectors of the matrix ΕΣ Α, 
2 


reduces system (2.3) to diagonal form 


ΤΣ = diag (—i, i,— Mi, hi) x +J- SHH (Sx). (2.6) 
We compute S and 5: 
1 1 1 1 
S_ — ἰὼ» iW. —i0, tM, 
ἰά, --ἰά, ἰά, --ἰά, 1" 
ἀρῶ, Ag@_ dy, 0, 
=P) iD, iD, D; 
aD —iD, iD, Ρ. 
Sa 7 D iz D, —iD, —D, |), 
dy 


sale i 
an? ig: D, x De —D,; 
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where the notation is 


2 
ωξ--Ὃ ὡξ--Ὃ D dyn 


d= 2rpW0,1 ; 294 2rpMpOo : = 2 (d,—d,A) ἦ 


= dy τῷ λ ὩΣ ἘΞ ας 
D= sim tema έθετο α Ξα' 


(2.7) 


Transformation (2.5) and its inverse are, in detailed form, 
24 = 744-%,+ 2.422, 
Zy = --- ἰω».. + 1M 9X, — 10 2... + ἑω 122, 
Z_9 = idyx_, — idgx, + idyr_,— id, ro, 
Zo == dgWot_y + ἀφῶ.) + 414 L_p + dO χα; (2.8) 
Tay = — 2. + iDy2 + iDe2_9 + 1252), 
Xx, = —Dz4— iD\z,— 11).2.. + D520, 


tag 2 Doty — i Dyty— + Dg — Dae 


ΓΗ͂Ν ΓΗ 
ayes Dyes +igt Dats Dy2_2 — D2q. (2.9) 
In a more compact form, (2.9) can be written as 
αντ-(-- (ἢ) Ds, tsign v(—4)%i {δὰ 


+signv(—1)¥i (τ Dyt-g—(—1)" Dizg (v= FA, ΞΕ 2). (2.40) 


Obviously, “diagonal” variables are complex conjugate: Ζ.. = 2 


and 2... = 29; consequently, transformation (2.8) can be represent- 


2.1 = 2 Re (z, + 2), 2, = —2 Im (ων) + 0479), 
Zug = 2 Im (dot, + dyre), 2. = 2 Re (dyWor, + a, 0422). (2.11) 


It is now possible to calculate components of the vector 
h (x) = <-S"#f (Sx) 
of the nonlinear part of system (2.6) 
τὸ UDas (Sx) + Dofe (SH t= Zz (—iDiahi + Dale 
ὦ {-τ τ Dith—Dste], m= Z| iB Dih— Doh. 
(2.12) 


hy (t) = 


hog = 
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According to (41.8) and (2.8) 
f, (Sx) = ὡς {a (uv +%)? - ὃ (α.. 4+ 2,)° 

+ 8 (@-4 +21) (8... - 1292) + [hk (t@4 — τῷ +] (4-2 — 22)I"}, 
1. (Sx) = iw, [l (x2, — “ἢ + n (αἷς — 22) 

+ q (©-1 — τὴ (5.9 - Lo) +8 (5. +24) (ἃ... — 2Q)], (2.19) 


where 
a = dy (ἀφ 9Γ0 — 29), ὃ = Ad, (day) — 20,), 


8. = dy (dy@yro — 29) + Ady (dyWarg — 20), 
Ὥς d : 5 eed ΄ 1 


ἘΠῚ Ἢ τος + 3άγω,το + ere 

n= (Ayre 2h dyoiry+ 240g), 

4-- (“νος Ὁ 2dyor9+ 209), 

5-- 5 dyrg + 2047p + 2λω,}. (2.44) 


System reduced to diagonal form (2.6), in the symmetrized form 
used in this book, is 


diy 


Fe = byty + ΝΣ Grtjtn+(3) W=F1, 2) (2.45) 
7, h=sFi, #2 
(αὐ; Ξε αὐ» ν, i, h= 1, ΞΕ 2). 


By formulas (2.12) and (2.13), the coefficients of the quadratic 
terms are 


απ = τ αἱ, =i (a+ M2) Dy + ilDs 

ah y= ay = —i(a+h?) D,+ilDs;, 
a2, -- αἱ -- i δὲ (α +h) D,—uD, 
a= og =i (ath) D, —UDs, 
73g = — 4, =1 (b+ 7) Di + inDs, 


at, 9 = — ας -- --ἰ (b+ 75) D,+inD,, 
αἷς - --αἢ, = πιὸ] 2) Dy—inD;, 
@ yg” agai EOLP ) D,—inD;, 
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a= ay =i ei δι, 
a? τ --- αὐ -Ξ τ if a = (a+ h?) D,, 
2a7) = —2a;, =i on 2hj) Dy +ilg+s) Ds, 
—2a73 = —i(g+2hj) D,+i(¢+s) Ds, 
247} y= — 2a}, = iF le + 2hj) D,—i (q+) Ds, 


Ι 


2α", = -- 2ατὶ = iz (g + 2hj) D,—i(q+s) Ds, 
2a}, = — 2a}_, =i (g—2hj) D, +i (ᾳ --- 8) Ds, 
2a! = — 2aj', = —i(g—2hj) Dy+i(q—s) Ds, 
CG 20s ee —iZ (g—2hj) Dy —i(g—s) Ds, 


3 a . dy ‘ ς 
2α",.-Ξ --2αϊ", Ξεὶ rR (g—2hj) D,—i(q—s) Ds, 
Gs πε πράτ, =1 (ὁ--- 77) DdD,, 
= .d τῷ A 
Ao ἐϑιῶξῖτε πὶ ὩΣ", D,. (2.16) 


Consequently, all the coefficients of the quadratic terms (as well as the 


linear ones) are found to be pure imaginary α΄}. = @jn = —Qjn 
(v, 7. ἢ = ΞΕί, #2). 

3.3 Reduction to normal form. We assume (see the beginning 
of Subsection 3.2) that 


Wo ΖΞ 204, (3.4) 
that is, we exclude the case A = = from the analysis. We have 


already demonstrated in Subsection 1.2 that, in this situation, nor- 
mal form becomes, within the second-power terms, 


oye 


=Ayvt(3) (V=F1, #2). (3.2) 
The normalizing transformation then becomes 
B= Yt ΌΣ _y mdm + (8) (W= -ΕἸΊ, -Ἐ2), (3.3) 
where the coefficients are given by formulas (1, 3.1) 
τὴ a), 
Cin = Re (v, l, m=+—1, #2). (3.4) 


We recall that Az, and A=, are found by means of (2.4), and dim 
from (2.16) of the end of the preceding subsection. a, are real. 


13-0559 
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3.4. General solution of the Cauchy problem. The general solu- 
tion of system (3.2) 


Yw=e'Yyy (0) (v= Fl, £2) 


enables us to solve this problem for the initial system within the 
assumed approximation. By (3.3), 


x;(t) =e Fy; (0) 

+S anv Om VEL 8). στ τεῖ, F.C) 
»m=F1, = 

Substitution of the expressions obtained into formulas (2.11) 

yields the following general solution for the initial variables 


> 2.1 = Re y, (0) cos t— Im y, (0) sin τ 
+ Re y2 (0) cos At — Im y, (0) sin At 
2 ae AR ne = 
+ Σ (Chim + Qim) [ Rim cos + (Ai -- Am) T= Lim sin ra (At+ Am) | ᾿ 


l,m 
+ 21 = — We Re y; (0) sin T— 2 Im y, (0) cost 
— , Re ys (0) sin At — οἱ Im yp (0) cos At 
Ὡς Ss (0.0m + im) Rim sin + (Ar Am) T+ Lim cos + (Ait’m) | ᾿ 
l,m 


+ Z_» = dy Re y, (0) sin t+ dy Im y, (9) cost 
+d, Re ys (0) sin At -"- d, Im ys (0) cos At 
ἘΝ dattin + dyetim) [ Rim Sin (ha-+ Fm) t+ Lim 008 = (a+ Im) τ], 
1. πὶ 
+ Ζς = Wolly Re yy (0) cos t — Wd, Im y, (0) sin τ 
-L 0d, Re ψ. (0) cos At — wd, Im yp (0) sin At 
ie > (ὦ φ(ἰ,α νι + (044i) [ Rim cost (Ar+ Am) τ 


l,m 


ΚΝ ᾿ 
ἘΞ: Tim se (At +hm) τι ᾽ 


where for the sake of brevity 
Rim= Re [y; (0) ym (0)]=Re y; (0) Re ym (0) — Im ψι (0) Im y,, (9), 
Tim = Im [yz (0) ym (0)} -- δ y; (0) Im ψηι (0) + Im y; (0) Re yp (0). 


§ 3] Trajectory Described by Centre of Shaft 195 


It remains to express the initial values y, (0) in terms of the initial 
values of the variables z; (0) (v, 7 = 1, +2). Inverting the nor- 
malizing transformation (3.3), we arrive at 


1s (0) = ἂν (0) -- Σ ay 25 (0)q (0) (v= FA, F2), 
and, substituting z, from (2.10), we obtain 
yy (0) =(—1)"(Fe) "Dz (0) 
-- sign v(— 1)" (τὰ ΓΝ * Dyz; (0) 
4+ sign v(—1)” (=) ᾿ 


ν j 2 |}1- a a ‘ 2 j|- 
— San [ (ay (33) D2 0) +signj (— 11 4)" Dia () 


ΕΘΝ" 


2),.2..(0)--ἰ-- 1)” D532. (0) 


1 ll-1 


+sign j(—1)’i 


a 
π᾿ (gs) Be 


J" Daan (0) — (= 1) Dsze (0) | 
1 (0)-+sign ἡ (—Ay'i (J Dyz, (0) 
τ" 


+-sign ἃ (-- νι (5 }" Ὅρα, (0) —(—1)" Daze (0) | 


(v=-F1, +2). 


Summation indices are ==-1, ΞΕ2 everywhere and are independent of 
one another. 

As an example, the formulas derived in [346b] were used to 
calculate trajectories in a model with parameters 


k = 5.926 kefiem, m = 0.2635 x 107+ kgf-cm~'s?, 
b=2 χ 407? cm, -p? = 22:51 Χ {0} 5". ὡρ = 800 st. 
These values give ry = 3.085 x 1073 cm. 


The following initial conditions were chosen: the initial deviation 
from the equilibrium trajectory z_, = 0.3ryg = 0.9255 x 10- cm; 
the initial angular velocity @ = 432 5.1 was obtained from the 
equality of mass momenta for r = ry and ry = 1.370, whence z, = 
= 800 — 432 = 368 s-!. The initial values of the remaining vari- 
ables were set to zero (z, and Ζ. 9). 

Substituting the numerical values of the parameters into (2.7) 
and (2.14), we obtain the coefficients a}, (v. j, kh = 1, +2) from 
(2.16) and αὖ, (v, j,k = 1, 2) from (3.4). Then we calculate the 
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initial values y, (0) (v = ΞΕΊ, 2) and finally z_, (¢) and z_, (ἢ), 
which, if constant terms are neglected, become 


Ζ.. (t) = 0.752 x 10-3 cos wt +.0.175 Χ 10% cos wot 
— [0.336 cos 2w.t + 0.094 cos 1.15 οἱ 
+ 0.038 cos 0.85@,t — 0.006 cos 241] x 10-% cm, 
Ζ2.. (ἢ) = 0.257 sin w,t + 0.082 sin wot 
—2 x 0.017 sin 20,t — 2 x 0.002 sin 1.150,¢ 
+2 Χ 0.013 sin 0.850,t + 2 Χ 0.001 sin 2@,t cm. 


The above expressions demonstrate that the method of normal 
forms furnishes a more exact solution and enables us to derive tra- 
jectories of the centre of the 
shaft’s cross section close to those 
realized in practice. while the 
linear approximation yields only 
elliptic trajectories rarely encoun- 
tered in actual systems. The more 
exact solution involves high-fre- 
quency components; within the 
framework of the given model this 
indicates that stresses generated 
in the shaft material oscillate at fre- 
quencies exceeding the frequency 
of rotation. This may result in fa- 
tigue failure of a vertical flexible 
shaft operating in stable modes, 

mee which was mentioned in Subsection 
3.4. 

The path traced by the point where the mass is elastically fixed 
on the shaft was calculated for the parameters of the model as given 
above. The time and, consequently. the period were found at the 
lowest frequency 


ὑπο προς (7 -Ξ 0, 1: Di tat his 96), 


which corresponded to a rotation through wot; = 15°. For compari- 
son. a circular trajectory of radius ry at “perturbation” z_, = 0 is 
dashed in Fig. 16. 


§ 4, Sixth-Order Systems 


In this section we analyze resonances and normal forms of analytic 
autonomous (not necessarily conservative) sixth-order systems with 
three pairs of distinct pure imaginary eigenvalues of the matrix of 
the linear part. The section ends with an analysis of stability. 
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4.1. Solutions of the resonant equation. We consider the system 
defined above under the assumption that the linear part of the system 
is reduced to diagonal form (see Subsection 1.1) 


ἄτι 
ΞΞ Ξε Ayty+ > αὐ; κῃ + > δγικα αμακ τι ον (1.1) 


(v=—1, +2, +83). 
Summation indices in this section always take on the values +1, 2, 


3; λυ = λυ; without restricting the general character of the 
analysis, we assume that 


λὰτε τοὶ, Ay=i, Ag=—pi, Ag=npi, 
he=—hi, λὲ--λὶ (6=V—1, O<A<pal). (1.2) 


In general, the coefficients aj,, Dynn,... are complex and symme- 
trized 


ahi = jn, Biinny = id. (v, 7, ἢ, R= FA, 2, 3). (1.3) 
By the fundamental Brjuno theorem (see Chapter V, Subsection 1.2), 


there exists a reversible complex substitution of variables (a norma- 
lizing transformation) 


£j;=Yj;+ VOY Ym»: BlmnYYmYn t+ + (1.4) 
(Cin = Bim Bitmny = id., 7. ἰ, m, n= +1, 2, ΞΕ) 
that reduces system (1.1) to normal form 
d ᾿ 
τ τολυνντε ye Σ᾽ βνον ιν -εν θα (1.5) 
(A, Q)=0 
(vei, +2, +3), 


where g_1,.. ., 65 are either integers or zeros; in addition, g, > —1, 


while the remaining 4; are nonnegative, ee z= 1. A normal form 
includes only those resonant terms whose exponents satisfy the 
resonant equation (A, Q) = 0; in detailed form, 


hh — G1 + μ (4. — G-2) + ἢ (45 — 4.3) = 0. (1.6) 


We consider the possibility of having in (1.5) rth-degree resonant 
terms for which 


4.1 τ 41 tg2etdt+q-s+ 43 =r—i1 (r>2). (1.7) 


For any 4 and μι from (1.2) and any odd r > 3, the resonant equation 
(1.6) has the trivial solution 


4-1 = αι, «=—-2 = Van I-38 = 63: (1.8) 
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Now we consider three semitrivial solutions, when one of the expres- 
sions in (1.6) in parentheses vanishes 


π᾿ A 4.--4» . 
qa a Ses ae (1.9) 
Q-2=%, A=ELEL; (1.10) 
93 — 9-3 
= ες has a 
qa ass ONS oa, (1.11) 


When two expressions in (1.6) in parentheses vanish, the third 
vanishes as well, which corresponds to the trivial solution. Thus it 
remains to find the nontrivial solution, when all three are distinct 
from zero 


q-3— 93 q-2— = 
ἘΞ: 4 SB μ-- 4, (1.12) 


The trivial solution is impossible for quadratic terms (r = 2). 
Semitrivial solutions are possible only for specific values of 4 and 
μ and they give for the resonant terms of equations (1.5), respec- 
tively, 

Hat: Qu=Q=0, Q2=(0, 0, -1, 0, 2, 0), 
Q. = (0, 0, 0, —1, 0, 2), Q.3= (0, 0, Ἵ. 0, —1, 1), 
Q;= (0, 0, 0, 1, Ἵ, —1); 

aes OF 40009-0908 50, = 40-00). 2), 
Q,.=Q,=0, Q3=(1, 0, 0, 0, —1, 1), 
Q; = (0, 1, 0, 0, 1, — 1); 

μ -: Q.,=(—1, 0, 2, 0, 0, 0), Q,=(0, —1, 0, 25 0, 0), 
Q..=(1, 0, —1, 1, 0, 0), Q, = (0, 1, 1, —1, 0, 0), 
Q3=Q;:=0. 


For the nontrivial solution we obtain 


λ 45 μ τι 1: Q. = (—1, 0, 1, 0, 1, 0), 9. = (0, —1, 0, 1, 0, 1), 
Q-. = (4, 0. —1, 0, 0, 1), 0. = (0, 1, 0, —1, 1, 0), 
9 ς = (1.0, 0,1, —1.0), Qs = (0, 1, 1.0, 0, —4). 
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In the case of third-power terms (r = 3), the trivial solution (1.8) 
yields 
. Ὁ. 0, 0), Q, = (0, 0, 1, 1, 0, 0), 

0. 1.1 (w= ΞΕ΄. 2, +3) 
for any 4 and w from (1.2). 
All the remaining solutions are possible only for specific values of 
4 and μ from (1.2). They are given below, together with the expo- 


nents Q, found in accordance with equations (1.5). The semitrivial 
solutions 


A 4 
ero 5. Q.,=Q =9, 
Q,= (0, 0, 0, 


9. =] (0, 
Q-2= (0, 


0, —1, 0, 3, 0), 


—1, 0, 3), 0, 1, 0, —1, 2), 


Q5= (0, 0, 0, 1, 2, 4); 
λεῖ; Qi=(—1, 0, 0, 0, 83, 0), Q=(, —1, 0, 0, 0, 3), 
9..-- Ο.--θ, 9..-- (4, 0, 0,0, —4, 2), 
Q;= (0, 1, 0, 0, 2; —1); 
w=t: Qi=(—1, 0, 3,0, 0,0), 4,--Ο, —1, 0, 3, 0, 0), 
Q.=(1, 0, —1, 2, 0, 0), Q.=(0, 1, 2, —1, 0, 0), 
Q3=Q=0. 
And, finally. the nontrivial solutions yield 
2λ τ μ al 1: 9. = (—1, 0, 1, 0, 2. 0), 0, ἰὴ (0, --Ῥἰ, 0, 1, 0, 2), 
Q.,. = (1, 0, —1, 0, 0, 2), Ος = (0, 1, 0, —1, 2, 0), 
Q-; = (, 0, 0, 4, —f, 1), Q; = (0, 1, 1, 0, 1, —1); 
A+ 2u=1: 9., = (—1, 0, 2,0,1.0), Q, = (0. —4, 0, 2, 0, 4), 
9. = (1, 0, —1, 1.0.1), 0, = (0. 1, 1, —1. 4, 0), 
= (1.0, 0, 2, —1, 0), Qs = (0, 1, 2, 0, 0, —1); 
2u—A=1: Q-, = (—1. 0, 2,0, 0, 1). Q, = (0, —1, 0, 2, 4, 0), 


Q.. = (4.0, —1, 1.1, 0 


Q» = (0, 1, i —1, 0, 1), 
= (1,0, 0, 2, 0, —4). 


The resonances are given below in Fig. 17 for r = 2 and in Fig. 18 


forr =3 
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4.2. Normal forms. If equations (4.5) are truncated to terms of 
power not higher than three, the fundamental Brjuno theorem 
(V, 1.2) yields the following normal forms: 


FIG. 17 


(a) With no resonances, that is, for 
1 1 1 


1 ae oe 
MAT, Zi MAS. τὶ (Tec ae 


AtusAt, 2Atux-~l, WtA-l 


(the general case, when 4 and w from (1.2) do not lie on the straight 
lines of Figs. 17 and 18), 


d , 
ΠΣ τὰ λονν + εἴνοννονι + B2Y voz + BY vss (2.1) 


(v= 1, ΞΕ2, +3). 


(Ὁ) For the resonances appearing in semitrivial solutions (1.9)- 
(1.14) of equation (1.6), one term has to be added to each equation 
of (2.1), respectively, 


λ 1 9 é 

The a 0, 0, f-2Y= 3) foy3, f-3Y-2Ys: fsY2Y-s: 
1 : 5 

=z 6. ὑ3.» €1y3 9,0, C-sYaYa, Θ51}.- 8) 

1 

μ----: dy? 9 dyy3, d_oY-Yor ἄγ χν... 9, 0; 

λ 1,0. 0 3 3 3 ας 

yp. δ᾽ » Uy Οὗ 4. Co, C-3Y-2Y3> C3Y 24-33 
1 ᾿ : ᾿ 

hey: bY? 55 δι; 0, 0, δ. 3. χυ3; δεν 33 
1 i ϑ 

w= a: ay? 5s ays, Q2Y-1Y3, ας 91 0, 0. 
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(c) For the resonances appearing in nontrivial solutions (41.12) 
of equation (1.6), each equation of (2.1) must be supplemented by 
one term, respectively, 


Apes 4: Aay-s-3, ἤχνοῦ 8. h-2Y-1Y3, ReYrY-a» R-sY-Yo, RaYrY-23 
2λ- pts ἐχνου.» LYS. t-oYays, loYiY? gs 1. 9}. αὐοῦ8ν ἰοῦσαν. .1,-51 
A+ 2μ--Ί: 7αν50}..» 72 ν εν F-2Y-Yo2¥a- JoYsY-2Y-a» 7-αὐ αν» Ἰονιν 93 
Qu—A= 4: hay? oY 3, ry 5-31 ᾿ αν. αὐ}... oYrY-2Yss k-aYrY" 9. κα αὐ. 


Remark. For the values of A and μ᾽ belonging to two or more reso- 
nances (this corresponds to intersections of the sets of straight lines 
in Figs. 17 and 18), superposition of two or more additional terms 
occurs in equations (2.1). 

In the real case, y_y = yy (v = #1. 2, +83), it would be suffi- 
cient to write the normal forms only for v = 1. 2, 3 (or only for 
ν = —1. —2. —3). Here. however. we also cover the case in which 
the variables in the initial system (1.1) are not complex conjugate. 

4.3. Calculation of coefficients of normalizing transformation and 
normal forms. In the general case (a) of Subsection 4.2, the normal- 
izing transformation (1.4) reduces system (1.1) to the normal form 
(2.1), and additional terms appear in (2.1) in the resonant cases (b) 
and (c). Reducing the normal form to symmetrized representation 
(V, 3, 1.38). we arrive at the fundamental identities (V, 3, 1.6), and 
then follow the alternative of Chapter V, Subsection 3.2. 

Let us eliminate the resonances appearing in the quadratic terms. 
(see Subsection 4.1), that is, assume that 


λ 1 1 
Fier i, μτς; A+pAl (3.1) 


(see also (1.2)). Then A, 4A; + A, (v, 1, m = 1. 2. 3) and 
formula (V, 3, 2.2) is valid for the quadratic coefficients of the 
normalizing transformation 
Fe Zim 
ΟΝ 
(with the restrictions imposed in (3.1)). 
When wat (see case (b) of Subsection 4.2), then A, =A;+ Am 
if and only if v,1,m=—2, —3, —3; 2, ὃ, 3; —3,{—2, 3}, 
3, {2, —3}. We choose 


-2 2 -3 3 
On 3-37 9. Οὐ 54)» Οἴἴο. 3) 


(v, ἰ, m=1, ΞῈ2, +8) (3.2) 


arbitrarily (it is preferable to determine them from (3.2) on the 


Δ if this is possible. or set them to 


basis of continuity when = eed 
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zero otherwise). The remaining a, are given by (3.2). The coeffi- 


cients of the quadratic terms appearing when = > (see case (b) 


of Subsection 4.2) are given by formulas (V, 3, 2.4) 


-2 -2 2 2 
f-2= F-3-3= 4-3-3, fo=Q33= 433, 


f32= 29733 = 2α1 ὃ, i= 293-3 = 2a3_ 3. 


Similarly, when A=, we choose 


1 αἱ 


ας 8. 3» 88 


arbitrarily and determine 


- 1 -8 ὅλος 
Θθ.γ-εα: 3.3, C= 433, 6.4-ι2α, 13, 65-- αῚ. 51 


when p= a we choose 


-1 1 -2 2 
Q_2-2, 422, 12}, 1-2} 
arbitrarily and determine 
-1 1 -2 Be ny 
d.y=Q_9-2, dy==@22, d2=2a_{2, dp=2aj_2; 
and when A + μ = 1. we choose 
-1 4 -2 2 -3 3 
O23}, α(23)»»ἁἨ %—13}, Ο(1-3)»,Θ,.ἍὨᾳ ἀξ 12)» αἷι- 5) 
arbitrarily and determine 
h_=2az} hy=2a}3, h»=2aZt 
-1 = 4€_2-3, y= 2033, ~2 = 4a_13, 
ἢ. Ξε δαΐ..., hig 26 5, tig 8a) 9. 


In order to determine the cubic terms, we must first eliminate the 
resonances that appear. that is, assume that 


SAS; AMAT; Btw Al, Wedel. (83) 


The values of v. 1. m, and p for which A, = 4; + Am + Ap are 
v, lomo p=v, {l. --ἰ, vy} (v, l= =1, 2, 3). (8.2 
We also set 
Bley =0 (lat, τε, £3). (3.5) 
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Formula (V, 3, 2.3) holds for the remaining values of v, J, m, and 
p, that is. 


ν 1 ν 
Bimp = EEE | Mle 
+3 Dd (αἱ αἶ,»- αχυαΐ, + αἰναΐ,.)}]} (3.6) 
j=F1, F2, $3 
(v. ἰ, m, p = 1. =2, 3; 1, m, p Ξε {l, —l, νὴ 
with the restrictions given in (3.3). Formulas (V, 3, 2.6) under 


conditions (3.41) yield the coefficients of the cubic terms in (2.1) 
corresponding to the subscripts selected in (3.4) 


5 : ; 
>) τῇ (2ay jay + αὐ αἱ) 


» #2 


gh = ΕΝ ΤΕ ΞΞ ϑόννον +2. so 
j=Fl 
(v= +1, =2, +3), 
gh = OXVn—-n = 8DVn—-n +4 Σ (αἴ; hn αἰ γαῖ ny -Ἐ αὐ γαΐ) (3.7) 
(v = ΞΕΊ, +2, F383; ἡ =1, 2,3; hv). 
= A+p=1. formulas (V, 3. 2.5) 
must be applied. 

It remains to analyze the cases omitted in (3.3). When Φ Ξὲ + ‘ 
then the equality 4, = Δ, + Am + Ap holds, in addition to the sub- 
scripts given in (3.4), for 
v, 1, m, p = —2, —3, —3, —3; 2, 3. 3, ὃ; 

—3, {—2, 3, 3}; ὃ, {2, —3, —3}, 
and we choose 
Bo3-s-3, 333, β 582)» Bre-s-3) 


arbitrarily (it is preferable to determine them on the basis of con- 
tinuity by means of (3.6) when νος Ὁ if this is possible, or set 
them to zero otherwise). The coefficients of the cubic terms appearing 
when = =< (see case (b) of Subsection 4.2) will be determined in 
general from formulas (V, 3, 2.5) (or from (V, 3, 2.6) when p = 
= s ; 3 , since (3.1) holds and the normal form contains no quadrat- 
ic terms). Namely, 


.. χ-2 Lee _ 24-3 2239 
Cg = KrF gg Co=X3ggr C-3=SXI 2597 C3 = 9X3_5_3- 
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Similarly, when has, we choose 


ΒΞ 1 -3 3 
=3-3-3. saa, βι 32». Bi1—3-3) 


arbitrarily and determine 


eae At ET by = X35 b_3 = 347755, bs = 343 _3_5 


from formulas (V, 3, 2.6) when p #4, = or from formulas 
2 


τ 
When ἐς we choose 


3 
-1 -2 a 
Br5-2-2, B222, Blis2, Pi-2-2 


arbitrarily and determine 


(V, 3, 2.5) when p=, 


Q1=YI}_y 91 A= Ag09r G-2=3¥Ijn91 2 = θχῇ 5.0 
from formulas (V, 3, 2.6) when hee or from formulas (V, 3, 2.5) 
when hat. 

When 21+ u=1, we choose 
β[5-.5-.9» Biesay, Byoisay, Bu—s—ar β 159» βζι-2-.3) 
arbitrarily and determine 
§-1= 3473591 H=SX2g5 1-2 = SXLfyy) 
ig=3Xf_5 9: t-a= 6x79, ts=6x7_2_5 
from formulas (V, 3, 2.6) when hey or from formulas 
(V, 3, 2.5) when A=. 
When A+ 2u=1, we choose 
βι 15.5.9)» Bloesy, Broi2sy, βί1--5-. 5.» Bri2ay, Bii-2~25 
arbitrarily and determine 
F-1=3%23_93) 1ιτεϑχβοςν J-2 = θχ-ῖ,., 
Ἰυτεθχὶ 9...» J-3== 8X2}. 7.-ῆ 9 χἢ 5.0 
from formulas (V, 3, 2.6) when het or from formulas 


(V, 3, 2.5) when A=. 
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Finally, when 2u—A=1, we choose 
τῇ 1 -2 2 -3 3 
By—2-23), Brees, βε:12-3)» β-5» Boare-23, By-122) 
arbitrarily and determine 


κι ιτεῦχ-ὶ Κι τε Sho .» Fe Oyo? 


-28᾽ 12-3? 
kg =6Y5 9.» K-s=3X73,_9) Bs = 3x3 y9, 
from formulas (V, 3, 2.6) when Le, + or from formulas 


1 4 
(Vv, 3, 2.5) when A=, 3: 

When Pimp have to be chosen, it is preferable to determine them 
on the basis of continuity from (3.6) (when possible) or set them 
to zero. 

4.4, Stability in the third approximation. The Molchanov criterion. 
We consider the general case (a) of Subsection 4.2, assuming the 
initial system (1.1) to be real. This means that in (2.1) not only 


λ, = Ay. but also that 
Yr=Ve, gs tet (k, r=1, 2, 3). 


Multiplying equations (2.1) by y_, and adding them pairwise, we 
arrive at a system of real equations 

3 
τ ἥκ » Enana (kA=4, 2, 3), (4.1) 


a=1 


ayn 
dt 


where 
th=lyn 2 > 0, Ero = —2Re ρὰ (ὦ, α = 1, 2, 8). (4.2) 


System (4.1) was analyzed by Molchanov [329b] for arbitrary k> 2. 
The case k = 2 was presented in Subsection 1.4. Let us take up the 
case k = ὃ, following [329b]. 

If all variables yo in (4.1), except one, are set to zero, we obtain 
the necessary conditions for stability of the trivial solution of the 
real system (1.1) in the general case 


Exp >0 (k =a A. 2: 3). 


A sufficient condition for stability is the positive definiteness of 
the matrix 
3 
᾿ 


ΙΕ ΣῪ 


This is readily seen if all the equations of (4.1) are added. 


206 Normal Forms of Fourth-, Sixth-Order Systems [Ch. VIII 


Now we wish to consider the necessary and sufficient conditions 
for stability of the trivial solution of system (4.1). Since the variables 
Ys No, and ἢ4 are nonnegative, we must analyze stability only within 
a cone ἢμ > 0 (k = 4, 2, 3). Solutions of the type n, = ny (ἢ) are 
said to be the invariant rays of system (4.1). Substitution into (4.4) 
yields 


d δ 
Ξ -- - -Εὐ, 1(0)=1, (4.3) 
3 2 
ΠΣ Enat—E]=0 (k=-4, 2, 8). (4.4) 
a=1 


Here £ is a parameter similar to the eigenvalue in the linear systems; 
by (4.4) stability is shown to be determined by the sign of Ε. 

In order to find the invariant rays of system (4.1), we retain only 
the second multiplier in each equation of (4.4); this yields the funda- 
mental system of linear equations 


3 
δ διραηλ-- 2 a1, 2, 8). (4.5) 


a=! 
If the matrix 


Ι Bra ΠῚ (4.6) 


is nonsingular, then system (4.5) has a unique solution for any LE. 
These solutions fill an invariant line formed by one stable (FE > 0) 
and one unstable (Εἰ < 0) rays. If matrix (4.6) is singular, then a 
solution exists, within the proportionality factor, only for δὶ = 0 
(the neutral invariant line). All solutions of the nonlinear algebraic 
system (4.4) can be obtained by retaining in each of the equations 
either the first or the second multiplier. The total number of solu- 
tions is eight, including the identity solution yn, = nz = ns = 0 
analyzed above. This procedure corresponds to an independent inves- 
tigation of system (4.1) on each of the three faces of the cone n, = 0 
(A = 1, 2. 3). 

The Molchanoy criterion [329b]. For the trivial solution of system 
(4.1) to be stable, it is necessary and sufficient that no neutral or un- 
stable ray be located within or on the faces of the cone yn, =O (k= 
= 1, 2,3). 

I πὸ was proved above. A proof of sufficiency is outlined in 
329b]. 
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Remark. In a number of problems (see Subsections 1.1 and 2.6) 
all g® (kyr = 4, 2, 3) are pure imaginary. Then, by equations (4.1), 


lyn P= cp (k= 4, 2, 8) 


are the first integrals of system (2.1) and can be used to construct 
the Lyapunov function by the Chetaev method ([40a], Ch. II, Sec. 10) 
of linear combination of integrals. The Lyapunov function construct- 
ed in this manner, however, is determined within third-power terms 
and can only furnish conclusions on the formal stability [238e] of 
the trivial solution of system (1.1). 


CHAPTER IX 


OSCILLATIONS OF A HEAVY SOLID BODY 
WITH A FIXED POINT ABOUT 
THE LOWER EQUILIBRIUM POSITION 


§ 1. Case of Centroid Located in a Principal Plane 
of the Ellipsoid of Inertia with Respect to a Fixed Point 


The differential equations of oscillations of a heavy solid body 
with one fixed point about the lower equilibrium position are trans- 
formed in Subsections 1.1, 1.2, and 1.5 for the case specified in the 
heading of this section. It is preferable to apply known methods to 
the transformed equations; this is demonstrated by an example in 
which the method of successive approximations is used. 

1.1. Reduction to diagonal form. We consider a nonsymmetric 
heavy solid body in which the centroid (centre of gravity) G lies 
in one of the principal planes of inertia for the fixed point O. Without 
restricting the general character of the analysis, we orient the prin- 
cipal axes Oxyz of the ellipsoid of inertia in such a manner that 
tg > 0. yg = 0. and Ζς S 0 (OG? = x2 + 2% > 0). Euler’s equa- 
tions are 


dp 1--ε Mg... dq ta eee Ἐν 

ae eg, ΣᾺ Δ ae ee Ci avs 
ἂν a—t Mele, (, .4 Rep eG. ope ee 
mee Oe ae ee (Pgs Oma Sah ee 


where / = OG and the fixed axis Oz* is directed downward, and y, γ΄, 
and γ΄ are its direction cosines. We wish to analyze oscillations 
about the lower equilibrium position (py = ἕξ, γ΄ = 0, and y” = ἢ) 
and therefore assume that at every moment during the motion 


Υ ξ ἕξ + ΙΓ, γ' —_ I’; y" = ξ + TT’. 


Let us introduce dimensionless variables and dimensionless time 
τεῦ (τ-γ ME) 
ν᾿ Β 


(note that Vv stands for the frequency of pendulum oscillations about 
the axis Oy if it is horizontal). The Euler-Poisson equations can be 


Ρ-- 


4 is 
2 
| 
< {5 
pe] 

Ι 
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written as 
dP a , t= av , “ 
τὴν - ΞΕΕ ea OR, -πετ-- ον ΚΡ --οῦ', 
dQ “ al’ ἢ 
ee +(c—a) RP, a -Ξ:Ρ-- ER+ ΡΙ"“-- RIT, 
epgaeet = 
oR SPQ, =804+Qr—Prl". (1.1) 


The eigenvalues of the matrix of the linear part of system (1.1) 
are 0, 0, —i, +i, —Ai, +Ai, and 


s=+Y¥te¢te @+e=4), (11a) 


where the zero eigenvalue corresponds to simple elementary divisors. 
The matrix S having for its elements the correspondingly arranged 
eigenvectors of the matrix of the linear part of system (1.1) and its 
inverse matrix S-' are 


0 ξ 0 0 ak aw 
0 0 1 1 0 0 
.«]ϑξ 0 0 ἐᾷ ib] 
ξ 0 —if it 0 0 
0 0 0 0 1 { 
:0 ἱἰξ- 0 0 
| 0 0 0 ξ 0 0 
ξ ζ 
τὴ 0 τὴ 0 0 0 
4 ane 2 
0 Tr 0 bs 0 πὲ 
ot { ia ie: (1.2) 
0 7 0 Ths 0 ao 
Loy 0 naan, 0 oe 0 
kG ome 1 
Sige ΣΝ 


We denote by ἃ a vector with the components P, Q, R, IT, I’, 
and Γ΄, and by x a vector with the components z,, ..., zs. System 


14-0559 
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(1.1) can be presented in the form 
du 
a, = Au+g(u), 


where g (u) is a vector-function composed of the nonlinear terms of 
system (1.1). The substitution u = Sx reduces system (1.1) to diago- 
nal form 


X= S1ASx-+ S-tg (Sx), (1.3) 


where SAS is a diagonal matrix having for its elements the eigen- 
values of the matrix A arranged in the order given above. There is 
no need to give equations for xz, and ἄς because these variables are 


complex conjugates of z, and zg: x3 = x, and ἃς — χρ. Hence, system 
(1.3) becomes 


dx, 
aes =i (αἱ — x3) + id (αἱ —z?), 
| —0) & 
rE =i “a Tq (gr Ly) + τῆς (A? — 1) (23+ 24) (ας — 25)" 
13 N(c— a 
Ge = itty (6-- α) lat + aa ΟΞ at 
1+) (ς -- 
τὰ ᾿ Το AEE 2 eae : ixy (3+ 24) 
1 ἐ-πα (1 1 
αι πο ( ἐφ te) an 
ἢ τα (ῖ 1 os) --αὐξξ 
— eit tet (P|) | τος Sa ate 
= = ihitg + > tay, (2 6—~ 29) 
1Γ { 4 : 
ἐπ ι|[1-- Ι τί - $24 : Ὁ) | τρῶς 
ie 1 
τὶ inte (SEtZe) Jan 
=e) (14) &E —c) (1A) EE 
ἘΞ 595 ὁ, (ts — a) ΞΟ ΕΞ oy (tsa). (1.4) 


The three known first integrals, namely, the trivial integral, that 
of the kinetic momentum relative to the vertical axis Oz*, and the 
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energy integral, are expressed in terms of diagonal variables as fol- 
lows 

2x, + x} — (5 — 2)? + (ἃς + 26)? = 0, (4.5) 


ach*x, + ach*x 2, + i (ς — a) Ebr, (25 — τῷ} 


+ at (31:5 - L4%—) + a (Z3%g-+2,2%5)=k (4.6) 


ae 
(==>). 


— 2x, + ach?x} +- (%3-+- x4)? — (25 — 26)? = μϑ (1.7) 
2h 
( Ξε: ). 


1.2. Reduction to the Lyapunov form ([1084], §§ 33-45). The ma- 
trix T of the linear transformation of the diagonal system (1.4) to 
the Lyapunov skew-symmetric form is easily constructed 


1 0 1 —i 
0 1 1 i 


The matrix L of the resultant transformation of the initial system 
(1.1) to a system similar to Lyapunov is given by 


1 


T=1,4+T,+T,, I,= " T==> 


L = ST, 
where S is given by (1.2). The matrix and its inverse are 
ζ 
0 € 0 0 0 a= Σ 
001 0 0 0 
ξ 
L—||9 6 9 0 0 ae i 
ξ00 -ΦῸ0 0 
0000 0 4 0 
6 0 0 — 0 0 
0 0 OU 0 ¢ 
ξ ζ 
ας Oe 0θ00 
ἐδ 0 41 O 0 0 
= 00 0 —£ 0 el (2.1) 
0 0 0 010 
4 ξ 
ae O° τ 00 0 


14% 


212 Oscillations of Body with Fixed Point [Ch. IX 


The change of the variables u = Lz reduces system (1.1) to the 
Lyapunov form 


oa = —232,+ 2526, 

Ga! a = 2523 — 2326s 

fe 4,4 (o—a) Bet SOAR a £8 (Lp _ 4p) sey 
Ga = 23 2423 — nee cnet = 2526, 

os = — Nog — 12426 + 292, + — = ieee =) ξξ 21,65 

Finks ἐπ {Ἐπ θὰ stays Zot COE tote. (2.2) 


In the Lyapunov variables, the first three integrals in the same 
order are 


22, + 274+ 23+22=0, (2.3) 
Ach*2Z -+ ach?2 125 + (¢ —a) 502.2, + Ζ Ζιξς - 252: =k, (2.4) 
— 22, + αολ223 + 23+ 28 -- Ww. (2.5) 


The simplest Chetaev linear combination of integrals ([38b], 
pp. 430-431) here reduces to the sum of the trivial integral (2.3) 
and the energy integral (2.5), and yields a positive-definite form V 
in all variables 

V = ait ach?22 + 28+ 224 284 28 = pl. 
This expression bears upon the stability of the lower equilibrium 
position and enables us to determine the stability region in the large 
in the variables p, 4, r, y, y’, and γ΄. 

1.3. Resonances. Formula (1.1a) is the ratio of the frequencies 


of the linear part of system (1.1). Equating this ratio to 9 = m/n, 
where m and n are mutually prime natural numbers, we obtain 


ἐπε pap, (3.1) 
or 
α (ρδε--- 1) ξ5.-Ὲ ο(ρδα -- 1 ξ-το0 (fe Ξε ἡ. (8.48) 


In the first octant of space {a, c, §} equation (3.1) describes a por- 
tion of a second-order surface 


(a —c) 8 = δ (0a — 1) (3.4b) 
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with the natural constraints 
O<@<1, atcSi. c—aci, a—c<l. (3.2) 


The last three inequalities represent a well-known relationship, 
namely, that the sum of any two principal moments of inertia is 
not smaller than the third. When p = 1, equation (3.1) becomes 


A(C—B)B+C(A—B)C=0. (3.3) 


Zelman [398b] noted that these are the conditions imposed on the 

parameters in the Gess-Appelrot case [213]. Equation (3.3) is evi- 

dently satisfied in the Lagrange-Poisson case as well (ξ = 0, A = δ). 
When p = 2, equation (3.1) becomes 


A (4C — Βὴ) ξξ + C (4A -- βΒὴ) ζῇ -- Ο. 
If A = B, €=0, then A = 4C, and this, as Zelman remarked 


[398b], characterizes the parameters of a solid body in the Goryachev- 
Chaplygin case [65b, 88]. 

However, equation (3.1) (or (9.18), (8.1b)), which has a solution 
for any 0 - ρ Ξε min « o, has no solution in the Kovalevskaya 
case [92] (9 = γ' 2). 

1.4. Simplest motions. We begin with permanent rotations (those 
with constant p,q, ΤΙ y, γ΄. and γ΄, that is, with fixed orientation of 
the body’s axis of rotation and with constant angular velocity). 
Equations (1.1) yield 

(1 —c) QR — Gy’ = 0, Ry’ — Oy” = 0, 
(ας —a) RP + Cty — Ey” = 0, Py” — Ry = 0, 
(α --- 1) ΡΟ + ty =O, Cy Py = 2: (4,1) 

The last three equations yield 

P=Qy, Q=QOy', R=Qy" Q=4VPLEFR), (4.2) 
which states that the permanent axis is always vertical. In order to 


find its position in the body, we multiply the first and third equations 
of (4.1) by & and €, respectively, and add them; by (4.2), we obtain 


y [E(t —c) γ' + ζ (α -- 1) γ] = 0. 


The locus of axes of permanent rotation in the body (the Staude 
cone) is divided, in the case in question, into two planes 


y=0 and €E(1—c)z2+C(a—1)r4=0. 


Now we consider pendulum oscillations. Such motions are known 
to be possible with respect to the principal axis of inertia (it is 
necessarily horizontal and fixed in space) that is perpendicular to the 
plane containing the centroid. In fact, the statement of the problem 
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was determined by the existence of pendulum oscillations. Hence, 
we set P = R = Γ΄ = 0 in equations (1.1) and, returning to the 
variables y and γ΄, we obtain 


d ” d ” dy” 
Baty’, S=-oey, =e. (4.3) 


From γ΄ = cos 0, where 0 is the nutation angle, we derive that 
y = sin ὃ for y’ = 0. In the equilibrium position cos ὃ = ζ, so that 
for the pendulum motion we set 


= arccos € + Θ᾿. 


Equations (4.3) now eS an eee for the pendulum oscillations 


——-+sin0=0. 


wu” 


i 


1.5. Transformation of equations of diagonal form. The trivial 
integral (1.5) yields for zx, 


αὶ τα τς (at —t4)2— Σ (5+ χρ)5-Ὁ (A). (5.1) 


Note that x, and k are of the same order of smallness; therefore, 
substituting (5.1) into the kinetic momentum integral (1.6), we 
arrive at 

4 1—i’ 
Ly = ye [τὸ aa (Lats + Tike) 


1-ἰ ἃ 
AEE (ogre + cues) + EOE b (a5 24) + (3). (5.2) 
Here and henceforth we indicate the order of smallness of the 
omitted terms in the variables x3, x,, 25, 16. and in the constant k. 
The order of system (1.4) is now lowered by two, and the transformed 
system consisting of two pairs of complex conjugate equations 
(t3 =X a 5 = 18) reduces to 
-- αὴ ξξ 2 Ceres 


diy 


a in, +4 Take 24 2ach® 
(ἘΔ) --αὐξξ et “--α(1 1 
πε 2ach2 χε -- 2ach? [ 1-- λ ᾿ ΤῊ ear 5) ] kay 


sii [14-52 (tLe) Jin, SSR ay 


=a i (ty— τῷ (a2 — a2) — i (tg +24) (tp + 6)? 


(ea) (1A) 


ache K (gg + 1.15) 


—a)(1—i , 
ἐξ 9: be (ast σὺ τοὶ το μι 


XL3— 2) 


Se a es es OS Ca ΟὃΦΞΨΎῸὀ 4515 


tole ! (A+ 1) (tste-+ 24%) + i (A—1) (295+ L425) 
HOE ote ὦ] {τε (te te) 


αολ ς 


dite 


1 
Fr hte + sar ae το a (GETZ O) | kee 
—c)(1— 
jee NUNS iG) aay pet es 


4 —c) (1+ 
+e (SEH GE) ] eet SOE ai αν τοὺ 


1, ee : 
oe th (x3 — x4)? (ας --- 28) + IA (x§— 25) (L5 + 20) 
+ age ΗΝ [aaa ) (€3%5-+ 2425) — i (1+ A) (x36 + 2425) 
—ajyt 1 
+ £98 bea) | {1-244 (ΓΦ δ 5. 8}7 
1 τ 7 
+[—1-44+4-(284+22) Jah+@. (6.3) 
The remaining first integral is best approached as a sum of the 
energy integral (1.7) and the trivial integral (1.5). Using (5.1) and 
(5. Ἔ we can is the first integral of system (5.3) as 


ar [Ἐπ 


λ 
χ (2525 + 2,25) 


Δ ρας + 2424) — 


ae eee | a, |? +4 | xe |? + (4) -- μὅ. 


1.6. Possible generalizations. The system of differential equa- 
tions analyzed above is three-parametric owing to the number of 
independent parameters involved: a, c, and & (we recall that ¢ = 
=+\V1—®). The system would be reduced to two-parametric 
if the ellipsoid of inertia with respect to point O were an ellipsoid 
of revolution (a = 1 orc = 1 or a =), or if the centroid were on 
one of the principal axes of an arbitrary ellipsoid of inertia with 
respect to point O (§ = 0 or — = 1). In the Lagrange-Poisson case 
(a = 1, § = 0), system (4.1) has a single parameter c. In the case 
of kinetic symmetry (@ = c = 1, § = 0) and in the Kovalevskaya 


case (« -- 1, ee, ξ-- οἵα: ea ξ -- 1], system (1.1) 


has no parameters. The motion of a solid body in the general case 
is described by a system of differential equations with four param- 


eters: a, c, &, andy ($= + V1 — 2B — 9). 
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The four-parameter equations are similar to those given above but 
are more cumbersome (simpler equations are obtained with another 
approach outlined in Section 2). The equations of oscillations about 
the equilibrium position in other force fields (such as a central 
Newton force field) are also unwieldy. 

The transformations outlined above enable us to apply methods 
specific to oscillations in essentially nonlinear autonomous systems 
to the motion of a heavy solid body. Some of these methods were 
presented in Chapters I, ΓΝ, and VIII. The future will show whether 
these methods are really effective for analyzing oscillations of solids. 
The next subsection discusses a method that appears effective to the 
author. 

1.7. Situation similar to the Kovalevskaya case. Within the assump- 
tions of the present section, we consider a situation when the cen- 
troid G of a body is in the equatorial plane of the ellipsoid of inertia 
(for the fixed point O), which is also the ellipsoid of revolution. 
We thus assume 


=BAC, yg=%26=0, ὡς =O0GK0. 


This situation covers the Kovalevskaya case as well (C=5A). 
For a=1, €=1, and €=0 equations (1.1) become 


P d , 4 1, 
gee By" 4 (e—1) RP, τς - τὺ. 
wn, ey! , dy" ͵ 7 


The first three integrals, namely, the trivial, kinetic momentum 
with respect to Oz,, and energy integrals, take the form 


PHyt+ytad, PytQyteRy =k (μτετ K.,),b (7.2) 


P24 Q2+cR?—Qy= =. (7.3) 


ye 


In order to investigate oscillations about the lower equilibrium 
position (y = 1, γ΄ = γ΄ = 0), we solve the first two integrals for 
y and P 


rT arr) k— —cRy" ᾿ 
y= -Ἐ͵.1--γ-- γ, ἤει τ τς (7.4) 


The last expressions are analytic functions of the variables if 


ies ca ee (7.5) 
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that is, until the centroid G reaches the horizontal plane passing 
through O. We assume that the centroid of the body reaches this 
plane at zero angular velocity, that is, 


P=Q=R=y=0, y?+y? =1. 


The constant Ah in integral (7.3) equals zero for this motion; at the 
initial moment, by (7.3), we have 


P? (0) + @ (0) + eR? (0) — 2y (0) = 0. 


Therefore, the centroid will never reach the horizontal plane in 
question if at the initial moment 


ΡΣ (0) + ΩΣ (0) + cR? (0) — 2y (0) <0. (7.6). 


In other words, the condition of analyticity (7.5) is satisfied. 
Substitution of (7.4) into (7.1) yields a fourth-order system 


SO St ay RO ξεν a 


dt Pe eo ar ee Ὑ’ 

dy’ ee aylt k—Qy' —cRy" _ ag 2 ag" 2 

dt V 1—y?—y” R V1 v Υ ᾽ 

dy” =o ay 2 ΑΜ , k—Qy' —cRy” 7 
Fe = OV 1-2-9 at (7.7) 


that is analytic if (7.6) is satisfied. 
The characteristic equation for the linear part of system (7.7) is 


c 4 4 1—c 
M+ (1-24) 4—4+—*=0. 

The roots of this equation are pure imaginary and distinct ifc < 1. 

Let c >1; then one positive root appears if 

4 

Κ2 13. ae (7.8) 
Note that the boundary given by (7.8) for the instability in the large 
of the lower equilibrium position is arbitrarily high for a thick disk 
(c = 1+ 8, 8 >0) and arbitrarily low for a thin disk (c > 1). 
Let us analyze the compatibility of condition (7.8) (instability in 
the large) and (7.6) (analyticity), taking into account that by (7.2) 


k = P (0) y (0) + 9 (0) γ΄ (0) + eR (0) γ' ©). 


Let the motion start from equilibrium, that is, 


70) =1, yO -- γ' O=0. 
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Then k = P (0), and conditions (7.8) and (7.6) can be written as 
the inequalities 


(0) <2—@ (0)—R? (0), (7.9) 


which are compatible only when c >} ; 


1.8. Application of the method of successive approximations. We 
recast system (7.7) in vector form 


0 (c—1)k 0 —1 
Q (ε--- 1) ᾿ 
0 0 =< @ 
ὩΣ _Ax=1(x), x= a eae ς , (8.4) 
᾿ v 0 - 0 ἃ 
᾿ i O° =k. 0 


where f (x) is a vector-function composed of nonlinear terms. We se- 
lect x) = x (0) as the zeroth approximation; consequently, in the first 
approximation 


—+ — Ax, =F (x9) (8.2) 


and in higher approximations 


Ht Axa = E(x) (F=1,2,-..), 
whence 
τ 
Χκρ = τα x (0) + eft #4F (xz (s)) ds. (8.3) 


Let us evaluate the norm of the difference in the standard manner 


τ 
Xn (tT) —Xp (1) = \ eA TE (xq (S)) —F (Xn (6}}} ds (k= 4, 2, ---). 
0 
This gives 
[Χο (Ὁ) — Xx (Ὁ) | C4°PL 1 | eA | | χα (5) — xp (8) | 
(0 .«(ς.«τ; Κ--1,2,...), 
where L is the Lipschitz constant in the closed domain contained in 


Vs | Therefore, the mapping (8. 3) is contracting and the sequence 
{x;, (t)} is uniformly convergent in the segment 0 «(τ - τῇ if 


TS — (esters Ἐπὶ 
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Equation (8.2) and formula (8.3) yield 
X, (τ) = e*x (0) - At (e™4 — LL) f (Xp) (8.4) 


for the first approximation. In detailed form, formula (8.4) describes 
the “coin effect”, that is, the standing of a thin disk spun at a suffi- 
ciently high angular velocity around a vertical axis. 

1.9. Remarks on the determination of the position of a solid body 
with a fixed point. The approach used above was integration of the 
Euler-Poisson equations. Only five arbitrary constants are obtained, 
however, after p, 4, r, y, γ᾽. and γ΄ are found for a given time ἔ, since 
at any moment the sum of squared direction cosines equals unity. 
At the same time, the initial data can assume six arbitrary initial 
values, for example, po, Go, To, Po, Wo, and by, where @, wp, and ὃ are 
Euler’s angles. It can readily be shown (see, for instance, [65bl], 
Ch. I, § 5) that in addition to integration of the Euler-Poisson equa- 
tions, one additional integration is required to obtain the complete 
solution. Indeed, if the formulas for @ and 6 are [65b] 


@ =arctan ΞΕ , =arccos γ΄, 


the precession angle w is found from 


ami iif, 1 dy}, dy’ Δ] 
dt =alr yi+y? (ae Y “3 Y) |: 

Kharlamov uses a different method of finding the body’s position 
in space, namely, by means of a fixed and a mobile hodographs of 
angular velocity and arc coordinates. By analogy with kinematics 
of a point, we refer to this method ([88], Sec. 1.6) as a natural one. 
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As Ishlinskii remarks ([79a], Ch. IV, ὃ 4), the system of Euler’s 
dynamic and kinematic equations is not very convenient for gyro- 
scopic analysis. This remark is equally valid for the problem dis- 
cussed in this chapter. In the general case, if the Euler-Poisson equa- 
tions are used, there are four independent parameters: two ratios 
of moments of inertia and two ratios of the centroid’s coordinates to 
the distance from the fixed point. The number of independent param- 
eters is less than four if, as in Section 1, the centroid lies in one of 
the principal planes of the ellipsoid of inertia for the fixed point 
(this is always possible if the ellipsoid is one of revolution). The 
assumptions made above reduce the number of independent param- 
eters to three; in the case described of the ellipsoid of revolution 
the number is not greater than two; it equals unity in the Lagrange- 
Poisson case; and, finally, no parameters are involved in the Kova- 
levskaya case. 
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If the Euler-Poisson equations are used, transformations to the 
Jordan form of the linear part of the equations in question are very 
cumbersome, but they contract considerably if the number of the 
parameters is at least one less than in the general case (see Sub- 
section 1.1). The manipulations are substantially simplified, how- 
ever, if one uses the special axes of the frame of reference inherent 
in the body, introduced by Kharlamov ([88], Sec. 2.6). 

Both the preceding section and this one are devoted to preliminary 
transformations necessary before applying methods of small param- 
eter and the method of normal forms. The actual application of 
these methods, however, requires considerable effort. This reflects 
an essential point: in general, the motion of a solid body with a 
fixed point cannot be reduced to a superimposition of oscillations, 
but has to be described as a slip-free rolling motion of a moving 
axoid over a fixed one (a detailed analysis can be found in [88]). 
As for the method of successive approximations, it appears that 
the results given in Subsection 2.6 (and also 1.8) are sufficiently 
effective. 

2.1. Base reference frame. We assume that the centroid G of a 
body does not coincide with the fixed point O. We draw the first 


FIG. 19 


axis, OX, through the centroid G and choose the axes OY and OZ 
such that the centrifugal moment of inertia Jyz equals zero. The 
reference frame OXYZ inherent in the body is called the base refer- 
ence frame (Fig. 19). 

The kinetic energy of a body is a quadratic form of the components 
of the angular velocity 


1 
K => J xx0k + ὕγγοῦ + J 7208+ 2. xy@x Oy + 2S zx 020 x), (1.1) 


§ 2] General Case 221 


where ὕχχ, Jyy, and Jzz are the axial and Jyy = Jyx and 
Jex =Jxz (Jyz =Jzy = 0) are the centrifugal moments of 
inertia of the body. The formulas for the projections of the kinetic 
momentum ky of the body onto the base frame axes, 

ky =Jxx@x + J xvoy + J x20z, 

ky = Jyx@x + Jyyoy, 

kz = JzxOx + Jz20z, (1.2) 


enable us to rewrite (1. - in the form 
Κες- 1 (kx ox + kyoy + ἔχω). (1.3) 
We solve equations ae with respect to wx, @y, and wz 


Ox = Qyyxky +Qxvky + Qxzkz, 
Oy = Qyxky + Qyyhky 4 Qyzkz, 


Oz = Qzexkxy 4+ Qzyky + Qzzkz, (1.4) 
where 
Oy = ἦγυ92Ζ _ Jaadxx—Ihx ῳ, -- IxxJyy—Jky 
“ΧΑ, detJ ’ ΤΥ det J , ao det J ’ 
JxyJzz χρῶν 
ουν τῶν — BE, ο..- ag οὐδέ 
JxyJz 
Ore = Qe Gey 


and, finally, det J is the determinant of the positive-definite quadratic 
form (1.1), that is, of the matrix 


[J xx J xv J zx 
ἀξ ἐν: 0. lly (1.5) 
Tex 0 J 22 


Substitution of (1.4) into (4.3) yields an expression for the kinetic 
energy of the body as a quadratic form of the component of the 
kinetic momentum with respect to the fixed point O 


1 
= 5 (Qxxkk + Qyyky + Qzzkt 
+ Wyyhxky + 2Qyzkyky + 2Qzxkzkx). (1.6) 
This completes the transformation from the inertia tensor {J yx,.. 


.., Jzx} to the gyration tensor {Qy x, ..., Qzx} (see [88], 
Sec, 2.5). 
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In a more compact form, this becomes 


ko =: Jo, =+ (ko, ὦ) -- ὦ (Jo, ), 
o=I%ko, K=4 (ko, Itko). (1.7) 


2.2. Special reference frame. Let us rotate the axes of the base 
reference frame OXYZ about OX by an angle 8, moving OY in the 
direction of OZ; the new axes will be denoted by OXX,X, (see 
Fig. 19). The new unit vectors are expressed in terms of those of 
the base reference frame by the equations 


ey, =eycose+ezsine, ex,= —eysine+ez cose. 


The matrix R composed of the components of the new base frame 
ex. €x,, and ex, is given in the base frame ex, ey, and ez by 


1 0 0 
R=/|0 cose --ϑίη 8}. 
O sine 0088 


This matrix is orthogonal: R-* = Ητ, 
The matrix J of the inertia tensor is expressed in the new base 
frame by the formula (see (1.4.27), [80]) 


7-- ΒΓ ΠῈ 
Jxx J xy cose+J/z7, sine Jzx cose—J xysine 


Σ P 1 : 
_l|lJ xv cose+-Jzxsine Jyycos?e+Jz, sin?e x (Jzz—Jyy) sin 2e 
Ρ { : 3 
Jzx cose—J χυ sine a (J zz—Jyy) sin 2e Jyysin?e+J/ 27608" 


Obviously, det J = det J. For the elements of the inverse matrix 
we derive 


Fy at (e)= iy (J xxJyy—Jky) sine 

+ (J xxJ 22—J3x) cos?e+ JxyJzx sin 2ε], 
ΠῚ 
+ (J xxJ yy —JSky) ο082 ε ---  χγυ zx sin 2ε], 


ad cave 1 ‘ 
τι (8) sw 51 (6) -- πο (JyyJzx sine +J27J xy Cos 8), 


J (6) τ τὶ (6) -- Ξ (JzzJ xy sin e —JyyJzx 008 8), 
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ΤΠ} (0) =F (0) = τῶν [2 χχύνν- Sey — I xxJ zz + 18χ) sin 2 


ι 


Εὐ αγυ ;χ 008 2e | ge (2.4) 


The special axes introduced by Kharlamov ([88], Sec. 2.6) satisfy 


the condition 7. (8) = 0 imposed on the reference frame fixed to 
the body; therefore, the angle ey by which the base axes OXYZ are 
rotated toward the special axes OXX,X, (the angle is measured 
counterclockwise if observed from the point G toward the point O) 
is given by 


23 xvyJ zx (2.2) 


tan 2¢, = ------------.5 4 Sse 
XI xxd72—Ihy—S xxdyy ts yy 


Using Kharlamov’s notation, we denote the quantities in (2.1) for 
&= ey by 


» ἀ0- 7:1 (εχ), ας -- 75} (ex), 


by = 71 (Ex), O2= 7.1 (ex). (2.3) 


Note that the parameters a, a,, and a, are automatically positive. 
Formulas (4.7) express the kinetic energy of the solid body in 
terms of the projections kx, kx, and kx, of the kinetic momentum 


(with respect to the fixed point) onto the special axes OXX,X>5, 
so that 


K = ὁ (ko, Fk) = (al -Ὁ ay, + ghey) + (dsb, + bokx,) Ἐκ. 
(2.4) 


The projections of the angular velocity onto the special axes are 


Wx = aky +bkx,+bokx,, 
τ ΞΞ δικχ + aykxy, OX, = bok x oh Agk yy. (2.5) 


2.3. Equations of motion of a heavy solid body in the special ref- 
erence frame. The motion of a heavy solid body with a fixed point 
is given by the system of equations 

ἀκὸ 


7 = [ko X w)-+ [ley x Mgv*], Maw Xo, (3.1) 


which possesses the first integrals 


(v°. v)=41. (ko. v°) -- οι. K—(Mgv, lex) =h, (8.2) 
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where kg is the kinetic momentum of the solid body with respect 
to the fixed point O, ex is a unit vector directed toward the centroid 
G, v° is a unit vector of gravity, and 1 = OG. As in the preceding 
subsection, we denote the projections of kg onto the special axes 
OXX,X, by kx, kx,, and ἔχ,» and direction cosines of vector v° 
in the same reference frame by v, v,, and vo, after which equations 
(3.1) and integrals (3.2) can be written (by 2.5) as 


dk 
— = (bok x + Agkx,) kx, — (kx + akx,) kx, 
Fi 
at = — Mglv, t (akex + dykexy + daly) xy — (δ εχ + Aghx,) kx, 


To (aky + bkx, + bk x5) Kexyt (bkx + a,kx,) kx, 


τ᾽ = (bok xy + ask x.) Vy (δι χ + a,kx,) Vo, 


d . 
sh = (alex + dykex, + bakex,) Va — (δ εχ + agh x4) ν, 


ἀν, 


T= (aky + bykxy + dakx,) νὰ + (kx + aykyy) v; (3.3) 
vetvitvi=1t, kyvt+kyy+khy,ve=kozs, 
ὦ (ak Ὁ aki, + ahs) + Orkexy + doktxy) ky — Mglv =h * (3.4) 


(see [88], equations (2.6.8), (3.2.44), (3.2.12). (3.3.14), (3.3.16). 
and (3.3.18). 


One solution of system (3.3) is ky =ky = x - θ, ν; τε Ve τε 
= 0, v = 1, which corresponds to the lower equilibrium position. 
Now we assume that at every moment during the oscillations 


yv=14N, (3.5) 


and introduce the following dimensionless parameters and variables 


t=V Mela, t, x= V kes 
a 
κι Ξε V ts ky, Mo = ee Wal kx,, 
fa SES z= et ἘΠΕ Ὲ εξ ες 
α' -- a,° d,= ay ᾽ a= a,’ ἔς -Ξῷ ΓΝ (3.6) 
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System (3.3) and integrals (3.4) become 


d 
ae = (€% + ας") κι — (yx + ΚΙ) Xe, 


dx, 


ΤΣ -- Vat (dH + ey + CoHy) Hy — (9% + dy%o) %, 

a = Vy (TH+ eH + 6554) Hy + (ὁ +X) Ἀν 

EX = (ea% + yey) νι — (€% +45) Ve 

os = — ὁ — Agha + (d'% + €yXy + CyXq) Vo — (€2% + dyXo) N, 
es = ex +, — (d'x + eX, + 65}.4) Vy - (ἀκ + 1) N; (3.7) 


2N-+ N2+vit+tvi=0, 
%(1-+N)+ αν, τῇ κὰν τ - =k 
ry Va δ αιτττ Mel OZ* =", 


du? +12 + ἀρκῇ +2 (€:%1 + &:%_) % —2N = 2h’ +2 (μ' τὰ ia : 


(3.8) 


System (3.7), which describes the general case of oscillations of a 
heavy solid body about the lower equilibrium position, contains 
four dimensionless parameters d’, d,, 61, and 69, given by formulas 
(3.6), (2.3), (2.2), and (2.1) (see also Subsection 1.1). The eigenvalues 
of the matrix of the linear part of system (3.7) are 


0,0, 2 -Εἰ, eV a Vidi, (3.9) 


where the simple elementary divisors correspond to a zero eigen- 
value. The matrix S that has as its elements the correspondingly 
arranged eigenvectors of the matrix of the linear part of system (3.7) 
and reduces this system to the Jordan form (in this case diagonal 
form) and its inverse S~' are 


Gi Are 0. ὁ 0 0 
OF Se 11 0 0 
6, 
ΕΝ δ ρος οἴ. Ὁ 4 4 
1 0 0 0 0 0 
O~ 2 00 fd, 2a, 
(> "90r ἐὲἐ --ἰ 0 0 


15-0559 
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0 0 01 0 0 
i 40S SOO - 0 
ei se 00 0 USS 

st—|} 4 + 00 0 sill. (3.40) 
τ 0 + 0 are 0 
- ἡ Σ : ave : 


The transition to the Jordan variables by means of the matrix S 
reduces system (3.7) to the diagonal form (referring only to the linear 
part of the reduced system). The reduction to diagonal form precedes 
the transformation to normal form. The diagonal form per se will 
not be needed in the analysis to follow, but the matrices S and 
S-! will be useful for transforming the system to the Lyapunov form. 

2.4. Reduction to the Lyapunov form. The matrix T of the linear 
transformation that reduces the system in diagonal form to the 
skew-symmetric Lyapunov form is 


1 =i 
1 
: n=, i 


ener 1 0 
T=1,+T,+T,, I, = 0 1 


The matrix L of the resulting transformation of the initial system 
(3.7) into a Lyapunov-type system is 
L = ST, 


where S is found from (3.10). The matrix and corresponding inverse 
are 


0 41000 0 
0 —e 10 0 0 
0 3 0.01.9 0 
L= dy , 
{ 0 0 0 0 0 
0 000 - κα, 
0 0 010 0 
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0 00 1 0 0 

1 0 0 0 0 0 

G2 10 Oe 20 0 
6 

ae 0 1 0 0 0 

1 
0 ----Ξ  ( 
0 0 vi ) 


We denote by ἃ a vector with the components x, Κι, %5,N, v4, 
and v, and by v a vector with the components v,, .. ., Ug. We write 
system (3.7) in the form 


du 
Y= Au+g(u), 


where A is the matrix of its linear part and g (u) is a vector-function 
composed of the nonlinear terms of system (3.7). The substitution 


u = Lv (4.2) 


reduces system (3.7) to the Lyapunov form 
& = LtALy+ Lg (Ly). (4.3) 
In full form, transformation (4.2) and system (4.3) are 
H=Vg, Ky = — 621). +3, Hy = τατος Ἔν, 


N=v, v= —V dye, Vo =U, 


V,=N, vg=%, Vg=eyx+%X, Vy~=Vo, 


ΟΣ 1 
Va=— XM, Ve = mE νηὶ 4.28 
5 ἃς + 29 6 Va, 1 ( ὴ 
d parr 
t= —v3¥,—d, V dz vsV¢, 
τ 
dv 6 
2 = --Ξ υ,φυ5--- θγάςυαυς + (d,— 1) νοῦς, 
dt ἃς 
dv. e. e2 
«ον: (-- 4 --4--3Ὶ Up + ess 
2 
+ ( 4’ —d)— 68 —d,e?—2 a Vols + Cds. 


d _— " 2 — — 
a =U3-+uv3+ V dy (4 a ja ) Vee + V ds eave + V de evsves 


15* 
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2 
ἐξ 2 


B= = Vids Vet e(a’ —e ἘΞ, ors 
+(1—d' + 263 ἘΞ ἘΠῚ ἐ ) bapa t+ vavs— FE vv 


Sea V dy υς Ὁ V ἄς vs 
oa: οὗν 

Va γε as 
The first two integrals of (3.8) (the trivial one and that of the 


kinetic momentum relative to the vertical axis), expressed in new 
variables, are 


2 
+ ( —d'+ei +7) VV, — Vis.  (4.0a) 


Qu, +i +vit dvi τε, (4.4) 
Vg + Vy. — ae Vv, +e, V dy vyve—V dy vsve-+vws=k. (4.5) 


A linear combination of the energy integral and the trivial integral 
results in the definite-positive integral 


vit (4΄-- οἰ- «δ ) ot +0} tut td, (δ +0) = 2h! +2. (4.6) 


2.5. Resonances. The ratio of frequencies of the linear part of 
system (3.7) or (4.3a) is obtained in a straightforward manner from 
(3.9). Equating this ratio to m/n, where m and n are mutually prime 
numbers, we obtain 


fea eee ΟΝ (5.4) 


Formula (2.2) ον 


βίηξεχ = ae [R+(S x xJ vy — J %y) — (J xxJzz—Jix)), 
COs? Ey = Rh — (J yxJyy — Sey) + J xxI2zz—JiZx)), 
sinQey = xx vy 
HK 
where 


R= ΒΗ Vide (J22—J yy) + Sky —JoxP 4+ ἀὐ  γυξχ. 
By formulas (2.3) and (2.1). we derive 


_ xx SyytIz2)—VyytIex)— οὐ 
“αι I xx SyytTz2)-Vyyt3hy) FR * 
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ed 


After elementary manipulations, the rescnant equation (5.1) reduces.to 
(π΄ +m) I ey J xxJ yyI 22 — ὕγγυζχ-- J 22d xy) 
= nm [J xxJyy — λυ) τ (I xxJz2— JoxyP+ 2 τυ }χ]. (5.2) 


We assume that the base axes are the principal axes of the ellip- 
soid of inertia for the point O, that is, Jyy = Jzxy= 0. In this 
case these axes are also the special ones, because formula (2.2) yields 
δχ =0. As a result, equation (5.2) becomes 

(n* +m!) JyyJ zz = n?m? (Jey + Jdz). (5.3) 

Obviously, its solution is 

J27 — m? 

Tee π᾿ (5.4) 
For instance, in the Lagrange-Poisson case we obtain Jyy = 
(because axis OX is directed to the centroid) and Jyy = Jz, =A, 
which coincides with (5.4) for m =n = 1. 

In the Kovalevskaya case [92], however, Jy, = A and 

72 -- 1 

Jyy Δ’ 
that is, (5.4) is not satisfied. 

2.6. Application of the method of successive approximations. We 
solve integrals (4.4) and (4.5) with respect to the variables v, and v, 

1 


v= 14 V Todt = — ἃ νυ. dd? + (4), (6.1) 


κ- γί dy vgr5—Uqvs 


By = ALY Ae tate tats _ ky 2 hy — 0, γ ΩΣ hy + (8). (6.2) 
1vy—— vyey V dy vg ξ 
d, 
If 
vitvieci, —1<N (6.3) 
and if (4.2a) is taken into account, then expansions (6.1) and (6.2) 
are convergent. 

These conditions are obviously satisfied if the centroid of the oscil- 
lating body does not reach the horizontal plane passing through the 
fixed point O. 

The last four equations of (4.3a) can be presented in vector form as 

d 
 =Bw+f(w, V1 (W), V,(Ww)), 
V3 |O —4 0 0 
σι " 1 0 0 0 
ΠῚ 1 - Oe Ore Ὁ ea ae 


Vg 0 0 Vd, ὦ 
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where f is a vector-function composed of the nonlinear terms. As 
the zeroth approximation of system (6. 4) we choose a vector composed 
of the initial conditions wy = w (0),! and as the first approxima- 
tion a solution of the system 
dw 
ae = Bw, +f (Wo, v1 (Wo), V2 (Wo)). 

With the same initial conditions w, (0) = wo, this solution be- 
comes 


Wyj(t) = eB wo + ΒΓ! (e*8 —1,) f (Wo, 01 (Wo), Ve (Wo))s 
The expressions for the components of w, (t) are 
υἱ (τὴ =v; (0) cos t—v, (0) sin τ 
+[2(—d' ++) v8 0) + ew2 (0) 
+ (d’ —d,—e — dye} 2-3) V2 (0) vs (0) + &,davs (0) v5 (0) | sin x 
—2[ v4 (0) v2 (0)-+ Vaz (d’ --- εἰ —-F.) vy (0) v6 (0) 
+ V dy ον: (0) υς (0) + Ὑ ἄς σγυς (0) ve (0) | sin? +, 
v5 (τ) =v3 (0) sin t-+ v, (0) cost 
+2[( —d' + ef +) v2 (0) +e,02 (0) 
+( dd, 0, — dye? — 2-2 ) v9 (0) v5 (0) 
+ @dyvz (0) v5 (0) | sin? + 
+[v (0) v3 (0) + Va, («’ -- εἰ 4) v2 (0) v5 (0) 
+ Vd, e372 (0) ve (0) + Ὑ ὧς δον» (0) v6 (0) ] sin τ, 
vt (t) = 5 (0) ete Vidi Ὁ ἃ (0) sin Vd, τ 
toe! ——le, («’-- εἰ -ἰ υϑ (0) — ev? (0) 
+(1—d' 4262-4 ἐ Fh) v2 (0) v5 (0) 
+ v5 (0) v5 (0) — F205 (0) vs (0) | sin Vd, τ 
—2 [v1 (0) vs ( hs Roane lanen 


ae as (0) vs (0) ages (0) vs (0) | sin? Vas ' 
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υἱ (τ) = V ας υς (0) sin V dy τ- τς (0) cos V ας τ 
[es («' .- ὁ a) v? (0) — ev? (0) 


7m 
+ (1d! + 268+ E+) vy (0) v9 (0) 
+02 (0) v5 (0) —-5% v5 (0) v5 (0) | sin? ae 
ae 
— Lvs (0) (0) --2% (0) vs (0) | sin V dp τ. 


Now vj (τ) and v} (τ) can be found from (6.1) and (6.2). The second 
approximation w, (τ) is then found from the equation 


M2 — Bw, +f ον, (1), υἱ (ἡ), vi (a), 


whose solution for w, (0) = wy yields 
τ 
W, (τ) = e*Bwy + eB j e~ BE (w, (s), υἱ (s), υἱ (s)) ds. (6.5) 
0 


This result can be somewhat weakened by setting υἱ (s) = 0 and 
vi (s) = k in (6.5). This means that the terms of the third order of 
smallness in the expression for f are neglected in (6.5). 

By formulas (4.2a), integral (4.6) can be recast in the initial 
variables 


(@ -- εἰ-- ἰ 2+ (ent) ty (ext) +N pvt Εν! 
=2h' +2. (6.6) 


We assume that the centroid of the body has reached ip horizon- 
tal plane passing through the fixed point O (N = —1, v? + v2 = 1) 
with the zero angular velocity (x = x, = x, = 0). Substituting 
this into (6.6), we find h’ = 0. It was mentioned that this situation 
is a limiting one for the convergence of the suggested version of the 
method of successive approximations. Therefore, taking into ac- 
count that h’ = 0, we see that integral (4.6) defines the surface of a 
six-dimensional ellipsoid containing the allowed initial values of 
the variables v,, ..., Ug; in other words, the inequality 


(¥8 (0) + (a --- οἰ-- FE) (0) +03 (0) +04 (0) + ἀρ (0) + ἀρ (0) <2 


must be satisfied. 


BRIEF BIBLIOGRAPHICAL NOTES 


Part One 
Chapter I 


§ 41. A practical method of finding periodic solutions of Lyapunov systems was 
suggested by Malkin [111a]. Sokolov [369] determined periodic solutions of cer- 
tain types of Lyapunov systems for which the available methods of calculation 
proved unmanageable. 

1.4. These results are taken from [371e-g, j, 5]. 

1.2. This transformation was given in [3171], n, 8, 1]. 

§ 2. Here we follow §IV.6 of [80]. 

The Poincaré method for both nonautonomous and autonomous systems can 
be found in monographs by Andronoy, Vitt, Khaikin [5], Blekhman [20a], 
Bulgakov [31], MacMillan [109], and Malkin [111a, b]. Periodic solutions by the 
method of small parameter were practically investigated by Proskuryakov 
(348a-n] and Plotnikova [341a-c]. These papers treat quasilinear autonomous 
and nonautonomous systems with one or several degrees of freedom, certain non- 
linear systems, and some special cases. 

Let us discuss one nontraditional application of the Poincaré method: the 
study of the motion of a heavy solid body about a fixed point, including both 
an analysis of the general properties of the equations of motion and the actual 
integration. In 1953 Sretenskii [370] suggested applying the method of small 
parameter to analyze the motion of a solid body rotating at a high angular ve- 
locity about a fixed point. Arkhangelskii [216a, c] discussed a method of con- 
structing periodic solutions of quasilinear autonomous systems that possess first 
integrals; this results in the appearance of degenerate situations. Later these re- 
sults were used [216b, d, e] to derive new special solutions for a heavy solid hody 
rotating at a high angular velocity about a fixed point. 


Chapter II 


Simple, physical, and elastic compound pendulums are treated extensively 
in the literature. Papers by Mettler [320a], Struble [376b], Heinbockel and 
Struble [269, 379a, b], and Cheshankov [244a-e] contain an extensive bibliogra- 
phy. 

§1. The results are taken from [371d]. 

1.6. Litvin-Sedoi [304a, b] demonstrated that if a simple plane pendulum of 
variable length is mounted on a suspension undergoing a nonzero acceleration, 
a restoring force due to the inertial force of the rotational acceleration of the 
pendulum is produced even in the absence of external forces. 

§2. The results are taken from [3116]. 


Chapter III 


The method of averaging is given in monographs by Bogolyubov ([22], 
vol. I), Mitropolskii [127d], Volosov and Morgunov [204], and Grebenikov and 
Ryabov ({66a], Pt. I). 
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The problems of accuracy in the theory of nonlinear oscillations were dis- 
cussed by Ryabov [355b-e] and Gorbatenko [260a-d]. 

I oie results presented are taken from [371h] (§ 1), [371k] (§ 2), [371n] (ὃ 3), 
372] (§ 4). 

81. The first results dealing with energy transfer in oscillations of elastic 
pendulums were obtained by Vitt and Gorelik [394]. Energy transfer in flexural- 
torsional oscillations was analyzed by Kononenko [290a]. Energy transfer was 
also analyzed by Struble [376c], Struble and Heinbockel [379a, b], Struble 
and Warmbrod [380], Cheshankov [244a, b], Zelman [398a], and Mercer, Rees, 
and Fahy [319]. 


Chapter IV 


§ 4. Lyapunov systems were investigated by Malkin [411a, b]. Chapter VIII 
of [111b] discusses nearly Lyapunov systems, but in a different sense than here, 
namely, nonautonomous systems, 

1.4, 1.2, 1.5. The results are taken from [371m]. 

1.2. A proof of the Poincaré theorem on the expansion of integrals of ana- 
lytic systems of differential equations in powers of a small parameter can also be 
found in a monograph by Golubev ({65a], Ch. III, ὃ 2). 

1.3. The introduction to Subsection 1.3 shows that the discussion goes beyond 


the scope of the equation z+ w?z = δῷ (2, z). This equation is extensively treat- 
ed in the literature both in the scalar and in the vector case; among the publi- 
cations in the USSR we mention the monographs by Andronov, Vitt, and Khai- 
kin [5], Bulgakov [31], Malkin [441a, b], Bogolyubov and Mitropolskii [23a], 
Moiseev [129], and Roitenberg [166]. It should be emphasized at the same time 
that Subsection 1.3 is ἃ supplementary analysis of the general case of oscillations 


in a system with one degree of freedom described by the equation «— f (x)= eg (7), 
as given by Bulgakov [31], Moiseev [129], and Roitenberg [166]. 

1.3, 1.4. The results are taken from [371y]. 

§2. Nearly Lyapunov systems were investigated by Malkin [111b], who ana- 
lyzed periodic solutions that reduce to the Lyapunov solutions for μ = 0 and 
periodic solutions in the resonant case. The problems of existence, stability, 
and practical calculation of periodic solutions were studied by Shimanov [364a, 
c, 4] by a method of auxiliary systems that he suggested. 

One special case of Lyapunov-type systems was analyzed by Sokolov [369]; 
Ryabov used a somewhat different approach to similar systems [355a]. 


Part Two 


The reader should be warned about terminology. Here we consider normal 
forms of systems of differential equations and their applications to oscillation 
problems. 

The theory of oscillations also considers normal mode oscillations, which l'ave 
rectilinear trajectories in the configurational space. Let us briefly describe the 
literature. The definition of normal mode oscillations can be found in [351fa, bl. 
The existence of solutions close to normal mode oscillations was proved by Lya- 
punov [108a] for a wide class of quasilinear systems. Manevich [308] demonstrat- 
ed the possibility of interpreting normal mode oscillations in terms of the theo- 
ry of group-invariant solutions developed by Ovsyannikov [142]. Manevich and 
Pinskii [3118, b] found some new classes of systems allowing both rectilinear and 
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curvilinear normal modes of oscillations, since the corresponding systems are 
invariant with respect to the complementary discrete groups of the transforma- 
tions. Manevich and Cherevatskii [309a, b] studied degenerate systems that can 
be reduced to singularly perturbed equations. An efficient method was suggested 
for constructing periodic solutions of such systems. A constructive method of 
finding normal mode oscillations of multidimensional conservative systems was 
given in [310] and by Mikhlin in [321a]. The method is based on constructing 
curvilinear trajectories of the solutions to be found, tracing them in the configu- 
rational space in the vicinity of the rectilinear forms of oscillations. The trajec- 
tories are constructed as power series, and the relationship to Lyapunov’s re- 
sults [108a] is established. Rosenberg [351a] proved some theorems on the exi- 
stence of normal mode oscillations. Mikhlin [321b] investigated resonant modes 
and proved that in several special cases they are close to normal mode oscilla- 
tions. 


Chapter V 


Elementary information on autonomous systems can be found in a monograph 


by Myskis [135]. For advanced reading we recommend a monograph by Dalet- 
skii and Krein [47], which a nonmathematician can reinterpret in terms of 
finite-dimensional space. A qualitative theory is given in a monograph by Ne- 
mytskii and Stepanov [139], although normal forms are treated only in the first 
edition (1947). 

81, The fundamental results were obtained by Brjuno [238j]; this reference 
also contains the relevant bibliography. 

1.2. The fundamental Brjuno theorem [238j] does not assume that the Jordan 
form is diagonal, that is, it treats the case of arbitrary elementary divisors of 
the linear part of the system. The presentation in this subsection is based upon 
the statement of the problem in 1.1. 

1.3. The Poincaré theorem (in the case of violation of conditions (2) or (4)) 
was generalized by Siegel [183] and Pliss [340]. 

§2. A geometrical interpretation of “truncated systems” (in the space of ex- 
ponents) and examples of the use of these systems can be found in [238m]. 

2.4. The existence of an analytic transformation in the real case was dis- 
cussed by Markhashov [315] and Brjuno [238v]. Poincaré theorem was generalized 
(in the sense of the existence of a piecewise-smooth transformation of the linear 
system) by Samovol [357] and Brjuno [238v]. 

§ 3. The author agrees with Brjuno’s remark [2381] that the method of nor- 
mal forms is naturally separated into two parts. The first (algebraic) part con- 
sists in indicating an algorithm for constructing the necessary formal expansions 
[2381]. In this book the algorithms are elaborated to the point of recurrent cal- 
culation formulas covering the general case. 

The second (analytic) part consists in interpreting the results by means of 
analytic functions (Poincaré [149a], Dulac [253], Siegel [183], Pliss [340], and, 
finally, Brjuno [238j]) or smooth functions (Birkhoff [15], and others) and eval- 
uating the accuracy of approximate integration by this method (Birkhoff [45], 
Siegel [483], and Moser [132]). 

The local method is not restricted to normal forms. For the further study of 
this method (seminormal forms and integral manifolds related to them, etc.) 
we refer the reader to Brjuno’s works [288], p-u], which also contain the rele- 
vant references. 

The extension of normal forms to nonautonomous systems is outlined in a 
paper by Kostin [294]. 
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Chapter VI 


The results are taken from [3711]. 

84. The first (after Poincaré [149a]) to express the general solution of equa- 
Hoga 1, 4.4) in terms of the solution of equations (V, 1, 3.2) was Lyapunov 
108a]. 

The relationship of the problems covered in this section to the first Lyapunov 
method, as well as a number of more general topics, will be found by the reader 
in Part II of a review by Erugin [54b]. 

1.2. The general solution in which arbitrary constants are chosen as the 
initial values of variables (and of their derivatives) will be referred to as a so- 
lution of the Cauchy problem in the general case. 


Chapter VII 


81. The results are taken from [371p]. 

1.4. The problem was formulated by Roitenberg. The effects of play and 
friction on the free and forced oscillations are discussed in [3718]. 

§2. The results are taken from [374ul]. 


Chapter VIII 


1.4. A more general approach to the investigation of critical cases of stabil- 
ity (for example, with right-hand sides not necessarily analytic) is outlined in 
a monograph by Krasovskii [100]. 

The transformations of this subsection are a special case of power series de- 
veloped by Brjuno [238c]. 

1.5. The contents of the Bibikov-Pliss theorem [227] are intentionally cur- 
tailed by the author. 

2.1, 2.4-2.7. The results are taken from [371]]. 

8 4, The section presents the contents of [187b, Pt. II, § 6]. 

An analysis of the critical case of three pairs of pure imaginary eigenvalues 
of the matrix of the linear part can be found in a paper by Veretennikov [392b]. 


Chapter IX 


Recent investigations of Kharlamova and Kharlamov and their school on 
the dynamics of a solid body and of systems of bodies are collected in [419]. 
An extensive bibliography of the most recent works (seventy references) is cited 
in a paper by Kharlamov [280]. 

Integral manifolds and bifurcation sets used in the treatment of the motion of 
a solid body with a fixed point are described by Katok [277] on the basis of the 
topology of mechanical systems with symmetry, as introduced by Smale [368]. 

1.4. Concerning problems of the stability of permanent rotations the reader 
is referred to Rumyantsev’s work (see bibliography in [174]). 

[3 ei Another version of the method of successive approximations is given in 
7T1w]. 
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